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WITHDRAWN 


CORRECTIONS FOR COHEN’S DIFFERENTIAL 
AND INTEGRAL CALCULUS 


IN THE TEXT 


Page 6, line 15. Replace “than a previously” by “than any 


previously” 
Dates 4. Replace “an” by “and” 
p. 19, last 1. Replace (y + yo) by (y — yo) 
p. 21, ls. 11 and 10 fr. bott. Replace “distance covered by” 


by “codrdinate s of” 


ke} as} ey ge eh eh et is) ue) lke} ks} sis “te 


. 21,1. 10 fr. bott. Replace “in any time” by “at any time” 
. 36, formula III’. Replace “ D*u” by “D,u” 
. 45, 1. 2 fr. bott. Replace “f(0) < f(#)” by “f) > f@)” 
pA le 2 Replace “2” by ODN De 
as Wis: Replace “2? — 4a” by “a? — 4x” 
. 49, 1. 10. Replace “3x2” by “6x” 
200, 1S: Replace “f’(y)” by “f’(a)” 
ole. 18; Replace “f(x)” by “f’(a)” 
mo oelas tr ott. Replace “f/O)erbyaaf (2) 
204, in Kx, 5: Replace “8,’’ wherever it occurs, by “7” 
. 68, formula (7). Replace “xo + Xo¥0'” by “Xo + YoYo ” 
MOS, lr2ar: Dott, Replace “ordinate” by “abscissa”’ 
. 69, last 1. in Ex. 6. Replace “codrdinate axes” by “point of 
contact” 
p. 70, 1. 14. Replace “6b” by ~ 0?” 
p. 71, formula X. Replace “(tf)” by “’(t)” 


. 71, formula XI. Replace “x3” by “x's” 


ue) 


2 CORRECTIONS FOR COHEN’S 


Page 72, line 7 fr. bott. Replace “3ax” by “3axy” 
p. 79, 1. 8 fr. bott. Replace “vz + vy” by “a? + 0,2” 


P82, Leis; Replace “v” by “|o|” 

Deon LelG; Replace “BO =” by “BQ =” 

De Soyo: Replace “ — me ” by : 

p. 83, formula (9). Replace “ —” by “ ue ” in both places. 
p. 87, in Ex. 2. Replace hae A DAY’ 

p. 101, mx. 1: Replace “subtangent”’ by “subnormal” 
p. 104, 1. 9. Replace “has to a constant area”’ by “has 
a constant area,”’ 

PLO ae Replace “integral of x”’ by “integral of f(x)” 
1235 Ex.3: Replace “x =” by “y =” 
wistel20; Replace “larger” by “large” 
“ 22 7 6c ae 2x ”) 
. 184, 1. 3 fr. bott. Replace maT by Post 
144-1. Go. Replace “log sec uw” by “log sec x” 
. 145, formula XVIII’. Replace “d tan” by “d tan uw” 
. 147.1. 3. Replace “sine by. “sing < 
. 148, 1. 4. Replace “——” by — 
. 149, last 1. Replace “a ane L?abye Sa 2 
. 153, formula (1). Replace the’ first “log (a— wu) +” by 


oh et ef as} ef hel oll Nhe) sah: ys) 


“log (a+ u) — 
. 158, formula A. Replace “#1” by “#4 —1” 


p. 159, 1. 4. Replace “(csc u — cot u)” by 
“(escu + cot u)”’ 


2 2 
p. 161, 1. 8 fr. bott. Replace «Oe 003 bx” by 
2 2 
ce _ fe cos ba dx” 


Ke! 


kg 


[San iS Ge) lie 


rept} Tel key lsh tels Iga} el’ kop" he) 


uo) 
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1Ois 7. ir DObL 


at61 pl. 8. 
OZ lie. 


6 UGS IL WO: 
. 166, 1. 6 fr. bott. 


A UGG ak IO: 
. 169, 1. 4 fr. bott. 


eyed. 11 


wlige. ler tao, 
eUeler onic Out. 
EUS, Li6s 
7051s. 3, 45-5. 
et79;. 19: 

. 179, 1. :5-fr. bott. 
MSO lS 2 


wisp. 10, 


. 189, 1. 4. 


OZ wld, 


. 194, 1. 5 fr. bott. 


> 199; |. 3 fr. bott. 


Replace « { e2c0s bn” by fen cos ba dx” 


+” 


Replace “cos b” by “cos bx 

Replace “dv =” by “v =” 

¢ 1 2) 

a 

Replace “(x + 1)(@— 3)” by “(a — 1) 
(x + 3). The resulting modifications 
are obvious. 


Replace “A = — 1” by “A = 1” 
Replace “ — 8x” by “ — 82?” 


Replace “+ 2 | ” by “— Dale 


Replace “-++-"tan .. .” by “— tan ...” 
Replace “ (a! — 1)®” by “ (a? — 1)” 
Replace “ (u? — a?)?” by “ (u? — a)?” 
Replace “u? + 62+ 8” by “uw? + 6u + 8” 
Replace “1 + wu?” by “1 + 4u?” 
Replace “(ax + bu*)” by “(a + bur*)” 
Add the factor “dw” to the right hand 
member. 


Replace ne by ‘ 


Replace the exponent “3” by “3” 


1 + tan? ui 2 tan oe 
(<9 259 ce 2 39 
Replace Tat as by mages 
2 tan 5 1+ tan? 5 


Replace “u = tan x” by “wu = cot x” 


“sin(m—n)x”, “sin(m—n)x” 


Replace GEA) es Car 


Add the factor ia to the expression ap- 


pearing there. 
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Page 204, lines 9, 11. Replace “w+ a by “u— - 


p. 


keh Jxe) 


yeh Weft tel keh xs} 


Fr 
. 259, formula (3). Replace “ by «Gh, 


e204 ela ) 
. 265, |. 4; ' In each case replace “e°” by “log c” 
. 266, 1. 6 fr. bott. | 


. 318, 1.10 fr. bott. Replace “ aay) by “= 
Ta 


mb Lo: Replace “As a a rule” by “As a rule” 
. 214, 1. 11 fr. bott. Replace “1.2667, evidently too large.” 


by “1.1, a fairly good approximation.” 


220, 1..2/fr. bott.. Replace“ =1p hyn — a0 
OPA aN Bare Replace “= 0” by“ ="4? 
O25, Male Replace “= (a+ bsin 0)” 

by “= (a+ b) sin 0” 

232; |. 10: Replace “s = | ” by “s = 2a f ” 
B25 110, Replace «28055 by « Yess 
Lo 5 

. 248, 1. 5 fr. bott. Replace “ N(x)” by “N(y)” 
. 247, formula (17). Replace “ (ut-+ A)” by “(ut + Wy)” 


hp 


2 1 
gOCe er Replace “V5” by “72” 


. 285, 1. 2 of Ex. 1. Replace “a sin 0” by “b sin 0” 
. 287, ls. 7 and 6 fr. bott. Replace “of these curves” by “, be- 


‘sides the origin,” 


B20 b el IO. Omit the limits from both integrals on this 


line. 


. 306, |. 2 of Ex. 6. Replace “82?” by “82” 


Zee 
fig 


. 330, formula (6). Replace “f’(z)” by “f’(v)” 
O90, xsalt: Replace “382y” by “3az” 
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Page 334, line 138. Replace “a gd” (x + ay) + aw” (x — ay)” 


ho} ye), Pe) Mae} dc) 


wep et Hey Neh he! heh kel ef se} 4s) “hey ke) sj) rey) ks} eee Ge} tel yeh ke 


by “aha + ay) + a(a — ay)” 


moad, Ex. 10. Replace “+ yay” by “+ yyy” 
> 96,1, 12. Replace “2y°” by “2y%z” 
5 Bley AG (Ge Replace “3.7%” by “2.9%” 
. 348, 1. 10. Replace “average” by “relative” 
| oon, Le lO: Replace second formula by 
4 oOge ha + by + fz” 
dy ga + fy + cx 
. 302, |. 10. In the value of fe replace “by” by “hy” 
. 364, 1. 11 fr. bott. Replace “— Ay?” by “+ Ay?” 
570) edd: Replace “R(x, y, 2)dy” by “R(a, y, z)dz” 
Lo72, termula (1). Replace “f(amy, 2a)” by “7; ya) 
. 375, last line. Interchange “cos’@”’ and “sin’a”’ 
. 376, |. 1 of Rem. 2. Replace “(a)” by “a” 
. 379, last line. Replace “ (a? + 67)?” by “a? + 8?” 
. 384, 1. 4 fr. bott. Prefix a “—” before (a? — b?) sin? @. 
. 384, 1. 3 fr. bott. Prefix a “—”’ before (a? — 6?)4 sin 6. 
NOSO; LUX: 3. Replace “a sinh wu” by “b sinh w” 
1350, 1. 6 ir: botts Replace “2a” by “= 2a” 
POSS, LX, 2. Interchange parts (a) and (b). 
. 391, last 1. Replace “+/a? — a?” by “Va? — x” 
. 394, 1. 8. Replace “curve” by “area” 
. 403, Ex. 5. Replace “cos?0” by “cos 20” 
. 406, formula (3’”). Should read (2’””) 
. 413, Ex. 3. Interchange the words “from” and “by” 
. 422, 1. 12. Replace “a” by “a?” 
. 423, 1. 9 fr. bott. Replace “ (a? — 2?)?” by “(a — 2)?” 
. 426, 1. 5. Replace Baer by ey, 
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Page 431, line 4. 


Pp. 
p- 


p. 


433, 1. 5. 
433, 1. 6. 


434, 1. 4. 


8437, 1a11. 


p. 454, formula (1). 


re: ei nef te} ke) 


. 462, series (2). 
2465, 1-3: 
. 467, Ex. 1. 


. 467, Ex. 3. 
. 474, Ex. 18. 
. 480, 1. 6. 


. 495, 1. 9 fr. bott. 


. 516, last 1. 
pra EAS 

. 541, formula 9. 

. 546, formula 55. 


. 549, formula 92. 
. 549, formula 93. 
. 552, formula 118. 


. 555, formula 151. 


Replace “b” by “B” 


(73 oy 


Interchange “p” and “z” 
Replace “zp’dzdo” by “ p’dzdp”’ 
‘ce 8a bed “a 8a ”) 
Replace = by aa 
Replace “are” by “arch” 


Replace “f’(x)” by “f’(a1) 


copy ” cel ” 
. 455, formula (1). Replace f'(#) i f(a) 


o'(a) -” b'(a:) 
ers n+1 ae, n+l 
( Ds py =D, 


Replace “ an 


Replace “R,,” by “|Rnl” 
6,299 6639? 
Replace 31 by 6 
Replace “(—1)"*!” by “(-1)"” 
Omit the second part. 
Replace “1<a2<1” by “— l<a<l” 


Insert “5 xy —” before the integral. 


Replace “x<a” by “apSa” 

Replace “4ax” by “ax” 

Replace second “dx” by “du” 

Add closing bracket after ‘‘dx” 

O(n ibe Omen 
one lt Sees 


(<3 d. ” ce d. ? 
Replace {2 by TE 


Replace \ cone Dyan 
a 


Replace 


Enclose \/ a tan = in brackets. 
a+b 2 


DIFFERENTIAL AND INTEGRAL CALCULUS 7 


Page 9. 


20. 


IN THE ANSWERS 


Answer to Ex. 14, § 42 should read 
—asin 6 
(1 — cos 6)? 


Answer to Ex. 2, §59 should read 


sin x _ . ; . 

384 | 48 cos’x + 8 cos*a + 10 cos*x 
15a 

+ 15 cose |-+ Jar 


Both answers in Ex. 28, § 61 should read 

log (e* — e*). 
Answer to Ex. 7, § 93 should read 

a(en/a ea erie, 

Answer to Ex. 30,°$102 should read 

: ar/2 

64 

Answer to Ex. 3, § 128 should read 9 a. 
Answers to Ex. 5 (a), § 132 should read 

1 ray. t 

2 krra’b?, 4 ka. 


Answer to Ex. 11, §135 should read 


eee iis oe a 


Answer to Ex. 12, $185 should read (1, a 


8 CORRECTIONS FOR COHEN’S CALCULUS 


Parts of the Text of 
COHEN’S DIFFERENTIAL AND INTEGRAL CALCULUS 


THAT MAY BE OMITTED IN A FIRST COURSE 


Items marked by * are more or less optional, depending upon 
the wishes of the instructor and upon the time at his disposal. 

Items marked by ** may be taken wp, in part or as a whole, as 
the tume permits. - 

The remaining items should, as a rule, be omitted. 


Page 40. 
* Remarks 1 and 2, pages 56-57. 


* Discussion of the folium of Descartes, pages 71-72. 
Part of § 26, following equation (4), page 81 to equation (10), 
page 83. 
§ 31, excepting the first nine lines. 
* § 47. 
Case 4, § 53. 
** Types B and C of §54. Exercises on page 182, and Exs. 41, 
A8 of § 61. 
* §57. Ex. 101, §61. 
#29100," 2964, "869. 355.20! 
Pages 238-240, and Ex. 1, page 241. 
** Chapter IX. 
Page 334. Exs. 7-12, page 335. 
§ 108. 
$$ 110-114. 
Chapter XIII. 
§126. §147. *§149. §§ 150-154. 
** Appendix I, II, III. 
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PREFACE 


In the preparation of this book, the author has had in mind 
the needs of both colleges and technical schools. An attempt 
is made to give the student a working knowledge of the subject. 
Much emphasis is laid upon applications to geometry, mechanics, 
and the physical sciences. Without venturing too far into 
technical fields, of which the subject matter and terms might 
be unfamiliar to the student, the fact that the calculus has 
much to do with the laws of actual phenomena is abundantly 
illustrated. On the other hand, thorough training in the formal 
processes of the calculus is essential, and exercises adequate 
for this purpose have been included. 

The book contains more material than is necessary for the 
usual first course in the subject. It has been the observation 
of the author that it is much more satisfactory to the student 
to omit, if necessary, certain parts of a comprehensive text, 
rather than have supplied to him from outside sources any miss- 
ing material. It is believed that the book here presented con- 
tains the topics needed for building a satisfactory elementary 
course, either for students in pure mathematics, or for those 
intending to use the calculus in the sciences. 

Rigorous proofs beyond the comprehension of the average 
student are not attempted. But it is hoped that the proper 
accent has been placed in the presentation of the various im- 
portant fundamental ideas. 

The division of the subject into differential and integral 
calculus has been disregarded. 

The author takes this occasion to express his obligation to 
Professor Ira M. DeLong, of the University of Colorado, and 


34.280 


lv PREFACE 


to Mr. G. Y. Rainich, Johnston Scholar of the Johns Hopkins 
University, who have read the proofs and have made valuable 
suggestions; and to Lee Bren Cohen, who aided him materially 
in the preparation of the manuscript for the press. He desires 
also to express his appreciation of the codperation of the 


publishers. 

ABRAHAM COHEN 
Tue Jouns Hopkins UNIVERSITY, : 
Baltimore, Maryland, 

May, 1925. 
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DIFFERENTIAL 
AND INTEGRAL CALCULUS 


CHAPTER I 


FUNDAMENTAL PRINCIPLES 


1. Variable; function. If A is the area of a circle and r its 

radius, we know that 

A= ai, (1) 
where 7z is a fixed number or constant, whose value is approx- 
imately 3.1416. This formula gives the area of a circle when- 
ever the radius is known. 

Here the quantity 7 may have any positive value. It is said 
to be a variable. For a quantity is said to be a variable if its 
value is not fixed but may, in the course of a discussion, be any 
one of a set of numbers. 

Since the value of A changes with that of r, A also is a va- 
riable; and besides, since its value depends upon that of r, it 
is sald to be the dependent variable in the equation (1), while r 
is said to be the independent variable or argument. Instead of 
“ dependent variable” the term “function” also is used very 
frequently. But, in the Calculus, the term “function ” is used 
in a more general sense, as may be seen from the following 
definition. 

A function of a variable is a quantity whose value is deter- 
mined! whenever a definite value is assigned to the variable. 
Thus A is a function of r-in (1). 

1That this definition is more general than saying that ‘a function de- 


pends upon the value of the variable for its value’’ is obvious on noting 


1 
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Again if v is the volume of a perfect gas, in a container, sub- 
ject to a pressure p, then for varying pressure, 


pe = k. (2) 
Writing this in the form 3 
a (3) 


k is a constant (so long as the temperature is constant ; it 
is really a function of the temperature), 

p is the variable! (or argument), 

v is the function (or dependent variable). 


If we write (2) in the form 


p=", 8) 


v is the variable and p the function. 


This reciprocal relation between variable and function is not 
unusual. From the nature of the problem, however, the choice 
as to which is to be taken as variable is frequently determined. 


EXERCISES 


1. Express the area of a square as a function of a side. 


2. Express the area of an equilateral triangle as a function 
of a side. 


3. Two adjacent sides of a parallelogram are 3 and 5 inches 
respectively. Express the area of the parallelogram as a func- 
tion of the angle between those sides. 


4. Express the surface of a-sphere as a function of the 
radius ; also express the radius as a function of the surface. 


that by it a constant, such as 2, is defined as a function of any variable, 
since its value is known corresponding to any value assigned to the vari- 
able ; but its value does not depend upon any particular value assigned 
to the variable. ; 

1Jn contradistinction to ‘‘function,”’ ‘‘ variable ’’ means ‘‘ independent 
variable.’? As arule, when there is no likelihood of confusion, we shall 
refer to the independent variable as ‘‘ the variable.”’ 
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5. Express the volume of a sphere as a function of the 
surface. 


6. Express the surface and volume of a cube as functions 
of an edge. 


7. Express the surface and volume of a regular tetrahedron 
as functions of an edge. 


2. Functional notation. Occasionally the student is confused 
by the symbolism employed when dealing with general func- 
tions. As a matter of fact this is a very simple matter : 

We shall frequently let f(x) [read “f of x” ] represent any 
type of function of « we may have occasion to consider, when 
we do not wish to call attention to a particular function. 
The letter f is used because it is the initial one in the word 
Junction. 

Equally well we could and do use F(a), $(x) [@ being the 
Greek letter corresponding to f], g(x) [g being a neighboring 
letter to f], and so on. These several designations are espe- 
cially serviceable when we have occasion to consider several 
distinct functions at the same time. In any discussion involvy- 
ing a single function, that function may be represented by 
f(x), or F(x), or (x), or any other convenient symbol. The 
fact to be noted is that the behavior of a function depends upon 
its definition and not upon the symbol representing it. 

If f(x) represents a function, f(x) is used to represent the 
particular value which f(#) has when x =a. Thus if f(a) = 2%, 
Elen ee (sh el? == 1 (5) ee d= 9: ff (—2) = (—' 2) 4: 
fatd)=(a+ bp =(a+2ab+0); — f(V2) = (V2)? =2; 
f(sin a) =sin?a; and so on. If on the other hand we had 
used ¢ instead of f, so that $(x) = 2’, then (1) = 1; $(3) =9; 
and so on. 

If Ft)= —3t+2, then F(0)=2; F)=0; F(at+ 5d) 
=@+2ab+ 0?—3a—30+2; and so on. 
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EXERCISES 


il It f(@) = evaluate f(1), f(2), f(— 1), fQ) SV 2): 


2. If f(a) =sina, evaluate f(0), 73) (5) ae —«), 
3. If #(f) =162, evaluate (0), (1), $(10), $(2). 


te Ds de : evaluate F(0), FC), F(— 2), FQ), 
F (tan a). ee 


) 


5. If F(x) = tana, evaluate F(0), F(3) ge 0) 


4) 1— F(«)F(y) 


3. Graph of a function. By the graph of a function f(«) is 
meant the curve y = f(#), where « and y are rectangular coér- 
dinates. Thus if f(x) = ax, where 
a is given a number, its graph is 
the parabola y = ax’, Fig. 1. 

The purpose of the graph is to 
illustrate the behavior of the func- 
tion. From the figure we can tell 
readily the value of y (i.e. of the 
function) corresponding to any 


given value of « the variable. 

But the graph tells us more: If 
we start with Py, the point of the graph farthest to the left 
(i.e. the one determined by a, the algebraically smallest value 
of the variable for which the graph is given in Fig. 1), and 
follow the graph continuously toward the right, that is, let 
the variable grow steadily from a to X, the largest value of 
x for which the graph is plotted, we see that y first diminishes 
until it reaches its smallest value at O, and after that increases. 


Fia. 1 


Again, the graph of the function z is the equilateral hyper- 
wx 
bola y eat Fig. 2. Starting with Po, the point of the graph 
x 
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farthest to the left, and following the graph continuously, y 
diminishes until we reach P,, the last point plotted for nega- 
tive values of x It is evident that no matter how large the 
space allotted to the figure Pp 

or how small the unit se- 
lected, the graph will 
always extend beyond the 
allotted space as a gets 
nearer and nearer to zero. 
In the same way, no matter 
what be the space allotted, 
or the unit, no part of the 
graph will appear corre- 


£ 
Fic. 2 


sponding to very small posi- 
tive values of x Suppose 
that P, is the first point of the graph given in Fig. 2 as # grows . 
from zero, and that P is the last one in the figure. Here also y 
is diminishing all the time. 

The graph serves admirably to illustrate this “ qualitative ” 
property of the function referring to whether the function in- 
creases or decreases as the variable increases. 

It also tells us in a general way in the neighborhood of which 
values of the variable the function increases or decreases most ° 
rapidly, corresponding to a given change in the variable. Thus 
in Fig. 1, x? grows most slowly in the neighborhood of «= 0, 
and changes more and more rapidly as x increases in absolute 


value. In Fig. 2, the opposite is true: ze diminishes more 
a 


slowly the larger x is in absolute value, and changes more rap- 
idly the nearer x is to zero. 

But if we ask for the “ quantitative ” property of the change 
in the function, viz. the rate of change of the function with 
respect to that of the variable, we raise an arithmetical or ana- 
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lytic problem, which also is illustrated by the graph, as we 
shall see later (§ 24), and is one of the fundamental problems 
of the Calculus. 


4. Limit. The notion of a limit is fundamental in the Cal- 
culus. In general the independent variable is unrestricted and 
not subject to any law of variation. When we say y = 2 rep- 
resents a parabola and try to find a sufficient number of points 
on it to sketch the curve more or less accurately, there need be 
no particular order in which we assign values to x and then 
find corresponding values of y. But when we say that the in- 
dependent variable is to approach a limit a, while we still allow 
a wide range of choice of values for it, we restrict these choices 
in this way: Some law of choice of values must be established, 
such that after a namable stage in it, all the values of the vart- 
able selected must differ from the limit a by less than a previously 
assigned positive amount e. 

Such a choice of successive values of « may be the following : 
Starting with a,, any convenient number either larger or 


smaller than a, take for the second selected value , =“~™ rte w 


then for the third, v7, =“ + nar which equals ioe ; for the 


a+ & Cpa eet Ta+¢2 
next, % = alin) which in turn equals a4; and so on. 
fe St 
O a w, Ws We 4 
O ww, He , 0, & 
Fig. 3 


This choice of values of the variable is illustrated in Fig. 3, 
where x, is the point midway between x, and a; a; is midway 
between w, and a; x, is midway between a; and a; and so on. 


For the nth choice we have a, = ore, which equals 
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(at aay 
Qn-1 

equal to the difference between a and x, divided by 277. 
Since the latter difference is fixed in value and 2™”! grows with 
nm, an n can be named so large that the difference between a 
and «, will be smaller than any small positive number e that 
has been assigned. ”From this stage on, that is, for all larger 
values of n, this difference remains less than the assigned e. 

A convenient way to represent the absolute value of a quan- 
tity h is by |h|; thus |3|= 3, |—3|=3,|1—2|=1. With 
this notation, we say the above choice of successive values of x 
causes it to approach a as a limit because, corresponding to any | 
given positive number «, no matter how small, |a—a,|<e 
“for n sufficiently large and all larger values.” In order to 
avoid this more or less involved phrase we shall say simply 
that ultimately |a —x,| < «. 

In case % <a, x is said to approach its limit “from the 
left.” If x, >a, x approaches its limit “ from the right.” 

Other laws of approach can be suggested, among them in- 
stances in which x is sometimes greater and sometimes less 
than its limit, as in the case of the bob of a simple pendulum 
swinging in a resisting medium, where the limiting position is 
that in which the pendulum is at rest. 

But we are not concerned with the way in which # approaches 
its limit. The essential fact connected with w approaching the 
limit a is that ultimately w will always differ from a by less 
than any desired amount. This may be stated concisely, in 
symbolic form, thus: If the successively selected values of x 
ATC 1, La, Hz, -*+,@,, “++, then ultimately we must have |a— x,|<e, 
where « is any assigned small positive quantity. 

Passing now to the consideration of the function f(a), if, as 
% approaches its limit a, the successive values which /(#) 
assumes ultimately all differ from some constant A by less than 


That is, the difference between a and ~, is 
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any assigned positive quantity «, no matter how small, f(@) is 
said to have the limit A (or to approach A as a limit) as x ap- 
proaches a, and we shall designate this by 


L f(a)= A. 
wu 


A convenient way of picturing this is the following: In order 
that f(x) shall have. the limit A as x approaches a, it must be 
possible to assure oneself that f(#) will differ from A by as 
small an amount as one pleases so long as @ differs from a by 
a sufficiently small amount. 

In the Calculus we shall frequently be dealing with vari- 
ables, both independent and dependent, whose law of variation 
is such that their limit is zero. Such a variable is said to be 
an infinitesimal. Thus, x is an infinitesimal, if we assign to it 
the successive values 1, 4, 4, ---, ., +++, Corresponding to these 
values of x, f(a) = sina is_also an infinitesimal, because as x 
becomes smaller and smaller, approaching zero as a limit, so 
also does sin 2. 

Using the language of infinitesimals, we may say that f(«) 
approaches the limit A as x approaches a, if f(x) -—- A is an 
infinitesimal whenever « — a is infinitesimal. Thus, if we let a 
as 1 “ee T T T 
g 2 3 5a ae 


it approaches > and at the same time sinw approaches 1. Here 


take successively the values ; — 1, 


sin « — 1 is an infinitesimal along with « — a 


Remarxk.— Attention should be called to the fact that an infinitesimal 
is, in general, a variable and need not always be a small quantity. In 
the early stages it may be quite large. The only requirement is that 
ultimately it must become and remain less in absolute value than any 
assigned positive number. A small constant (even though negligible for 
certain purposes of approximation) is not an infinitesimal in the mathe- 
matical sense. The only constant infinitesimal is the number zero, for 
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that evidently satisfies the requirement of having zero for a limit, just as 
any constant (looked upon as a function of any variable, see first foot- 
note § 1) may be said to have itself as a limit. 


If the choice of successive values of a variable is such that 
the values ultimately exceed any assigned positive number, no 
matter how large, the variable is said to approach © or to have 
oasa limit. Similarly if the values of the yariable ultimately 
are less algebraically than any assigned negative number, no 
matter how small, the variable is said to approach — 0. 

While the language of limits is used here, there is no ques- 
tion of approaching the limit by ultimately differing from the 
latter by less than any desired amount, as in the case when a 
finite limit is approached. It simply means that the variable 
grows beyond all limit. 

In the same way if, as 2 approaches a limit a (including 
+o), f(#) increases beyond all limit in absolute value, we 
shall still use the form 


L S(@) =t0, 
Co—>a 


although there is no actual approach to a limit in the sense 
that f(~) — (+ 0 ) is an infinitesimal, as is the case when f(«) 
approaches a finite limit. Thus if w is given the successive 
values 1, 2, 3, ---, n, +++, it is said to approach o. Correspond- 
ing to this 1 

Paste Onan 1), °a? =="00). 
; C—> © x C—> © 
Again, 

TL tanv=+o, 
OC — 7 /2 


according as x approaches its limit from “the left” or ‘the 
right.” 


5. Continuous function. In the definition of ZL f(«) =A, 
C—> a 


nothing is predicated as to what happens when x=a. ‘Two 
cases are of special interest to us here. 
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1. L f(#) = f(a). This is the usual case with most of the 
o—>a 


functions we shall have occasion to use. In this case, f(x) is 
said to be continuous at a. 

A little consideration will show that if J(&) is continuous at 
every value of the variable in a given interval, the graph of the 
function (whenever it can be drawn) ts unbroken. 

2. L f(x) =A, while f(a) has no meaning. Thus con- 

oa 
x? —1 
x—1 
h= O which has no definite value. If we putx=1+h, | 


sider the limit of f(#) = , aS @ approaches 1. Here 


then, provided h + 0, 
ee 
fa th) 14+2h+h—-1 


=2 +h. 
1+h-1 1 


By making h smaller and smaller in absolute value, this can 
be made to differ from 2 by less than any previously assigned 
quantity. Hence ZL piety 
a—>1i«ex—1l 

Functions of this sort, which are fractional in form, in 
which numerator and denominator are infinitesimals, arise 
frequently in the Differential Calculus. The evaluation of 
the limit of such a function may frequently be effected by 
getting rid of a common vanishing factor in numerator and 


as = there is the 
x—1 


denominator. Thus in the case of f(x) = 


common factor «—1. For all values of a, other than x =1, 
we may get rid of this common factor and write f (x) =«x+1, 
which evidently becomes 2 when x=1. While this tells us 
that ne . J («) = 2, it gives us no information in regard to f(1), 


which is absolutely indeterminate. 
Whenever the case 1, L f(x) =f(a), fails to hold, the 
. OP 


function f(#) is said to be discontinuous at a, or the function 
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is said to have a discontinuity at a. Various types of discon- 
tinuity arise in the study of higher branches of Mathematics. 
The only types we are apt to meet in this course are the 
following : 

(a) Since o is no definite number or value, f(a) is discon- 
tinuous at a Es ay wo (w)=+0. In this case the graph is 


evidently ees Ee Fig. 2 in § 3. 
(6) In a case like 2 above, when f(a) is not defined, but 


when ZL pS) is the same when # approaches a “from the 
> 


right” ca “from the left, ” f(#) also is said to be discon- 
tinuous at a; but the discontinuity is said to be removable 
by adding to the original definition of f(x) the requirement 
that f(a) = es Be 

Thus in fe special case cited above, where f(x) = wot , this 
definition fails to determine f(1). If we define in addition 
7a) = ee: 2, then « =1 is no longer a discontinuity 

e—>ie—l 


of the function. 
(c) Still another type of discontinuity may be mentioned 


a, ike 


here. Consider, for example, the function f(«) = tan 


we shall see later (§ 43), in order that a single value may be 
assigned to tanz corresponding to a given value of z, it is 
customary to restrict tan“z to its range of “ principal ” values 


from 3 to 5 as 2 varies from —o to+o. Besides, it 


should be noted that tan“ has no meaning, that is, tan~'z is 

not defined for z= ; but its limits as z approaches + « and 

—o are perfectly definite; thus Z tanz=" and L tan-z 
2—> ow 2 2—>-— 2 


=— 5 . Coming back now to our function f(x) = tan", we 
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note that f(0) is undetermined ; but as approaches 0 “ from 


the right” (§ 4) tant approaches B while as x approaches 0 

« from the left” tan ap- 
x 

proaches — of The graph 


of tan is given in Fig. 4. 
a 


The type of discontinuity 
illustrated here is where 
the function approaches definite but different values as the 
variable approaches a given limiting value a from different 
sides, and has no value at all when the variable equals a. 
The graph is broken. : 

As another example, the student should examine f(x) = 2 
as « approaches 0 from either side. 


6. Derivative. Consider the function x? and write 
Ya 
Corresponding to = 1 we have y=1. If now we allow a 
to increase by Aw! and designate the corresponding change in 
y by Ay, we have 
1+ Ay= (1 + Avy=1+4 2 Ax +(Az)? 
w. Ay = 2 Ao + (Az)? (4) 


1This notation has become classic in the Calculus. The Greek capital 
delta, A, is used to represent the difference between two values of a 
variable, either independent or dependent. Thus if x, and a» are two 
values of x, their difference 72 — x, will be represented by Az, read ‘‘ delta 
v’; then d@=a%+Az. Similarly yg =y,+ Ay, where Ay = yo— 4. 
We shall speak of Ax as an increment in x, and Ay as an increment in y. 
The term ‘‘ increment’ is used even when the change in the variable or 
function is negative, so that there is actually a decrement instead of an 
increment. 
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If, for example, Av = 1, then # + Aw =2 and the correspond- 
ing value of y+ Ay is 4; the corresponding change Ay is 3. 
This, of course, agrees with (4). If, instead, we let Ax = 0.5, 
the corresponding value of Ay is 1.25. Similarly if 


Azy=01, y+Ay=1.21; whence Ay = 0.21; 

Ax = 0.01, y+ Ay=1.0201; whence Ay = 0.0201 ; 

Ax = 0.001, y + Ay = 1.002001; whence Ay = 0.002001 ; 
Ay 


and so on. Correspondingly i takes the successive values 
x 


3, 2.5, 2.1, 2.01, 2.001; or, using formula (4), we have 


EU aN 5 
Ax eee (5) 


which is consistent with the values found above. Evidently 

(5) defines AY in terms of Ax, and in such a way that AY will 
Ax Ax 

differ from 2 by as small a quantity as one pleases when Az is 


taken sufficiently small. Hence 2 is the limit of ie as Aw 
x 


approaches zero; i.e. L Ay_92. The range of values found 
Aa —> 0 Ax 


above, starting with « = 1, can be tabulated as indicated. 


0552 OT 20; 0 0.001 
1.25 | 0.21 | 0.0201 | 0.002001 


2.001 


If we start with «= 2, theny=4. Giving x an increment 
Az, we have now 
4+ Ay=(2+4Aa)?=44+4Ar+ (Az)? ; 


A 
whence Ay = 4 Aw + (Aza)’, and ae = 4+ Az. 
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Giving Aw the same set of values as before, we may tabulate 
our results thus : 


0.01 0.001 
0.0401 | 0.004001 


4.01 4.001 


Obviously, in this case, L a 
Ax—>0 AX 


If we now take the general case and start with w = , any 
desired number, we have, letting y be the corresponding value 


of y, 
Yo = py 
Yo + Ay = (@ + Ax)? = aj + 2 aAw + (Ax)? ; 
whence Ay = 2 xAx + (Ax), and - a= = 2% + Aw. 


The smaller Az, the more nearly will 2 * approach 2%. Hence 


Too BS Xp. 
Aa —>0 Ax 

We note that the value of this limit is given in terms of a ; 
in other words, it is a function of a. Since 2 is any value of 
x we happen to have chosen, we may say that, for y = 2, cor- 
responding to any value of a, JZ AY 2a, That i is, DL ao 
Avo—>v Ax Aw —>0 Ax 
is also a function of x It is known as the derivative of y with 

respect to x. 
There are several convenient notations for the deriva- 
tive. Frequently we shall use D,y or D, f(x). When it is so 
obvious that there is no need of emphasizing the variable with 
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respect to which the derivative is taken, we shall use simply 
Dy or Df(«). Or, more simply still, we shall frequently indi- 
cate the derivative by affecting the symbol for the function by 
a prime; thus it is convenient to represent Dy by y', and 
Df (x) by f'(x). Thus we have the following alternative forms 
for expressing the derivative of the function y = 2, 


Dy =2%, Dy=2«, or y' =2 a, or D,(x*) = 2%, or D(a’) = 22. 


For the function y = - we have, corresponding to any value 
a 


v= Xo, 
Yo + Ay= : 
Yo = 0 pee) 
ee a ed ALS: 
Lo + Aw Wy  %(B%+ Aa)’ AX  2y(%) + Ax)’ 
whence finally 
Ay —1 


For special values of x we may tabulate our results thus: 
five I 


0.01 0.001 


Eye age ae 
101 1001 


sage yg epee a 1 
1.01 | 1.001 
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go Aa 
Av—>0 Ar 9 


In general, if f(#) is any function under consideration, we 
obtain its derivative by the method used above for the special 


cases where f(x) was a and ‘ respectively. Thus, for «= a% 


write 

= f(%)- 
Giving x an increment ae so that w= a + Aa, y receives an 
increment Ay, and we have 


Yo + Ay = f(a + Az). 


Hence Ay = f(a + Ax) — f(%), 
aya Ay _ f(% + Ax) — f(x), (6) 
Ax Ax 


The problem now is to express the right-hand member in such 
a form that its limit, as Ax approaches zero, can be found! As 


1 Here Ay is an infinitesimal along with Az. For Az = 0, a? rN which 


has no meaning. This is an illustration of the type of discontinuity re- 
ferred to in 2, § 5. 
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the various cases arise we shall see how this is done. Passing 
to the limit we have 


Day = Lb Aes OO —L)_py@). © 


Since a is any selected value of x, we can carry out this 
process, starting with an unspecified value of a Thus 


y = f(@). 
y+ Ay =f(e + Az). 
“Ay = f(@ + Ax) — f(a) 


nad Ay _f(@ + Aa) se) 
: Ax Ax 
whence, passing to the limit 
Daya Lp Le+4D)-fM _ p : 8 
a ea re oJ (@) (8) 


Using (7) or (8) as the definition of the derivative of f(#) 
corresponding to a given value of #, we see that the derivative 
of a function f(x), for a given value of x, is the limit of the ratio 
of the corresponding increment of the function to that of the vari- 
able as the latter increment approaches zero. It also is a func- 
tion of the variable, f'(~), which in special cases may be a con- 
stant for all values of the variable. . 


EXERCISES 
Find the derivatives of the following functions : 
Ly = 3%. 1 4a 
£4 =. 6. y= . 
2. y= or 42a. eo 1T-# oe +1 
1 5a a T y=vu. 

3. = eae 

# 2a+1 8. y= Ve +1. 


Nore. — In the case of exercises 7 and 8 a special device is necessary 


to express the value of a in such form as to find its limit Ar—>0, 
; AL 
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Thus for exercise 7, | 
ytAy=va+ At. .. Ay= Vat At— Vo. 


Multiplying the right-hand member by Vz + Az + Va and dividing by 
the same quantity, we have 


ee OC Va2)(Va + Ay + va) _ Az , 
Va + At + Va Va + At + Va 
pe AY ae 1 - 
AG Ve ¢ Aa + Via 


Passing to the limit Arc —>0, 
1 


Dy =y' =—.- 
: 2V2 


7. Geometrical application; slope. Starting with any point, 
P, on the graph of a function, y = f(a), let its coordinates be 
(@, Yo). Giving # an increment 
Ax, y receives an increment Ay. 
Let Q be the new point (a+Aa, 


Yo + Ay). Then = = tan QPR, 
a 


the slope of the secant line PQ. 

As Aw is made smaller and 
smaller, Q approaches P more 
and more closely. The limit- 


fot ing position of the secant line, 

as Aw approaches zero, is PT, 

the tangent line at P. Hence, designating by D,y or yj the 
value of y’ for « = %, 


Dy = % = tan RPT; 


1.e. in the graph of a function, the slope of the tangent at any 
point is equal to the value which the derivative of the function 
takes when the variable is equal to the abscissa of the point. 
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Moreover it should be noted that when the slope (i.e. the deriv- 
ative) is positive, the function increases with the variable; when 
the slope (derivative) is negative, the function decreases as the 
variable increases. 

We are now ina position to write the equation of the tangent 
to a curve y = f(a), at any point (a, yp) on it, if we know the 
derivative of f(a). It is simply a question of writing the equa- 
tion of a line through the point (a, yo) and with the slope 4}. 
Hence the equation of the tangent to the curve y = f(a) at (a, Yo) ts 


Y — Yo = Yo(% — %). (9) 


Similarly the equation of the normal to the curve at (a, Yo) ts 
1 
y¥—Yo= he — 2%), OF T—% + YM(Y—Y)=9, (10) 
0 


since the normal is perpendicular to the tangent, and passes 
through the point of contact. 

For example, in the case of the parabola y= 2’, y’=24a. 
For 1% =2, y%=4 and y=4; hence the equation of the 
tangent at (2, 4) is y—4=4(a%—2), or da—y=4. The 
equation of the normal at (2,4) is x—2+4(y—4)=0, or 
xe+4y=18. 

For ©=%, %=% and yj=2a. Hence the equation of 
the tangent at (a, Y) 18 y¥ — Yo = 2%(a — %), OF y= Zaye — 
2a2+ y. This reduces at once to either 


Yy = 2x — a2, or y+ Yo = 2 Mer. 


The latter is the usual form given in books on Analytic 
Geometry. 
The equation of the normal is 


L— %y + 2ao(y + Yo) =O, or + 2 AXyy = XH + 2 apYo 
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EXERCISES 


Find the equations of tangent and normal for the following 
curves, and sketch the curves: 


ete ue at the point whose abscissa is 1; —1; 3; 2%. 
ie ‘ 


2. y= 2%, at the point whose abscissa is 0; 1; —1; —2; a». 


3. y= 2? — 22, at the point whose abscissa is 0; 1; 2; 2. 


4. Y= 5) at the point whose abscissa is 0; 1; —1; a. 


able 
1+¢2 

8. Physical application; velocity. If, in the case of recti- 
linear motion (that is, motion along a straight line), the body 


moves a distance As in the interval At, the quotient a is said 


to be the average or mean velocity of the body during the inter- 
val. In general the average velocity varies for different inter- 
vals. As an illustration, consider a falling body near the 
earth’s surface. By actual experiment, or otherwise, it can 
be established that in the interval of time (measured in sec- 
onds) indicated in the first row of the following table, the body 
falls the corresponding distance (measured in feet) indicated 
in the second row. 


Time Dulas (ise OL aN OF a. \poratieg as 
Distance || 16 | 64 | 144 | 100 | 81 ps | 66a; | 65545 


Thus, in this case, the average velocity during the 
first second is 16 ft./sec. (read “ 16 feet per second ’’) 
first two seconds is $4 = 32 ft./sec. 
first three seconds is 144 = 48 ft./sec. 


me = 80 ft./sec. 


third second is 
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first half of the third second is °° = ®4 — 72 ft. /sec. 
2 


first quarter of the third second is 


81 — 64 
7 = 68 ft./sec. 
: ' : . 721 — 64 
first eighth of the third second is —4_—— = 66 ft./see. 
8 
; ' . 681. — 64 
first sixteenth of the third second is —1¢ —_— = 65 ft./see. 
16 
: . 662, — 64 
first thirty-second of the third second is —4 = 644 
ft./sec. $2 
first sixty-fourth of the third second is zs — 64 _ 4) 
ft./sec. oe 


and so on. Starting the interval At at the end of the second 
second after the motion began, the above calculations show that 
~ seems to approach 64 more and more nearly as At grows 
smaller and smaller. Of course, there are physical limitations 
to carrying on the measurement of distances and intervals of 
time beyond certain stages. 

Whenever it is possible to give by a formula the distance 
covered by a body, moving in a straight line, in any time ¢, it 


is possible to find out whether x has a limit as At approaches 


zero, where At is an interval of time beginning at the end of 

the ¢-th second. L a is nothing but D,s, the derivative of 
dt—>0 At 

s with respect to ¢. 

The limit of the average velocity as the interval of time At 
approaches zero is defined as the instantaneous velocity, or 
simply the velocity of the body at the instant when the ulti- 
mately vanishing interval of time begins. Thus if s= f(b), 
D,s) = f’(t) represents the velocity of the body at the instant t). 
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In the case of the falling body 
Sard Or 
It will be left as an exercise to show that in this case D,s = 32 t. 
For t = 2, this becomes 64, as we anticipated above. 
If the average velocity of a body is the same for all intervals 
of time (no matter what their lengths or at what instants they 
begin), the velocity is said to be uniform. Thus if a body is 


moving with uniform velocity, . =k, a constant for all values 


of At. Hence D,s=k; that is, the velocity is constant in the 
case of uniform rectilinear motion. 

It may help to realize what is meant by velocity by noting 
that if beginning with some instant t the motion were sud- 
denly to become uniform with the velocity v) at that instant, 
the distance traveled by the body in the next unit of time 
would be equal to vp. 


EXERCISES 


Find the expressions for the velocity in the following cases 
of rectilinear motion : 


1. s=162+4 108. 3. s= 


2. s=B—3t, j t 


CHAPTER II 


DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 


9. Differentiation formulas. We saw in §§7 and 8 that the 
derivative has very important geometrical and physical inter- 
pretations. Later we shall see further applications of the 
derivative. While skill in the use of the general directions for 
finding the derivative of a function given in § 6 may enable 
the student to differentiate! a large number of functions he is 
apt to encounter, it is found in practice that much time and 
labor can be saved by deducing general differentiation formulas 
and then memorizing them for use. 


10. Derivative of a polynomial. 


1. If y=c, where cis a constant, 


Ay Ay 
Aymcr .: Ayae0, and—=0. .. DL »—=0,.. Hene 
Le Mes 2 ; Ax do—>0 AX : 
I. D.c=0; 
Le. the derivative of a constant is zero. 
2. If y=a, ytAy=u+Am  «.. Ay=Az and ae = 1. 
xe 
ae 9 AY _1. Hence 
ax—> 0 Ax 
II. Deal; 


ie. the derivative of a variable with respect to itself is unity. 


1 The process of ‘ finding the derivative of a function’’ is known as 
“ differentiating it.’’ 
23 
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3. If y= 2", where n is a positive integer, 
y + Ay = (x + Ax)* = a" + na tAx + Ma Daryn)? +: 
+ nv(Av) + (Ax)". 
Subtracting the first equation from the second and dividing by 
Ax, 
a = nor? + mn Data + ++ + na(Aa)? 4+ (Ag) 


Each of the terms on the right, except the first, contains a 
positive power of Aw as a factor. The limit of each of these 
terms is zero as Aw approaches zero. Passing to the limit,}! 


L Ay _ nx, Hence 
Ax —>0 Ax 


“III. Deans 


i.e. the derivative of the nth power of a variable is n times the 
(n — 1)th power of the variable. 


Remark. — This formula was proved above for n, a positive integer. 
But it holds equally well, as we shall see below, even when n is any con- 
stant number. 


4, If y=cf(a), where ¢ is any constant, 
yt Ay=cf(a+ Aa). .«. Ay=clf(@+ Ax)— f(a)], 


and ells colle + Aa) — f(@), Gna cD, f(x). Hence 
Ax Ax Av > 0 AX 
IV. D,{ cf (x) | = cD, f(x) = ef'(x); 


ie. the derivative of a constant times a function is equal to the 
constant times the derivative of the function. 


Thus D3a)=3 De =6e. 
eek Og ae 

Al “\=-Deial2 =%. 

i DL%) 6.2 ee 


1 Here we are using a general principle in the theory of limits that 
‘the limit of the algebraic sum of two or more functions is equal to the 
algebraic sum of their limits.”’ 
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5. fy =f(x) + o(@), 
y+ Ay=Jf(% + Ax) + o(@ + Aa), 


and Ay = f(e + Az) — f(a) + [$(@ + Az)— $(2)]. 
_ Ay _ f@ + Aa) — f(a) , o(e + Ax) ~ $@), 
Ax Aa Aa 


Passing to the limit, 


L “Y= D, f(x) + D,6(a). Hence 
Av —>0 Ax 


V. D[f(@) + >(x)] = D,s(x) + Dp (x) =f'(x) + $/(x); 


ie. the derivative of the sum (or difference) of two functions its 
equal to the sum (or difference) of the derivatives of the functions. 


In exactly the same way one can extend the formula to the 
algebraic sum of any finite number of functions, thus 


VW’. Dfi(x) +t h(x) + + £F,(x)] 
= D,f,(x) + D,f(@) + + DS) =Sile) + fila) t ++ £ F(x); 


i.e. the derivative of the algebraic sum of any finite number of 
Junctions is the sum of the derivatives of those functions. 


Remark. — By means of these five formulas we can differentiate any 
polynomial very readily. By a polynomial in a variable is meant a 
rational entire function of the variable ; that is, a function given by an 
expression in which the only operations upon the variable are those of 
addition, subtraction, and multiplication. A polynomial is then simply 
a sum of terms, each of which involves the variable to a positive integral 
degree. The number of terms entering into the expression plays no 
role, neither does the nature of the coefficients. Thus 22, 3x —v2, 
x? cosa — “sina + 1, 38 (which may be looked upon as 32°) are all poly- 
nomials in @. 

A rational function is a more general type than polynomial. It per- 
mits the four operations of addition, subtraction, multiplication, and divi- 
sion. It includes the polynomial as a special case. In the general case, 
however, we have a rational fraction, which may always be expressed 
as the quotient of two polynomials. 
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Thus, if y= — 3at4 202+ 52 — 7, 
Dy = Dw’ — 3 Dat + 2 Dw +5 Da — DT 
=5ei —12034 4274-4 5. 
Again, if y = an” + ba" + cx, 
y’ = ama" + bnar + cpa 
And if y=3v+6u—5, 
Dy =9W+ 6 =3(w + 2). 


EXERCISES 


Find the derivatives of 
1. 2 — 9a? + 8. 2° ba —Ay— 2, 3. 32—F. 
Find the equations of tangents and normals to the following 
curves at the various points indicated : 
4. 2y=2— 22+ 4,at the point whose abscissais0; 2; — 3. 
5. y= 2° — a, at the point whose abscissa is 0; 1; — 1. 
6. y= 2 — 62? — 1, at the point whose abscissais0; — 2; 2. 
Find the velocity in the cases of rectilinear motion given by 
the following equations : 
7 s=34—48+46t, whent=0; 1; 2; 3. 
8. s=2t, whent=0; 2; 10. 
9. s=162—6t4+1, whent=0; 3; 4. 


11. Derivative of a function of a function. Frequently a 
function of a variable assumes a simpler form when expressed 
in terms of an auxiliary variable, itself a function of the orig- 
inal variable. Thus (a + 2)? becomes w? if a3 + 2 =u, 

sin-/1 + 22 becomes sin u if V1 + a? = U, 
and so on. 

The process of differentiating a function is also frequently 
simplified by the introduction of an auxiliary variable. This 
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results from the following principle, which may seem some- 
what formidable in its general statement, but is exceedingly 
simple in its application. 

Suppose we have simplified the form of a function of # by 
introducing an auxiliary variable wu, itself a continuous function 
of x, thus having y=f(u). 


Giving «x the increment Az, y receives an increment Ay, and wu 
receives an increment Aw; i.e. 


ytAy=f(u+Au) «. Ay=f(u+ Au) —f(u), and 


Ay __f@+ Av —f) 
Ax Aa 


In order to be able to find the limit here, we should have Au 
in the denominator on the right instead of Ax. Compare (8), 
§6. This may be effected by multiplying numerator and 
denominator of the right-hand member by Aw, and arranging 


thus Ay _f(u+Au)—f(u) © Au. 
Ax Au Ax 


As Az approaches zero, so also does Au. Passing to the 
limit,! 
VI. Dy=D,f(u)D.u or D,f(u)=D,f(u)D.u; 


Le. the derivative of a function of a function of a variable with 
respect to the variable is equal to the derivative of the original 
function with respect to the auxiliary function, multiplied by the 
derivative of the latter with respect to the variable. 

This formula is of prime importance, and we shall have fre- 
quent occasion to use it. 


1 Here we are using a general principle in the theory of limits: ‘the 
limit of the product of two functions is equal to the product of their 
limits,’’ thus 


oe gl F(t): (@)) =,5 FO) pS, F@). 
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1. As a first application consider y= wu’. Using VI, we 
have 
Dy = DwDe=woDp, ow y=nu tw. 
Here it is understood that the prime indicates the derivative 
with respect to a. 
This important generalization of III is worth noting and 
memorizing. 


III’. Dw = nue "Dw. 

As. an example consider y=(a*°+6a—1)5 Instead of ex- 
panding this as a polynomial of the 15th degree in # and then 
differentiating term for term, we shall let #+6ae—1=u, 
whence y = vu‘, and 

y = 5 ulu'= 5(e + 6x — 1)4(3 x? + 6) = 15(a* + 6 & — 1)4(a? + 2). 

It is preferable not to expand this result, but to keep it in 
the compact form in which we have obtained it. 

In an analogous manner the student should find the deriva- 
tives of the following: ; 

1. (@—2¢+43)% 3. (at— 3a? + 62)% 

2. (a — 1). 4. (# +2 —1)% 

2. In order to make a second important application of 
formula VI we shall introduce the notion of “inverse fune- 
tions.” If y is a function of x, then, in general, x is a function 
of y; and each of these two functions is said to be the inverse 
of the other. Thus if y=a?, then a=~/7; that is, the square 
and the square root are inverse functions. Again, if y = sing, 
«=sin“y; that is, sine and arcsine are inverse functions. 

If y=f(v) and «= ¢(y), the functions f and ¢ are in- 
verse functions. Evidently, from their definition, ¢[ f(#)]= a. 
Writing this (y)= 2, we have, on differentiating with respect 
to x and using VI, 


D,o(y) = D,dy)D.y=1, or DawDy=1, or 
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bya 
Diy’ 
Le. the derivative of x with respect to y is equal to the reciprocal 
of the derivative of y with respect to x. 


VII. DX 


y 


3. We are now in a position to show that formula III holds 


also for n any positive fraction a where p and g are integers. 


Bf 
First consider u = #%; whence «= uw’, and, using III, 


Dez Ge t= ie or, using VII, 
Dy =- a 
PB Z 
Now, if y= 72%, letting x7= u, we have 
y = u?; whence, using VI or IIT’, 
Sey Pot +i- 1 


y 1 
Dy =pw'Dwu= pet ood int 


=P at. 
q 

This formula is of very wide application. Thus, consider 
y=Ve—1. Letting #—1 = wu, we may write y =u? ; whence 
ait ie en Fa! 
Qu Va 

Again, take y= V/(1— a), Letting 1% =u, we have 

2 = 2 —2 
Haut, .. Dy su 3Du ae 1) “y= 

Remark. — The problem of differentiating the square root of afunction 

occurs so frequently in practice that it may be well to remember that 


— 
It’. ef 
2Vu 2Vu 
or, in words, the derivative of the square root of a function is equal to the 
derivative of the function divided by twice the square root of the function. 


Dy = 3 w?D,u => 
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Differentiate the following : 
5. V1—2a0 42%. 1 V2 
6. (1—2a 42228, 8. V(e—a)?+ Bb 
Find the equations of the tangents to the following curves 
at the points indicated : 
9. yy =8x2+49 at the points whose abscissas are0; 2; — 1. 
10. «2+ y?=25 at the points whose abscissas are 0; — 3; 
4; 5. 
11. 2e%?—y?=1 at the points whose abscissas are 1; — 5. 


12. y3=2? at the points whose abscissas are 1; 8; 0. 


12. Derivative of a product. If wand v are given functions 
of x, when # is changed to « + Aa, u and v become u + Au and 
v + Av, respectively. Hence, starting with 

y = uv, we have 
y + Ay = (u+ Au)(v + Av) = w + vAu + wdv + Audr. 
*, Ay=vAu+ ihe + Au Av, and 


Ay Au Ay 
=v us Auw—- 
Ax Aa zs oa Ax 


As Aw approaches 0, Aw and Av each also approaches 0, and 


Aw and a approach D,u and D,v, respectively, by the defini- 


Ax 
tion of a derivative. Hence! L Aus’ =0. D,v = 0, and 
Av—>o Ax 
VIII. Diu =vD,u+uD,v = vu’ + wi’, 


Le. the derivative of the product of two functions is equal to the 
second function times the derivative of the first plus the first 
Sunction times the derivative of the second. 


1 Here we again make use of the principle that ‘the limit of. the ested 
uct is equal to the product of the limits ”’ 
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Thus, if y = 2?V1 — 2, 
Dy = V1 — @ De? + 2 DV1 — x 


= 2aV/1 — 2 +e" = 2evV1 — 2 : 
a/ 1 — 2 V1—2? 


While this is a possible form in which to leave the deriva- 
tive, it is preferable to reduce to a common denominator and 
simplify the resulting fraction; thus 
22 —a)— oe _ 24-323 

Vi =p seer: 
Differentiate the following functions: 
1, «(1 — 2). 3. aver —a2 +1. 5. V1 — 2 
2 wat bay. 4, (a+ 2)Var?—1. 6. x (a2 — 48, 


Dy 


Ex. Show that formula IV is a special case of VIII. 


Remark. — Formula VIII can be extended to apply to the product of 
any finite number of functions. 


Thus if = Uy Up Us, let Ue Uz = v. 
Then y = wv and D,y = v D,u,+ uD,v; whence, 
Diy = U2U3 DU + UyU3D,U2 + UyUpD, Uz. 
Step by step this can be extended to the product of n func- 
tions, giving 


VIII’. D,uyuous +++ u, = Ugllg +++ U,, Diu, + uyugly +++ u,, Duy + ++ 
ar U;Uy +*° u,1 D,u,5 


le. the derivative of a product of functions is equal to the sum of 
terms obtained by multiplying the derivative of each function by 
the product of all the remaining functions. 


Ex. Deduce IIT’, § 11, from VIII’ by putting 


WS UQgSe =U =U 
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13. Derivative of a quotient. Starting with y =“ and giv- 
ing # an increment Az, ‘ 


y+ Nes ao whence 


u+ Av 


_utAu_u_vAu—wudv 
vu+tAv v v(v + Av) 


, and 


Ay 


Passing to the limit! Ax—>0, 


u_ vDu—uD,v _ vu — w'. 
oy v Waals ies 

i.e. the derivative of a quotient is equal to the denominator times 
the derivative of the numerator minus the numerator times the de- 
rivative of the denominator, all divided by the square of the de- 


nominator. 
Thus i) yee 
V1— 2 
)_ V1 — a Det — 2D V1 — 
y 1 —2 
oe vize4 2 
Vie oy 


1—2# 
Multiplying numerator and denominator by V1 — 2%, 
je —") te 2 
(1—a®)V1—2 (1—a2)3 
Mie 
Nees 


Again, if y= 


1 Here we are making use of the additional principle that ‘‘ the limit of 
the quotient of two functions is equal to the quotient of their limits, pro- 
vided the limit of the function in the denominator is different from zero.”’ 
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Di Vie tD V1 ee V1 —t DVI +t 
ay 


Vt ee Viet 
_ 2vVi-t 2Vi+t 
i act 


The least common denominator of the fractions in the nu- 
merator is 2V1—tV1+t. Multiplying numerator and de- 


nominator by this, 


pg ee eal ; 
wWdi+hd—-) Va+H0—5 


This function can be differentiated also by letting + re = wand using 


Ill’ ony= ut. It is suggested, as an exercise, that the student actually 


do this and compare his work with that given in the text. 


Differentiate the following functions : 


Fi a + a ss ee 
a? — x Var +1 

2 pees 4, pra 
 Va— be | (?—18 


We are now in a position to show that formula III (or III’) 
holds also when the exponent is negative. 


Thus if 
lice ety we have from IX 


— Du” —mu"D wu 
DaA= == 2 —=— mu-"1D_u. 
(um)? yen 


Formula III (or its generalized form III’) has now been shown 
to hold for any rational value of n, either positive or negative, 
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Nore 1. — In case the numerator of a fraction to be differentiated is a 


constant, thus if y = a write « = cv-! and use III’ instead of IX. For 
0) 


example, if y= —— write y = 3(a2 — 3a” +42)-2; whence 


18 — 12% 
'=—6(@ —32 +4 2)3(2¢ — 3) = —_—_ *""_. 
yl =—6( 2) ee ae ae 
Norse 2.—If the denominator is a constant, IV should be used in- 
stead of IX. 
uy! 


Thus if y =u) write y aly: then y’ oly ——- 
c c € Cc 


Nore 8. — Notes 1 and 2 may be included in the more general state- 
ment that whenever the function to be differentiated contains a constant 
factor it is advisable to bring this fact into evidence and use IV. Thus 
if v = V2 gs, where g is a constant, write it v = V2 g Vs, whence 


Dv = V29D,Vs = veg _ AL, 
° 2Vs 28 


Note 4.— Use should also be made of III instead of IX in case the 
denominator is a monomial. 


‘ w—32742 he an Ce a 
Thus, fy= write deo Sarin gr whence 
ys = v—2 
Gas 6 x2 


This principle can be extended to the case where 
_ au® + burl +... 4 lur 
= eee. 


y Pe 
u being any function of z. Write this y = au + bur-F-1 + ...4 lurk, 
and use III/. Asasimple example, let y =~ é 7 
x 
; 1-2 2 2 
Write? ee Then y= 
ore ed z+1 Y Gaal: 


Nore 5.— Occasionally it is of practical advantage to extend the prin- 
ciple involved in Note 1 by writing “ as uv- and then differentiating this 
Vv 
asa product. This applies especially to the case when v contains a factor 


to a higher power than the first. According to the remark below, this 
factor will appear to a degree one higher in the denominator of the deriy- 
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ative ; while formula IX applied to = gives v2 in the denominator, which 
v 


means that a common factor in numerator and denominator must still be 
gotten rid of. On the other hand, differentiating the product wv-! will 
bring each factor to its proper degree at once. 


Nore 6.—In the case of certain fractions, the problem of differentia- 
tion may be simplified by adding and subtracting the same term in the 
numerator, thus enabling one to replace the function by the algebraic sum 
of functions, each of which is easy to differentiate. Thus in the case of 
Ex. 1, on adding and subtracting a? in the numerator, the fraction may 


2a 


be written ; ; —1; again, in the case of the illustrative exercise, 
eer 


2 
V1—2 
1 EI 
t eee Ve 
O equi ager 


, adding and subtracting 1 in the numerator, this fraction is seen 


Remark. —Jf a function contains a factor k times (where k may be 
integral or fractional, positive or negative), its derivative will contain that 
factor k — 1 times. If k =1, the factor does not appear in the derivative 
asafactor. Thus if the function contains the factor u k times, it may be 
written y = wv. Theny! =v- ku! + ubo! = wl (ku! + wv’). 


This fact is of practical importance as a check, and is also 
of service in the sketching of curves. 
As illustrations of this fact, we recall that we found 


x = (2 — a) | 
‘Vi-# (aa? 
a x appears to the power 2 — 1, and (1 — 2) to the power 
—i-1. 


oem —1 


———__—_——., where (1 —?) appears to 
Vi+t —pta+tot 
the power 4 — 1, and (1 + ¢) to. the power —4—1. 


The student is advised to accustom himself to applying this 
check. 
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Differentiate the following functions : 


5. oe —1. Suhre 444-9. 
e+) (w +1)? 
6 il ; 10. ee 
' (1 — 2) V1+4+2, 
eo at pee . 
i at +1 1+2? 
gp GHA) 12. Vi+¢—V1l-2 
: a3 V1i+e4V1— 2 


Hint. — Rationalize the denominator in Ex. 12 before differentiating. 


14. Summary. The general formulas of differentiation de- 
duced in this chapter will enable one to differentiate any 
algebraic! function of one variable. It is not possible to over- 
estimate the importance of the student’s ability to use them. 
For purposes of reference, they are given below, but it is 
highly essential that the student memorize them. The nu- 
merous exercises that follow are intended not only to afford 
practice in the use of these formulas, but also to recall some 
of the elementary principles in the reduction of algebraic ex- 
pressions to simplest possible forms. A reasonable amount of 
attention to this at this stage will be found very serviceable 
later on. 


eC 0. 
AI. Dx <1: 
USD y= xe 


These hold for all values of n. 
TY) D aesnite Du 


1The term ‘“ algebraic function’’ is used here in a restricted sense to 
mean a function of the variable that is obtained by applying to the 
variable any of the operations of addition, subtraction, multiplication, 
division, and extraction of roots. 
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Wl’, Davia. 
2Vu 
IV. D,cu=cD,u. 
V!. Dy (uy + ty + +++ + U,) = Diu, + D,t, + +++ + D,u,. 
VI. D, f(u) = D,f(u) Du. 
Vil Ds = 
Dy 
VIII. Duv) =vD,u+ uD. 
(2) = vD,u — uD,v 


Ix. D 
v v2 


z 


Nore 1.—Ify= ca write y = cv-! and use III’ instead of IX. 
v . 


Norse 2. —If y =", write y ay and use IV. 
ic Cc 


au” + bu"-1+4 cur-2 4 -.. 
ur 
write y = au’ + bur-*-1 + cyur-k-2 + ..., and use III’. 


Nore 4. If y= 


? 


In general it is desirable to examine the function to be dif- 
ferentiated to see whether it can be reduced to a simpler form 
before starting to differentiate. Compare Note 6 and Ex. 12, 
§ 13. 


EXERCISES 


Differentiate the following functions: 


ees g. (Va— 1)? 
Va a 

2. #(2e%—1)(3 a+ 2). ° a 

3, 122, MESS: 

' (@—1) 3 ap 

4. meliicsy * + 2)? 

eee 

V1i-«@ a oboe 


5. (w—1)%(a +2). ter 
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10. (a —1)V1—2. 23. xVa? — a’. 
iy oN eas 

V1 + 2? _ 
12 eels o5, L= V2. 
V1i+2 14+ Vz 
a? + 2 ~ 1 
BS po aeons 26. Vi + -\(e—1). 
Vaz — vv ( Va ( ) 
14. (a? + 2)Va? — 2’. pe 
15. (Va — V2)? ~ (1+ Vay 
2 Z 
16. ft ; 28. (as — a8)’. 
~ 29. (a+2)Va—«. 
( Tasers) Va-et+vVa—o@ 
17 Va 30. 
- : Vite Vv ee 
ene aa e+3 
18. Vf?(2) + (2x). 31. (x ee 2) 
ogress ea i z 
Vx? + f?(a) 32. eee 
eas is 1\2 
20. ae Las 
+1 33. Vee +3) 
Pil. ———. 4. 2] 
i+a dere 
223 ee $55. 
x? — a? 1+V1l—2# 
15. Second and higher derivatives. We have seen that the 


derivative of a function of a variable is again a function of 


that variable. Thus 
if f (ve) =322—2e+1, Bre 
if $(e) = Vi+a, $"(a) = 


Gee 


§ 15] ALGEBRAIC FUNCTIONS 39 


Frequently it is important to consider the derivative of the 
derivative. When this exists, it is called the second derivative 
of the original function, and is designated by a double prime 
or by prefixing D? to the function symbol. Thus since 


D, f"(%) = 6, 
we have I (6) =D f(a) = 6, 
and since D6'(a) = aa Uaee 
(1+ a)! 
we have oo! (a) = D2p(a2) = 


(1+ 2%) 

Similarly the derivative of the second derivative is called 
the third derivative of the original function, and is designated 
by a triple prime or by prefixing D? to the function symbol. 
Thus (2) = D3f(2)=0, and ¢/”(#) = Dig(a) = 2". 

(1 + 2)? 
And so on. 

Find the first four successive derivatives of the following 

functions : 


1. at —2o° + 6. ae 

2. &— 3at+an+4+4. es 

3. (a? +4a—1)% Ms Ay 

4, (738 — 3x4 2)%. 8. ae 
pee es, so 
gp 9. Var + a2 


Formula VI, § 11, plays a most important rdle when looked 
upon as a formula for change of variable. It gives the value 
of D,y, the derivative of y with respect to a, in terms of Dy, 
the derivative of y with respect to a new variable z, and D,z, 
the derivative of this new variable with respect to ~. Here z 
may be either a new dependent variable or a new independent 
one. 
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Repeated application of formula VI enables one to effect a 
change of variable in higher derivatives also. Thus introduc- 
ing the new variable z, dependent or independent, 


Dy = Dy Dz. 
D?y = D,(Dy D,z)= D,.Dy)D2+ Dy D,(D,2) 


Diy = D,(Diy) 
= D*y(D,z)3 + 3 Dy Diz Dz + Dy Diz. 
If z is a new independent variable and @ is given in terms 
of z, we have the alternative expressions for the formulas just 


given, making use of the fact that Dz = a ‘ 
Dy 
Dy =—* 
pl] Dz 
Dy 
D?y = D B= Dat) _ Diy De — Diy Dix, 
¥ \De Da (Da)3 
Diy = D,(D%j) = 22D. Kon 
Av 
_ Diy( D0)? — 8 Diy Dix Dx — Diy Dix + 8 Dey(Di2)’, 
(Dz) 
In particular if z= y, Dy = 1. 
Dx 
Dy =—_— De, 
7 (Ds 


Dyx)> 
In the following exercises use the Pee of transforma- 
tion given at the top of the page. 
10. Transform y = 2a D,y + y*(D,y)? by letting y =-~V2z. 
11. Transform xy Diy +(«D,y —y)?=0 by letting y = -~Vz. 


12. Transform D?y — * Dy +4 2?y =0 by letting z = a, 
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16. Implicit functions. If y is not given directly as a func- 
tion of «, but is defined by an equation involving the two 
variables, it is said to be given implicitly as a function of a, or 
it is said to be an implicit function of a If the equation is 
solved for y, each of its values is said to be an explicit function 
of a Thus a’ + 7? = 25 defines y as an implicit function of «. 
From this relation we can find y to be either of the two ex- 
plicit functions +-V25 — a?,, —V25 — 2. Again, 2? + 2ay + 
y —5xa+4= 0 defines y as an implicit function. Solving, we 
have y given explicitly as —#+V5a—4. 

It is possible and frequently preferable to find the deriva- 
tive of an implicit function as a function of both variables di- 
rectly, instead of first finding the function explicitly. The 
rule is to differentiate each member of the equation defining the 
function, remembering that y is a function of #, and then equat- 
ing the derivatives of the two members. Thus starting with 
x? + y? = 25, we have, differentiating each member and equating 
a 2x%+2yDy=0; whence Dy =— 7 

If desired, y may now be replaced by its value in terms of 
¢ obtained from the original equation. But it is frequently 
simpler to leave the derivative as we find it. Thus if the 
problem is to find the equation of the tangent to the circle 
x? + y? = 25 at the point (3, — 4), we see at once that the slope 
of the tangent at that point is 3, and hence its equation is 
38a—4y = 25. 

Again, if we are asked to find the equation of the tangent to 
the parabola a + 2ay +y?—52+4=0 at the point (8, — 2), 
we have, differentiating each term and using y’' instead of Dy, 
5—2e—2y 

2u+2y 
For «= 8, y=— 2, y'=— 4: Hence the equation of the 
tangent at (8, — 2) is7Tx+12y= 32. 


2e+2y4+2ay4+2yy—-5=0 w= 
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EXERCISES 


Find the equations of the tangents to the following curves: 
1 #@+3y=4at (1, —1); (a%, y%). 

2. 2 + y? =5 at (4, 9); (a, y)- 

3. a +3 =5 at (8, — 1); (2, yo): 

4, 2 + y® =a" at (Xp, Yo). 

5. a + vy — y? =5 at (3, — 1) (a, %)- 

6. +3 a%y +a — 2ay —3=0 at (1, 1). 

7. y2=4 ae at (a, 2a); (2%, Y)- 

8. a+ 2 hay + by? + 29x + 2 fy+c=0 at (a, %). 

17. Higher derivatives of implicit functions. If a function is 


given implicitly, we may express its derivative in the frac- 
tional form given in the previous section. Thus we saw that 


if y is defined by the relation a? + 7? = 25, y’/= — =. also that 
y 


if it is defined by 2+ 2ay+y?—52+4=0,y= 


The second derivative may then be obtained by differenti- 
ating the right-hand member. This will involve y’, the first 
derivative. Replacing this by its value, already found, in 
terms of « and y, we have the second derivative in terms of « 
and y only. The process may then be extended to the third 
and higher derivatives. In the case of the first example above, 


we have, on differentiating both members of y’ = — = 
Smet bac 
y 


Substituting in this the value of y’, we have 
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Making use of the original relation «w+ y?= 25, we have 


finally Rae 
y 
Differentiating this, we have for the third derivative y/” = 
75 y. Replacing y’ by its value — “, we have y’” =— ioe | 
y y 


so on. 
In the case of the second exercise above, we found y’= 


Vie AY Betore differentiating this, use should be made 


2e+2y 
of the principle involved in Note 4, § 13, by writing it thus 
py vee 
2(@+ 9) sie 
; a sy) 
Th "7 —5 DP Tye ae : 
en ¥y 2 A@ SF cD) 9 (a ep y)? 
: 5 25 
Wormlnve: ies Iba of af se 
: T° 2@+y) "~~ 4@ +9) 


It will be left as an exercise to show that 
wy 3. 53 iv B10 ldo fi 
y as eg ey 08 
23(a% + y)? 24(a@ + y)? : 
3-5-7 + (2n —3)- 5" 
(>) cae fee it nt+1 ° 
J ( ) 2" (a + qe 


An alternative mode of procedure is the following: 


Starting with #? + y? = 25, we have, on differentiating, 


a+ yy’ = 0. (1) 
of = — a as before. 
| 
Differentiating (1) instead of the value of y’, we have 
1+y?+ yy” =0. (2) 
a2 
fy af CE ne a eee 
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To find y’”, differentiate (2), obtaining 


3y'y" + yy!" 2 
Os ee =— 3y’y" =— 79 | 


y y? 


[$17 


(3) 


The principal reason for this alternative method is that it 
avoids the necessity of differentiating a fraction, and this may 


prove simpler in practice, at times. The student should try 


it in the case of the other illustrative example 
e+ 2eyty—d5e+4=0. 


EXERCISES 


Find the first two derivatives of y with respect to x for 
1 e+y=a'i a ai +y3 =a’, 
2. a + y? =a}. 4. ¢°+y"=a". 


CHAPTER III 


GEOMETRICAL AND OTHER APPLICATIONS 


18. Maxima and minima. We have already noted (§ 7) that, 
when the derivative of a function is positive, the function in- 
creases with the variable; when it is negative, the function 
diminishes as the variable increases. If for a certain value, 2, 
of the variable the derivative is zero, at that stage the func- 
tion is neither increasing nor decreasing, as is also evident from 
the graph; for at the corresponding point of the graph the 
tangent is horizontal. A particularly interesting case arises 
when the derivative changes sign as the variable passes through 
the value x, for which the derivative vanishes. If, to fix the 
ideas, it was positive just before x = a, and negative just after 
(throughout this discussion we shall suppose x to be increasing 
algebraically), then f(a,) is larger than f(a) for all neighbor- 
ing values of x on either side of x. Thus consider 


at — 8 2? 


f@e)= = 


4x _ a(x? — 4) 
ae, 


Then f'(«) = aot Evidently f'(«) = 0 when 


2=0,2,—2. Moreover, from the form of f'(x) in this case 

it is clear that, for small negative values of x, f’(a) is positive ; 

thus for «=—4, f’(@v) =1%. Similarly for small positive 

values of x, f'(x) is negative; for ~=i, f(x) =—18. Here 

S(—4) < f@3efG). Such a value of a function, which is 

greater than its neighboring values on either side, is said 
45 j 
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to be a maximum of the function. Thus in the special case 

under consideration, Oi is a maximum of f(x) corresponding to 
the value #,=0. In the graph 
we shall say that the point 
O= (0, 0) is a maximum point 
of the graph. 

i If on the other hand f'(#) is 
negative just before «=a, and 
positive just after, then f(a) 
is smaller than f() for all neigh- 
boring values of x on either side 
of w,; and in this case f(a) is said to be a minimum of f(#). 
Thus, in the above example, we saw f'(w)=0 when «=0, 2, —2. 
From the form of f'(«) , the following facts are obvious: 

For 0<a< 2, f’(z) is negative; for example, when x = 1, 
f'(@) =— 

For «>2, f’(«) is positive; for example, when x= 3, 
f(e) = 4. 

Hence £2) =— 2 is a minimum of the function, and the 
point P= (2, — 2) is a minimum point of the graph. 

Similarly it is seen that f(—2) is also a minimum of the 
function. 

For « < — 2, f’(x) is negative; for example, when « =— 3, 
f'(®) =— 4p. 

For —2<a<0, f’(@) is positive; for example, when 
x=—1, f’(~)= 3. The point Q=(— 2, — 2) is also a mini- 
mum point of the graph. 

If the graph of a function is known, the location of its 
maxima and minima is a matter of inspection. On the other 
hand, a knowledge of the maxima and minima of a function 
will assist materially in sketching the graph of the function. 


Fia. 6 


Remark. — Attention should be called to the fact that a maximum 
need not be the largest value of the function. In the case of the function 


§§ 18, 19] GEOMETRICAL APPLICATIONS 47 


considered above there is no largest value. For all values of x greater 
than 2 in absolute value, the function is positive. But still 0 is a maxi- 
mum value, because f(0) is greater than f(x) for both positive and nega- 
tive values of % near zero. Similarly a minimum need not be the small- 
est value of the function (although the minima in the case of the above 
illustration happen to be the smallest value of the function; this is a 
coincidence, not an essential). 


EXERCISES 


Find the maximum and minimum values of the following 
functions, and sketch their graphs: 


Me age 6 ae 
2. 3—2 ax. "> tees 
3. 2434 — 2%. 7. cae 
i 8+ 20% at 14+ 2 

4 x oA + 4 
5. @—2e4+e42. 8 


19. Further facts concerning maxima and minima. 


1. In looking for the values of the variable to which might 
correspond a maximum or a minimum of the function (we shall 
refer to these values as critical values of the variable), we used 
the roots of f'(z)=0. It is perfectly possible for f'(a,) to 
equal zero without f(x) being a maximum 
or minimum. The essential thing ts that 
J'(@) should change sign as x passes through 
a. This frequently happens when f'(a,)=0, 
but not necessarily. Thus if f(x) = 2%, 
then f'(x) = 3a. The latter vanishes for 
x = 0, but it is evidently positive for both 

ane ; Fia. 7 
positive and negative values of x [Here 
J (x) is always an increasing function; compare Fig. 7.] Hence 
f (0) is neither a maximum nor a minimum. The graph of the 
function is said to have a flew or point of inflection at such a 
point 0. (See § 21.) 
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2. Having found all the roots of f'(x) = 0, f'(#) can be 
written as the product of its factors, thus 


f'(@) = A — %)K(@ — at) + 
Evidently if & is an odd number, (# — 2,)* will change sign as x 
grows from a value slightly smaller than a, to one slightly 
larger than it, since « — x, changes sign, while all the other 
factors do not change sign; hence f(a,) will be a maximum 
or minimum of f(x). But if & is an even number, (# — a) is 
positive always; hence f'(x) will not change sign as x passes 
through 2, In this case f(#,) is neither a maximum nor a 
minimum. 
= as 2 


) 


xe — vote eis 
2 


In the case of fa)= 
we saw ape 


Here each of the factors appears once (an odd number of 
times), hence each of the roots has a maximum or a minimum 
corresponding to it. 

In the case of f(x) = 23, f'(x) = 32". Here we are dealing 
with a squared factor, and there is no corresponding maximum 
or minimum. 

3. Once it is known that f(«) has a maximum or minimum 
corresponding to the value 2, its exact nature can be deter- 
mined readily from the sign of f"(a,). Since f'(x) is the 
derivative of f'(a), f'(a) is growing with x when f"'(«) is: posi- 
tive and it diminishes as « grows when f''(x) is negative. But 
at a maximum and in its neighborhood the derivative of the 
function is diminishing as the variable increases; and at a 
minimum and in its, neighborhood the derivative grows with 
the variable. Hence we have the very convenient criterion that 
for a maximum S'(@1) =0 and f"(a,) < 0; 
for a minimum F'(%1) =0 and f(a) > 0. 
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Thus, in the case of 


f(a) ===", pie) = 5 **, and "(@) = 


Evidently : 
J'(0) =0 and f" (0) =— 2; so f(0) is a maximum. 
J'(2)=0and f"(2)=4; so f(2) isa minimum. 
J'(— 2) =0 and f'"(— 2) =4; so f(— 2) is a minimum. 
This is consistent with what we found before. 

If f"(a,) = 0 at the same time that f'(#,) = 0, one or the other 
methods of attack suggested before should be used. 

In the case of f(a) = 2, f'(x) =3 2, and f"(4)=3a. Here 
J'(0) =0 and f"(0) =0. Our criterion gives us no informa- 
tion. But from the fact that f'(a)=3 2 
is constant in sign it follows that f (#) 
has no maximum or minimum value. 

On the other hand, if f(x) =2', f'(x)= 
An, and. f/'(e)=12 2. Here again 
J'O)=0 and f"0)=0. So our er 
terion ceases to apply. But since 2° 
changes sign with # and changes from 
— to + as x passes through 0, we know 
that f (0) is a minimum for the function ; 
as is also evident from the graph, Fig. 8. 

4, Infinite values of a function, positive or negative, will 

not be considered as maxima or minima 
of the function, even if the derivative 
does change sign as the variable passes 
through a value for which the function 


a = 70) becomes infinite. Thus if f(@) == 


3a? — 4 
2 


O 


Fic. 8 


Fia. 9 f'(@)=- z. This is + fora < 0, and 


—for «>0. But o will not be considered a maximum of 
the function. 
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5. If f(a) is finite but f'(a,) is infinite and changes sign 
as w passes through a, f(#,) is a maximum if /'(x) changes 
from + to —, and a minimum if 

J'(«) changes from — to+. Thus 


if f(a) =a, fe) =. Here 
3 08 
4 ft 0) =0, f'0) =. For negative 
Fig. 10 values of x, f'(#) is —; for posi- 
tive values of a, f'(y) is —. Hence f(0) is a minimum of f(@). 


This is also obvious from the graph. 

6. If f(#) is continuous, between any two consecutive 
maxima there is a minimum, and between any two consecu- 
tive minima there is a maximum. The proof of this will be 
left as an exercise. 


Remark. —In what has gone before, the expressions ‘‘just before’ 
and ‘‘just after,’’ “slightly smaller than’’ and ‘‘slightly larger than,’’ 
and the like have been used. The question naturally arises, Exactly 
what is meant by these? The answer is very simple. In the types of 
functions we are using here, f’(z) changes sign only when z passes through 
a value for which f’(z) =0 oro. If then we arrange the set of critical 
values of « (for which either of these cases arises) in order of algebraic 
size, Say 2, Lo, +++, Lia, Lj, Li41, +++ Lp, we Shall mean by ‘‘ just before 
z;’? or ‘‘slightly smaller than z;’’ any value of x between @;_; and @; ; 
by ‘‘just after z;’* or “ slightly greater than #;’’ any value of « between 
a; and 2;4;. In the case of 2, the smallest of the set, we shall mean by 
‘¢just before’’ or ‘‘slightly smaller than’’ any value of @ less alge- 
braically than x, and by “just after’’ or ‘slightly great than «,,’’ the 
largest value of the set, any number larger than z,. Thus, in the case of 


[ 2 
the function f(<) =o-*t, the set of critical values was seen to be 


— 2, 0, 2. 

Any number algebraically smaller than — 2 may be used as “ just 
before — 2.”’ 

Any number algebraically greater than — 2 and less than 0 may be 
used as ‘‘ just after — 2”’ and as ‘‘ just before 0’’ ; and so on. 


For practical purposes, this remark will be found very serv- 
iceable. For, excepting in rare instances, one will be able 
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to use convenient integral or simple fractional values instead 
of confining oneself to values very near the critical values. 
On the other hand, one will be cautioned not to use numbers 
deviating too much from the critical values. 

Similarly by a “sufficiently near” value to x, we mean any 
value that lies between 2;_, and ~,,,, other than , itself. And 
by a “neighborhood of #;” we mean any interval of values 
between #,_, and #,,, excluding 2,. 


Summary. . The several methods given above for finding the 
maxima and minima of a function are not mutually exclu- 
sive. In actual practice, the following mode of procedure is 
suggested : 


I. Given f(x), calculate f’(x), and find the values of x for 
which f’(~)= 0 and f’(@) =. Let these be 


Wy, Loy 20°, Vy 22° 


vw 


? vn, 
arranged in algebraic order. 


Il. Writing f’(a) as the product of its factors, 
S(#) = AW — %1)*(@ — Mp)? ++ (BBE ov (@— Oy), 
where A is a possible constant factor, and the exponents 
a, b, +++, k, +++, may be positive or negative, 
J (@,) will surely not be a maximum or minimum if k is even,! 


J (#;) will surely be a maximum or minimum if & is odd. 


1]f a factor appears with a fractional exponent, the factor will be said 
to appear an even or an odd number of times according as the numerator 
of the exponent is even or odd. Only cases in which the denominator of 
the fractional exponent is odd need be considered. For if it were even, 
we would be dealing with an even root of the corresponding factor 
(@—«;). Since this factor is positive on one side of 7; and negative on » 
the other, the even root of it is imaginary on one side or the other. 
Hence there is no question of f(#;) being greater (or less) than f(x) for 
neighboring values of x on both sides of z;. See Ex. 4 of this set. 
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In the latter case we proceed to find f’’(a) : 
III. If f’(a,) <0, f(#,) is a maximum ; 
if f’"(x;) > 0, f(#,;) is a minimum ; 
if f’’(@,;) = 0 or , no conclusion can be drawn. : 
In the latter case, and also when it is not practical to caleu- 
late f’’(), we examine the behavior of f’(x) in the neighbor- 
hood of x,, when k is odd: 


IV. Substituting values of wjust less than w and just 
greater than x, in f’(~) (Remark), 
if the resulting values are respectively + and —, f(a,) 
is a Maximum ; 
if the resulting values are respectively — and +, f(@;) 
1s a minimum. 


EXERCISES 


Find the maxima and minima of the following functions, 
and sketch their graphs: 
1. f(e)=24+32 — 2. 
Here f'(@) =6e%—322=32(2 —2), 
S"'(@)=6—6¢. 
The critical values, t.e. the roots of f/(x)= 0, 


are 0, 2. Since each of the corresponding factors x 
and (2 — @) appears in f’(x) to an odd degree, these 


0 values surely correspond to maxima or minima. 
Since f//(0) = + 6, f(0) = 2 is a minimum. 
Fie. 11 Since f/’(0) =— 6, f(2) = 6 is a maximum. 


2: f()= a8 (0? — A). 
To differentiate this, it is simpler to write f(x) as 
follows : 
F(@) = as —4 a3. 
Sfi@y= pot 2 See 2 
3x3 323 
f(a) = 40 4% = i — 8(52? atl 


9 
923 928 Fig. 12 - 
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The critical values are — 1, 0, 1. Since each of the corresponding factors 
(+1), ©, (@—1) appears an odd number of times in f/(x), these 
values surely correspond to maxima or minima. 

Since f’(— 1) = + 48, f(— 1) =— 3 is a minimum. 

Since f/(0) =o, another criterion must be used. 

Since f’(Q1)  =+4 418, f(1) =— 3 is a minimum. 

From fact 6, we should suspect that f(0) isa maximum. That this is 

correct follows because f’(— 4) = 2V2 and f(})=— 2V2. 


208 + 32 
3. fq) 7B tee toate. 


Here f! (x) = Bee), 


: , F O 
This has no real roots, and does not change its sign. 
Hence there are no maxima or minima of the function. 
4. Find the maximum and minimum points of ee 


the curve 
25 y? = 2(4 — o)3, 
By =+ 2(4— 22). 
By! =4(4— 02)? = 3.024 — a2)? = 4. 401 — 22) VE we. 
The critical values are, arranged in order, — 2, — 1,1, 2. Since the 
curve does not extend to the left of  =— 2 or to the right of z = 2, the 
critical values — 2 and 2 cannot lead to maxima 


or minima. 
It will be left as an exercise to show that 


byl = 12 w(a? — 3). 
+ V4 — g? 
Fig. 14 For «=—1, y’’ is es according as the + or 
— sign is used in the value of y. Hence « =— 1 corresponds to a mini- 


mum for that branch of the curve in which the + sign is used for y. (In 
the graph, this branch of the curve is represented by a continuous line.) 
While for the other branch (represented by the broken line in the graph) 
% =— 1 corresponds to a maximum. 


8V3 


For «=1, y!! =F =e according as the + or — sign is used in the 


value of y. Hence x = 1 corresponds to a maximum and a minimum re- 
spectively to the two branches, 
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The entire curve thus has the maximum points (- tl =) and 


(1, 3x), and the minimum points tea 1, — sy) and (1, 88). 


5 
5. f (w) = (a — 1)8(@ + 1). 
pay @t Weds = 8), 
3(a@ —1)8 


The critical values of « are — 1, 5%, 1. 


Since the factor (x + 1) occurs twice in f’(@), — 1 does not correspond 
to either a maximum or a minimum. 

Each of the other factors appears an odd number of times in f’(2); 

hence each has a maximum or minimum corresponding to it. 
The calculation of f/’(z) is not so simple here. 

So we shall use method contained in IV. 

(ae 
3(a —1)3 
negative. For values of & slightly smaller than ,8,, 
llw—8 is negative, and for values of «@ slightly 


In the neighborhood of «= 8, is 


O : ong 
larger than ;°;, 1la2—8 is positive. Hence, as x 
passes through +8, f’(x) passes from + to —; that 
Fic. 15 is, « = ,8 corresponds to a maximum. 


In the neighborhood of e=1, (@ + 1)2(11%- 8) 
is positive. For values of x slightly smaller than 1, (2 — 13 is negative, 
and for values of z slightly larger than 1, (e — 1)} is positive. Hence, 
as © passes through 1, f’(a@) passes from — to +; that is, = 1 corre- 
sponds toa minimum Compare the graph in Fig. 15. 


6. f@e)=2+>= a ett. 9. f@)==FS*. 
1. far p2o@t?, 10. s@=5P*. 
H 0] wv 
1_of41 12. F@)=(@ + 1)8@ — 6. 


SO Saree 12. f(«)= 28 (a — 5). 


20. Problems involving maxima and minima. The following 
problems will illustrate : 

Ex. 1. Separate 6 into two parts so that their product will 
be a maximum. 
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Let x be one part, then 6 — ax will be the other, and their 
product will be «(6 — x). To find its maximum we proceed as 
before : y= 2(6~2)=6a—2. 
y' = 6 — 22a, y” =— 2. 
y’=0 whenw=3. Since y” is negative, we have a maximum. 
The two required parts are 3 and 3, and the maximum value 
is 9. 


Ex. 2. The stiffness of a rectangular beam varies as its 
breadth and as the cube of its depth. What are the dimensions 
of the stiffest beam that can be cut from a log 10 inches in 
diameter ? 


Let 6 = breadth of beam. ——— 

d = depth of beam. 

s = stiffness of beam, 
Then s=kbd, where k is the 
constant factor of proportionality. 
Here the function to be maximized . 
is given in terms of two variables 
b and d. But th t inde- 

an ut these are not inde — 


pendent of each other. They are 
connected by the relation 


b? + d? = 100, or b= -V/100 — @. 
Hence we may write 

s = kdV/100 — oP. 
Then s! = 3kd?-V/100 — @& — 


Fic. 16 


kd* 
Vi00— a 
Equating this to zero, we have, on clearing of fractions, 
3 kd?(100 — d?) — kd‘ = 0, or 300d? —4d* = 0. 
.d=0, 5V3, —5V3. 
Evidently d = 0 and d = — 5 V3 are of no interest here, 
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d = 5V3 is easily seen to correspond toa maximum. Along 
with this, we have 6=5; and the maximum stiffness is 
k1875-V3. 

These two problems are typical of those apt to arise. In 
the first, the function to be maximized or minimized is given 
directly in terms of a single variable. In the second, the func- 
tion is given in terms of two variables, which, in turn, are 
connected by a relation, so that one of the variables can be ex- 
pressed in terms of the other. The problem thus finally 
reduces to one of a single variable. 

In more involved problems it may be desirable or necessary 
to introduce even a larger number of variables, say n, in order 
to obtain an expression for the function to be maximized or 
minimized. In the types of problems considered here, these n 
variables will be found subject to (n — 1) relations, so that only 
one of them is actually independent. 


Remark 1.— Ex. 2 can be solved more simply by making use of the 
following general considerations : 


(a) Since kis a positive constant, evidently kbd will be a maximum or 
minimum whenever bd3 is. So that we could have considered the func- 
tion s = bd’, without affecting the result. In general we may say that 
any constant or non-vanishing factor in the function to be maximized or 
minimized may be omitted in the process. If the omitted factor is posi- 
tive, no further record of it need be kept. If it is negative, the final in- 
terpretation as to whether the function is at a maximum or minimum 
will have to take this factor into account. 


(6) A further marked simplification may be affected by noting that 
since the radical sign in the expression for s is to be taken with the posi- 
tive sign, s will be a maximum when 3? is, and vice versa. But it ismuch 
simpler to differentiate the corresponding expression. Thus, making use 
of (a) and (b), we may write 

2 
(;) =f(d) = (100 — @) = 100 a8 — a. 

“.F1(d) = 600 d5 — 8a. 

Equating to zero, we have at once d= 0 or + 5V3. 
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RemarxK 2.— An alternative method for solving problems like Ex. 2 
(in which the function is given in terms of two variables subject to a 
known relation) may be given here. We had, writing 8= S, 

k 
S=bd3 and 6?+d?=100. 
Differentiating both relations with respect to d, 
S'’= db! +3bd? and bb!+d=0. 
From the second we have b/ = — a. Putting this in S’ = 0, we have, on 


clearing of fractions, 
—d+3b@2=0 or P=30?, 


neglecting the useless value d = 0. 

From 0? + d? = 100, we have at once b = 5; whence d = 5V3. 

This method is especially serviceable when we are interested in the 
relative values only of the two variables involved and not necessarily in 


their actual values. 
Ex. 3. What are the relative dimensions of CS 


a cylindrical tin can of given content using the 
least amount of tin? 


If r = radius of base, t = amount of tin, 
a = altitude, V = content, 
Fic. 17 
we have 


t=2rar+2ar? and zar?= JV, a constant. 


Noes 


Putting a= au in t, we have 


“ine 
r= 2P 42 rr, 
nN ah ee amacing ania t i 
: = eT nr. Equating this to zero, we have 
pat or r= ; - pe 
ee =\%-% ie _ aye 
° =-+- = 


That is, a=2r. 


1 That this value of r renders t a minimum is more or less obvious from 
the nature of the problem. If desired, the student will find little difficulty 
in passing to ¢/’, and noting that this is positive for this critical value of r. 


58 CALCULUS [§ 20 


While the work involved here is not complicated, the sim- 
plification that could be effected by using Remark 2 is quite 
worth while. Thus we have 


T= = ar+?7? and av’= v= constant, 
2a T 


Differentiating with respect to 7, 
T’=ra’+a+2r and ra +2ar=0. 


From the second we have a’ = 22 putting this in the first 
: r 
and equating to zero, 


—2a+a+2r=0, ora=2r. 


Ex. 4. A man in a boat on a lake wishes to reach an inland 
point in the shortest time, by rowing to some point on the 
A, shore, and walking the rest 
| ofthe way. At what point 
m2 must he land, if he can row 
i: y, miles per hour, and walk 
v, miles per hour on land? 
The shore is supposed to 
be straight. 


eee es 


vu 
> 


ee 


SD 


| 


If A, is the original po- 
sition of the man and <A, is 
his goal, let m,=A,M, 
the distance from A, to the shore, m, = A,Mb, the distance from 
A, to the shore. If P is his landing place, and if M,M, = s, let 
x = MP; thens—x= PM. 

6, = angle which A,P makes with the normal to the shore. 
6, = angle which PA, makes with the normal to the shore. 


J 

H 

H 

A, 
Fig. 18 


; : : F a 2 
The time consumed in rowing is Vat + mi, 
1 


The time consumed in walking is V3 =e) +m}, 


Vo 
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The total time consumed is 


gp ave tm , Vs= 9) + mi, 
Vv 


1 V2 


To render this a minimum, differentiate with respect to 2. 


(ee S— 2 _ sin sin 6, 
UVa +m? w%V(s— 2P+ mi Y V2 
This vanishes when 
sin 6, sin 0, (1) 
Vy V2 


That this value of x or this relation between 6, and @, ren- 
ders J’ a minimum is evident from the nature of the problem. 
But it is not difficult to show that, since the radicals used 
here must be taken with the positive sign, T”’ is positive, as it 
should be for a minimum. This will be left as an exercise. 

The result (1) is interesting, because the path traced by the 
man to pass from A, to A, in the least time is entirely analo- 
gous to that of a ray of light in going from a point A, in one 
medium, in which its velocity is v,, to a point A, in a second 
medium, in which its velocity is »,. 


EXERCISES 
‘1, What number exceeds its square by the greatest amount ? 
2. Divide 5 (also n) into two parts such that the sum of 
their squares is a minimum. 


3. Divide 5 (also n) into two parts such that the sum of 


the square of twice one part and the square of 

the other is a minimum. \ / 
4. A gutter of maximum capacity is to 

have its bottom and sides 2 inches each, the Fra. 19 


sides to. make equal angles with the bottom as indicated in 
Fig. 19. What should be the distance across the top? 


60 CALCULUS [§ 20 


5. If the strength of a rectangular beam is proportional to 
its breadth and to the square of its depth, find the dimensions 
of the beam of maximum strength that can be cut from a log 
which is an elliptic cylinder whose cross section is the ellipse 
Cok ete beeme 


6. Find the relative dimensions of a conical tent of given 
volume that requires the least material. 


7. A sector is cut from a circle and bent so as to form the 
lateral surface of a cone. What must be the angle of the 
sector so that the cone may have a maximum content ? 


8. Show that an equilateral triangle has the maximum 
area of all the isosceles triangles inscribed in a given circle. 


9. Show that a square has the maximum area (also pe- 
rimeter) of all the rectangles inscribed in a given circle. 


10. Find the dimensions and area of the rectangle of maxi- 
mum area that can be inscribed in the ellipse ba? + a2y? = a?b?. 


11. Find the rectangle of maximum perimeter inscribed in 
the ellipse b?a? + a?y? = a?b?. 
12. Find the relative dimensions of the cylinder of maxi- 


mum volume inscribed in a sphere of radius a. What is its 
volume ? 


13. Find the relative dimensions of the right circular cone 
of maximum volume inscribed in a sphere of radius a. What 
is its volume? 


14. Find the relative dimensions of the right circular cone 
of minimum volume that can be circumscribed about a sphere 
of radius a. What is its volume? 


15. Equal squares are cut from the corners of a rectangular 
piece of cardboard 8 by 3 inches, The projections are then 
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turned up so as to form an open box. What must be the size 
of the squares cut out so that the content of the open box may 
be a maximum ? 

16. What are the relative dimensions of a cylindrical tin 
can using a given amount of tin that shall have a maximum 
content? Compare illustration Ex. 3. 


17. Whatare the relative dimensions of the most economical 
cylindrical tin cup ? 

18. What are the relative dimensions of a rectangular 
parallelopiped with a square base so that for a given content 
the total area is a minimum ? 


19. What are the relative dimensions in the parallelopiped 
of Ex. 18 if the area of one of the bases is not included in the 
total area (for example, in the case of an open square box) ? 


20. The size of a package is restricted so that the sum of the 
length and girth must not exceed 72 inches, What shaped 
package will have the maximum content? 

Hint. — The shapes to try are a sphere, a rectangular parallelopiped 
with a square base, and a right circular cylinder. Find the most advan- 
tageous dimensions in each of these cases and their corresponding 
contents. 

21. A man in a launch on a lake, 3 miles from a straight 
shore, wishes to reach a point 10 miles along the shore. If he 
can travel 20 miles an hour in the launch, and an auto which 
follows him along the shore ready to pick him up at any time 
can make 29 miles an hour, at what point should he land so as 
to reach his destination in the least time ? 


22. In Ex. 21 consider the general case where the man starts 
from a point m, miles from the shore, the objective point is 
s miles from the point on the shore nearest the starting point, 
the launch travels with the speed ,, and the automobile with 
the speed v. What role does the value of s play? 
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23. A boy at <A, distant m, feet from M;, the nearest point 
of a straight fence, wishes to reach in the shortest time a 
second point A, on the same side and distant m, feet from 
M,, the nearest point of the 
fence from it. He can run 
v ft./sec. and must touch the 
fence once. Show that the path 
of the boy is that of a ray of 
light reflected by a plane sur- 
face. Compare illustrative 
Fic. 20 Ex. 4. 


24. A conical glass is filled with water, and a marble is 
carefully dropped intoit. If the radius of the base of the cone 
is 3 inches and its altitude 4 inches, what 
must be the radius of the marble so as to 
displace the greatest amount of water ? 


Hint. — Let the distance from the center of the 
spherical marble to the vertex of the cone be 
h. The volume of the water displaced is that of 
the segment of the sphere whose altitude is 
r—(h —4). 


Fig. 21 


25. In Ex. 24, consider the general case 
where the radius of the base of the cone is 8, its altitude is a, 
and its slant height s. 


26. The distance between two spheres of radii 7, and 7, 
respectively, is s. At what point on the line of centers of 
the two spheres must a light be placed so as to illuminate the 
greatest amount of surface on the two spheres? 


27. Show that if P is a variable point on the curve y = f(a) 
and A is a point not on the curve, the line AP must be normal 
to the curve at P if AP is to be either a maximum or a 
minimum. 
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28. A weight W is to be raised by means of a lever weigh- 
ing w pounds per linear foot. The weight is suspended at a 
point a feet from the end of the lever, which is the fulcrum or 
point of support. What should be the length of the lever so 
that the force required to raise the weight if applied at the 
free end of the lever is to be a minimum? 


29. The formula for the efficiency of a screw is 
path= wh) 
iy 2 pe 
where p is the coefficient of friction, a constant, and his the pitch 
of the screw. For what value of h is the efficiency a maximum ? 
30. The velocity of waves of length A in deep water is 


Neal 
ees 
aay 


where a and k are constants. For what value of X is the 
velocity a minimum ? 


’ 


31. The work done by a voltaic cell of constant electro- 
motive force EH and constant internal resistance r in sending 
a steady current through an external circuit with resistance 
R is PETE 

Ren? 
in a given time. Here k is a constant depending upon the 
units selected. For what value of Ris Wa maximum ? 


32. When a battery of mn cells is joined up in m rows, of 
n cells each connected in series, and the rows are joined in 
parallel, the current is equal to 
S onl 
mR +nr’ 
where £, the electromotive force of each cell, 7, the internal 
resistance of each cell, and R, the external resistance are con- 


a 


stants. Show that the current isa maximum when # = ae that 
m 


is, when the internal resistance is equal to the external resistance. 
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21. Concavity ; point of inflection (or flex). We have already 
noted (§ 19, 3) that when f’’(a) is positive, f’(#) increases with 
x. In the graph of f(w) this means that, as we move along 
the curve from left to right, the tangent revolves in counter- 
clockwise sense; that is, the curve is concave upward. Again, 
if f’(w) is negative, f’(w) decreases as # increases; for the 
graph, the tangent revolves in clockwise sense. The curve is 
concave downward. This is consistent with what we saw before 
(§ 19, 3), f’(@) is positive at and in the neighborhood of a 
minimum, and negative in the case of a maximum point. 

If, as we move along the graph of a function, the sense of 
the concavity changes from upward to downward, or vice versa, 
the point on the curve at which the change takes place is a 
point of inflection or, more simply, a flex of the curve.’ As 
the variable passes through the value corresponding to a 

flex, f’’(#) changes signs. This can occur 
only (in the case of the functions we shall 
. meet) by having f’(a)=0 or f(a) =o. 
Thus, if 
J@=He Ff @) = S27 andy) = 6a 
Here f’’(~) = 0 when x = 0, 
S'(a) <0 when # <0, 
ee Sf’ (a) > 0 when # > 0. 


The origin is a flex for the graph. For points to the left 
the concavity is downward, for those to the right it is upward. 


Again consider f(#) = a, 


2 
I(@) =, £"@)= . 
=o 
The neers is also‘a flex for the 
graph, since f’’(#) is positive for Fia. 23 


1 At a point of inflection the curve crosses its tangent. 
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points to the left of the origin, and 
negative for points to the right of it. 
At the origin, f’’(#) = o. 
Moreover f’’(%)=0 or f’’(a)= 00 is 
not sufficient to cause the graph to 
have a flex at the point (%, f(2)). 
Thus f(o)=2, f"(a)= 122, This 
vanishes for ~=0; but it is positive 
for all other o 
values of 2. 
So there is 
no flex at the origin. Again if 
5 f@)=al, f(a) =-.. Here 
9 as 
f’(0)= ©; but it is negative for all 
other values of x Hence there is no flex 
at the origin. 


Fia. 24 


Fia. 25 


Q 
Consider now 
S(«)= a (@ + 4)= of 4 4 ah, 
pa)=tat eget tet), 
3 us 
— P 
f(a) = gat — gat 29). 
9 e3 Fic. 26 


Here f’(a) = 0 when x = 2. Hence (2, 6V2) is a flex. 
J’(w)= 0 when x=0. It is positive just before and 
negative just after. So the origin also is a flex. 
There is a minimum corresponding to « =— 1. 
Remark. — The problem of finding the flexes of the graph of a function 
is analogous to that of finding its maximum and minimum points. In the 


former case we are concerned with the changes of sign of f'/(@) just as in 
the latter we are interested in the behavior of f’(@). The whole dis- 
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cussion of §§ 18 and 19 could be repeated here. But the modifications to 
be made in it are so obvious it does not seem necessary. 

After finishing the exercises of this section, the student is urged to take 
up the general problem of sketching curves, which is treated in. the 
Appendix. 


EXERCISES 


Find the maximum and minimum points, and the flexes of 
the following curves. Sketch the curves. 


l y= e@—3a42. 8. y= as 
1 + 2 
2. 10y = a*(« — 5)?. 
3 
3. y=S3at+ 5038. 9. age er 
4, = 3a1 — 423. 
y 10. pa 
6 x+2 
Spa 
3+ 11. y= #(4 — 2°), 
108 
6. = = 12. y2=4(1 — 2 2?)3, 
I= 80 43a oer ) 
13. y= (1 — x2), 
7. Ye S 
Sy) Lae 14. y= u—2V2. 


-15. Show that for y= a", where n is a positive integer, the 
origin is a minimum or a flex according as n is even or odd. 


p 
16. Show that for y=‘, where 2 isa positive fraction re- 
q 


duced to its lowest terms and gq is odd, the origin is a minimum 
or a flex according as p is even or odd. 


22. Tangent; subtangent; normal; subnormal. Let P be a 
point (2, y) on the curve y = f(x); and PK and PR the tan- 
gent and normal at P respectively. We shall be interested 
in finding the following lengths: 
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1. PK = T,, the part of the tangent extending from P to 
the x-axis. 
As noted in § 6 the slope of the tangent at P is 
tan 6 = f'(a%) = yo. 
sec0 = V1 + yi, 
V1i+ 4, 
ys 
In the right triangle PKQ, 
PK =PQesc 6. Hence 


T, = “V1 + yf. (1) 
Y 


_ eseg= 


2. PV=T,, the part of 
the tangent extending from 
P to the y-axis. 

In the right triangle PV W, 
PV=VWsec9. Hence 


T,=xV1+y. (2) 
3. KV = T., the part of the tangent included between the 


coordinate axes. 
7 =7,— 7, == byt tg. (3) 


Y 


Fig. 27 


4. KQ=S.T., the subtangent, which is the projection of T, 
upon the a-axis. 

In the right triangle PKQ, KQ = PQcot 6. Hence 

—_ %, 
ST. = 3 (4) 

5. PR = N,, the part of the normal extending from P to 
the a-axis. 

Using the right triangle PQR, the student should show that 


N, = yV1 + yi. (5) 
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6. PM=N,, the part of the normal extending from P tu 
the y-axis. 
Using the right triangle MLP, 


N, =2V1 + yi. (6) 
Yo 


7. MR=N., the part of the normal included between the 
coordinate axes. 


N.=N, +N, = 70+ %0 V7 + yi. (7) 
% 


8. QR = S.N., the subnormal, which is the projection of N, 
upon the x-axis. 


Using the right triangle PQR, 

S.N. = yoy. (8) 
9. OU =p, the distance of the tangent from the origin. 
In the right triangle OUK, OU = OK sin 6. 


! 
OK = 0Q — KQ=% = 2, sin@ =-—%___. Hence 
Yo V1 + y?2 
p, = 0H = 40 : (9) 
V1+4+ yi? 


Remark. — In the formulas of this section, we are interested, at this 
time, in the absolute values of various lengths, and not in their algebraic 
signs. It may be added that these formulas are given here rather for 
reference than that they be memorized. They are obtained so readily 
from Fig. 27, it is suggested the student make the effort to remember how 
to deduce them instead of memorizing the formulas themselves. 


EXERCISES 


1. Show that in the case of the parabola y? = 4a, the sub- 
‘tangent is twice the abscissa of the point of contact, and the 
subnormal is the same for all points of the curve. 
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2. Show that the part of the tangent to the astroid 
at 4 ys =a included between the axes is a constant for all 


points of the curve. 


3. Show that the part of any tangent to the equilateral 
hyperbola xy =k’, included between the codrdinate axes, is 
bisected by the point of contact. 


4. Show the sum of the intercepts of any tangent to the 
parabola a 4 y? —a? on the coordinate axes is equal to a, a 


constant. 


5. Find the lengths of the tangent, normal, subtangent, 
subnormal, and perpendicular from the origin to the tan- 


gent for 
(a) y= j 1 at the point whose # = 2. 
(b) wy? = 8 at the points whose x = 2. 
(6) af? = ra = at the points whose # = 2. 


6. Find the tangents to the ellipse 6’x? + a®y? = ab”, whose 
parts included between the codrdinate axes are bisected by the 
point of contact. 


7. Find the tangents to y = 3 a3 — 4 a which cut the axis of 
x at an angle of 45°. 


8. Find the normals to y2 =4a whose intercepts on the «- 
axis are equal to 6. 


9. Show that the subtangent is equal to n times the abscissa 
of the point of contact, in the case of the curve y*= az. 
Using this fact, deduce a simple method for constructing the 
tangent to the curve at a given point. Illustrate in the special 
cases where n = 2, 3, — 1, 4, 3. | 
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23. Parametric equations. At times the equation of a curve 
may not be given in the form f(a, y) =0 or y= ¢(a), but a 
and y may each be given as a function of a 
third variable; the latter, in such cases, is 

FAY called a parameter. Thus the equations 
x=acost, y=asint (1) 


evidently represent the circle 2 + y? = a?, as 
may be seen by squaring both equations and 
Fic. 28 : 
adding. 


In an analogous way the student may show that the equations 


x=acost, y=bsint (2) 
2 2 
represent the ellipse ~ aa 5 = 1, and the equations 
a < 
e=asect, y=b tant (3) 


represent the hyperbola - r = 33 i 

In general, to obtain the equation of a curve when the coor- 
dinates of its points are given in terms of a parameter, the 
parameter must be eliminated between the equations determin- 
ing the codrdinates. 

As a further exercise, the student may show that the astroid 


at + yi = a} is determined by the parametric equations 
C= Cost, yes a sin’ 7. (4) 
At times, however, it is more convenient to study the curve 
by using its parametric equations only. In such cases we 


should like to know D,y as a function of the parameter. To 
do this we proceed thus : 


From t=f(t), y= (0) 
we have Dgez=f'O, Dy = o's 
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But considering ¢ as a function of x, determined by the first 
of the parametric equations, we have from formula VI (§ 11) 


Dy = DyDy. 
But Dt=—. (formula VIL, §11). Hence 
De - 
x Dy= tt _ oO LY. 
DA Tit) ee 


Here the primes indicate derivatives with respect to the 
parameter. 
For the second derivative D2y we note that 
Diy = D,(D.y) = DD.) Dt = PDD. 
t 


Using X, and applying the rule for the differentiation of a 
fraction, we have 

XL Dy = D,(D,y) ue xy! — x 

D,x x8 

The parametric equations of the curves mentioned so far in 
this section involve trigonometric functions of the parameter. 
We shall return to the consideration of these curves when we 
have learned to differentiate such functions. Other curves, 
whose equations in parametric form are found serviceable in 
practice, will be introduced from time to time. To illustrate 
the utility of having the equation of 
a curve in parametric form, we shall 
discuss the folium of Descartes. Its 
equation in rectangular codrdinates is 


Urs 


y, 


A 


e+ y= 3 ary. 
Putting y = tx, we have < 
(1 + #@)a°— 3 ata? = 0 
3 at 
=i); 0), ise Fig. 29 


The fact that two of the roots are 0 means that any line 
through the origin, y = ta, meets the curve in two coincident 
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points at the origin; that is, the origin is a double point for 
the curve. The third value of # is 0 fort =0 and t=; that 
is, the axes of w and y are tangent to the curve at the origin. 


Taking o=e ee as the value of x corresponding to any 
2 
value t, we have for the corresponding value of y, y =o 


Hence the parametric equations of the folium of Descartes are 


2 
where the parameter t represents the slope of the radius vector 
to the corresponding point on the curve. 

For t=—1, x= and y=; that is, the curve goes to 
infinity in a direction that has the slope —1. Hence to find 
the equation of the asymptote to the curve we find for what 
value of b the line y =— x+ 0 cuts the curve in less than two 
finite points. See III in Appendix. Combining this with 
e+yi=3ax, we have 


3(a + b)a® — 3 b(a + b)x + BF = 0. 
Ifa+b=0, or b=—a, both roots of this equation are o. 
Hence y=—ex—aorev+ty+a=0 
is an asymptote to the curve. 
As anexercise the student should show that OA, the greatest 


length of the loop, is Be 
V2 


CHAPTER IV 


PHYSICAL APPLICATIONS 


24. Velocity ; rates. As already noted in § 8, by the velocity 
of a particle moving in a straight line is meant the time deriva- 
tive of the variable representing the position of the particle 
at any instant; thus, if the position of the particle is given by 
s=f(t), where ¢ is the time, the velocity at any instant ¢ is 
v= f'(t). 

By analogy the time derivative of any variable may be con- 
sidered the rate of change of that variable. 


Since D,y = oe (§ 23), we may say that Dy, the derivative 
0 


of y with respect to x, represents the relative rate of change of 
y to that of a. 

We thus see that the “ quantitative” property asked for in 
§ 3 is given precisely by the derivative. Hence the relative 
rate of change at any instant, asked for there, is equal to the 
slope of the tangent to the graph at the corresponding point. 

When the relation connecting two or more variables is de- 
termined by an equation, the result of differentiating both 
members of this equation with respect to the time is a new 
equation giving a relation between the derivatives of the vari- 
ables with respect to the time (i.e. their rates of change) and 
the variables themselves. Then the rate of change of any one 
of the variables at any stage can be determined from this rela- 
tion when the rates of change of the others are known. By 
“at any stage” we mean any instant when the variables have 
a given set of values. In the following exercises, the mode 
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of procedure is to set up a relation between the variable, 
whose rate of change at a given stage is desired, and one or 
more variables whose rates of change are known. This is 
then differentiated with respect to the time and the required 
derivative is solved for. 


Ex. 1. A man 6 feet tall starts to walk away from a pole 
at the rate of 3 miles per hour. If there is a light attached 
to the pole 18 feet from the ground, 
how rapidly is his shadow growing at 
is any time? 


If x represents the distance gone by the 
e man in the time ¢, and y the length of the 


shadow at that instant, then by similar tri- 


Fia. 30 
- angles, zty_ 8 or y => This is the 
y * 


required relation. Denoting differentiation with respect to the time by 
a prime, we have 1 
(mae 
2 
But ¢ =3mi./hr. .-. y! = § mi./hr. 
Here it is to be noted that the shadow grows uniformly ; that is, y’ is 
a constant, and does not depend upon @ or y or t. 


Ex. 2. If, in Ex. 1, the man starts 10 feet from the foot 
of the pole, and walks at the same rate as before but in a 
direction at right angles to the line joining his initial posi- 
tion and the pole, how rapidly is the shadow growing 1 min- 
ute after starting? Also 2 minutes after starting? After he 
has walked 25 feet ? 

Here, in the similar triangles of Fig. 30, z is to be replaced by Vx?+ 100. 


Ez, 3. A man is walking along a horizontal plane away 
from the base of a monument 48 feet high. If he walks at 
the rate of 3 mi./hr., at what rate is he going from the top of 
the monument after having walked 36 feet? 64 feet? one 
minute ? 
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Ex. 4. Water is flowing into a cone 10 ft. deep and 40 ft. 
across the top at the rate of 36 cu. ft./min. How fast is the 
surface of the water rising when it is 5 ft. above the apex of 
the cone? At the end of one minute? 


Here V=4rr’h = 47h’, sincer=2h. .. V! =4rh2h!. 


Ex. 5. If water is flowing into a cylindrical tank of diame- 
ter 20 ft. at the rate of 36 cu. ft./min., show that the rise 
of the surface of the water in the tank is uniform, and find 
its rate. 


Ex. 6. The lower end of a ladder 26 ft. long is being drawn 
away from a wall at the rate of 3 ft./sec. How fast is the 
upper end, resting against a vertical wall, descending, when 
the lower end is 10 ft. from the wall? 


Ez. 7. The diameter of a spherical balloon is growing at 
the uniform rate of 2 in./sec. At what rate is its volume in- 
creasing when the diameter is 1 ft.? 


Ex. 8. A stone is dropped into a calm lake, sending out a 
series of concentric circular ripples. If the diameter of the 
outer ripple is growing uniformly at the rate of 5 ft./sec., 
how rapidly is the disturbed area growing at the end of 
3 seconds ? 


Ex. 9. The legs of a right triangle are growing at the rate 
of 1 in./sec. and 2 in./sec. respectively. At what rate is the 
hypotenuse growing when the legs are 3 in. and 4 in. respec- 
tively ? 


Ezx.10. If one of the legs of a right triangle grows at the 
rate of 1 in./sec. and the other diminishes at the rate of 
2 in./sec., at what rate is the hypotenuse changing when the 
legs are 5 in. and 12 in. respectively? 8 in. and 6 in. respec- 
tively ? 
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Ex.11. A train is moving along an elevated track 20 ft. 
high at the rate of 20 mi./hr. Immediately below a truck is 
moving along the street at 8 mi./hr. How fast are the train 
and truck separating 1 minute after the former was immedi- 
ately above the latter? 3 minutes after? 

Answer these questions in case the truck is moving along a 
cross street at right angles to the elevated track. 


Ex.12. The cylinder of a steam engine is 18 inches in 
diameter. What is the speed of the piston when steam is 
entering the cylinder at the rate of 27 cu. ft./sec. ? 

Ex. 13. Sand is allowed to heap up in the shape of a coni- 
cal mound in which the altitude is + the diameter of the base. 
If the mound is growing at a constant rate, show that the rate 
of growth of its height is inversely proportional to the square 
of the height. If the constant rate of growth of the mound is 
18 cu. ft./min., at what rate is the height increasing when the 
latter is 4 ft. ? . 

Ex. 14. The altitude of a cylinder is increasing at the rate 
of 2 in./sec., while the radius of its base is decreasing 1 in./sec. 
Is the volume increasing or decreasing, and at what rate, at the 
instant when the altitude is 4 in. and the radius of the base is 
13 in.? What is its rate 3 seconds later? 5 seconds later? 
Does the volume attain a maximum or minimum value; if so, 
when ? 


25. Velocity. curvilinear motion. In the previous section 
and in § 8, velocity of motion in a straight line was con- 
sidered. 

If the motion is not ina straight line, the direction of the 
motion at any instant as well as its intensity enters into the 
expression for the velocity. If, as in the previous case, the 
distance s covered by the moving particle is considered as a 
function of the time, as it may always be, the velocity at any 
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instant is still D,s, but measured in the direction of motion of 
the particle along the tangent to the path at the point occupied 
by the particle at that instant. 

Thus, if the particle is moving along the curve QR in the 
direction of the arrow, its velocity at the instant when it is at 
P is the value of D,s at that instant, 
and measured along the tangent at 
FP in the direction indicated. A 
quantity, which has both a numeri- 
cal value and a direction, is known 
as a vector quantity. Velocity is a 
vector quantity. A distinction is 
made between speed and velocity, Q 
the former being the term used for 
the numerical value of the latter; it is the absolute value of 
Ds. Velocity is determined by the two elements speed and 


B 


Fig. 31 


direction. 

In rectilinear motion the sign of D,s determines the direction 
of the velocity along the line of motion. 

In curvilinear motion two equations are necessary to deter- 
mine the velocity of the moving particle. In practice it is 
- found most convenient to express the velocity of the particle 
at any instant in terms of its projections on the codrdinate 
axes, PA and PB in the figure. Calling these projections v, 
and v, respectively, it follows that 


speed = |v| =+ V2 4+ v2. 


Bek 1 
inclination of velocity = 6 = cos a = | = tan? vy (1) 
v v v, 


If the motion of the particle is given in the form 
a=f(t), y= ot), 
(= Def) =2, v1,=Dy=¢'(HD= a 
|o| = VIP OPH POP = va 07 


then 
(2) 


78 CALCULUS [§ 25 


Ex. 1. A projectile is hurled with a speed of v ft./sec. in a 
direction making an angle a with the horizontal. Find its 
path and velocity. 


The equations of motion of 
the projectile are (as we shall 
deduce later, § 40), if the start- 
ing point is taken as the origin, 


e) R x = vp) t COs at, (3) 
y=— 162+ tsing. 
Fia. 32 -*. Uz = Up COS &, 
Vv, =— 8204 v sin a. 


The rectangular equation of the path is obtained by eliminating t be- 
tween equations (3), its parametric equations. Doing this, we find 


ye et anaes (4) 
Up COS? & 
which is a parabola through the origin with its axis vertical and its vertex 
at its highest point. 


Its speed =| v| = V2 + 1024  — 64 vot sin @. 


Show that this never vanishes if @ 7 , and has a minimum at the 
same instant that y is a maximum. 


The inclination, 6, of the motion is such that 


tan @ =’ = tana — 32 t . 
Vz Up COS & 


6 starts by being equal to « and diminishes continually. 


The distance from the starting point to where the projectile crosses the 
horizontal plane through the former is known as the range of the projec- 
tile. With the starting point at the origin, the range is the value of x at 
the instant when y becomes zero. From (8) the range is thus found to be 
vp sin & cos & _ vw sin 2 


i 
16 382 () 


Ex. 2. A particle is traveling along the circle 2? + y? =r 
with a constant speed of wv ft./sec. Find the horizontal and 
vertical components of its velocity when the particle is at the 
point (a, y) on the curve. 
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From the equation of the curve, we have on differentiating with re- 

spect to the time ¢, 
2xn' + 2yy!=0 or av, + yr, =0, 
where the primes indicate derivatives with respect tot. Besides, since 
the speed is given equal to vo, 
v, + Uf = v% Vp 
Solving these two equations in v, and v,, 
we have 
vz = Vy =F. 
ip r 
From the figure it is evident that 


Y — gin 0, Z — cosa. So, the components 
r 


a 
of the velocity may also be written 
Vz =+ Uo SiN A, Vy =F V COS O. 
The + sign appears because, when the 
speed alone is given, the direction of Fic. 33 
motion of the particle along the circle is 
not determined. If we add that the motion is to be counterclockwise, as 
indicated by the arrows in the figure, then the lower signs must be used, 


thus v ; v 
"oY — _ yp sin 6, Vy = vot — wW cos 6. 
Yr r 


v1, =— 

Ex. 3. A particle is traveling along the straight line 
3a—4y=5. If the x-component of the velocity is 10 ft./sec., 
find the y-component and the velocity. 

From the equation of the path 

8a!’ —4y/=0, or 8v,—4v, = 0. 
Since v, = 10, v, = $v, = 42 ft./sec., and the 
speed =|v| = V0, + ¥, = 4 ft./sec. 


Since v, and v, are both positive, the motion along the path is to the right 
and upward. 


Ex. 4. <A particle is traveling toward the right along the 
upper half of the parabola y?= 6a with a constant speed of 
5 ft./sec. Find the horizontal and vertical components of its 
velocity when the particle is at the point (a, y) on the curve; 
also when it is at the point whose ordinate is 4, 
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Ex. 5. A particle is traveling along the straight line 
x+y=5 to the right and downward with a speed of 
10 ft./sec. Find the horizontal and vertical components of its 
velocity. 


Ex. 6. A particle is traveling in the first quadrant along the 
hyperbola #—y?=5. If the vertical component of the velocity 
at any instant is inversely proportional to the ordinate of the 
position of the particle, find the horizontal component of the 
velocity and the speed when the particle is at (#, y). In par- 
ticular if v, = 4 when y = 1, find the speed when the particle 
is at (3, 2). 


Ex. 7. Show that if a particle moves along the parabola 
y = ax? in such a way that the horizontal component of the 
velocity is inversely proportional to the abscissa of the position 
of the particle, the vertical component is constant. 


Ex. 8. A particle moves around the ellipse w+ 2 y?= 24 
in either direction. At what points will its vertical and hori- 
zontal components be equal? At what points will they be 
equal numerically but of opposite signs? 


26. Acceleration. In the case of rectilinear motion, the ac- 
celeration is the time derivative of the velocity. Thus, represent- 
ing the acceleration by a, we have 

4= Deis, (1) 

The algebraic sign of a, like that of v, has the physical 
significance of determining the sense or direction in which it 
is acting. 

In the case of curvilinear motion, we make use of the fact 
that the velocity is given in terms of v, and v,, its projections 
on the codrdinate axes. Acceleration like velocity is a vector 
quantity. We shall define it as the vector whose projections 
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on the codrdinate axes, a, and a,, are the time derivatives 
of v, and v, respectively. Thus 


(= Dy = De=e", 6,=Dp,= Dy=y’ ; (2) 

whence 
amount of acceleration = |a| =+-Va? + a?, 
inclination of (3) 
acceleration = 6 = cos! “2 = sin “ = tan2&. 
Ce | a| a 


If the motion of the particle is given in the form 
% =f(t); y= p(t); 
a, a f(t) = es a, eS $''(t) — y" 

“lal =VIPOP +e" OP aver +y% 4) 
While a, and a, determine the acceleration, another set of 
projections is frequently found of service. These are the pro- 
jections of the accelera- 
tion upon the tangent 
and normal to the path 
of the particle at any 
instant. In Fig. 34 let - 


OA represent the ac- 
celeration at the instant 


we have 


when the particle is at 
P. Let PT and PN be 
the corresponding tan- 
gent and normal to the 


path. 
The projection a, of OA on PT is 
‘ a, = TS = 0Q+ CA. 
In the right triangle OBQ, 
OB = aa" 
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Z BOQ = inclination of tangent = cos = a eet 
a Vat yy 


2 O0= OB tes BOO Sees 


alae Vite 
In the right triangle CBA, 
FN18) = a, = a 
i 
Z ABC = inclination of tangent = sin-12u — fin ae 
|r| Val2+y" 
AL 
.. CA= AB sin ABC = _¥/4__.._ Hence, 
I ll + Path He 7m y 
a 
a, = wer (5) 
Ve? + y? 
The projection of OA on PN, the normal to the path, is, 
calling it Any a, = LM= BC = BQ: 
As before, in the right triangle CBA, 
AB= a, = Ue 
Z ABC = inclination of tangent = cos~!”2 = eos ==! 
Iw y Val? + y” 
..BC= AB ARC] 
C cos C aro 
And as before, in the right triangle OBQ, 
Jnl th 
BO= OB sin BOQ = EUS Se Hence 
V/ a!2 ue y” 
%! aly! - ya!" ay! — yx! 
Ogg ge Aue ©) 


Remark. — Noting that ee = D,Va!? + y!2 = D,| >|, we see 
Val? + y!? 
from (5) that a, is that part of the acceleration that produces the change 
in speed. In §71 we shall see that s’ =Va/2 47/2, Hence Oy = si, 
The effect of a, is to produce a change in the direction of the velocity. 
Later (§ 77) we shall see an interesting dynamical interpretation of the 
value of a,. Also see (10) below. 
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In the case of the particle traveling in a circle with constant 
speed, Ex. 2, § 25, we found 


Vv, = a! = — Vol 0, = yl = — Om, 
is 
From the equation of the path, a? + y?= 7, we have, on 
differentiating, 


we’ + yy' = 0 and wa! + yy" + v2 4 y2=0, 
or xo" 4+ yy! = — v2. (7) 
But, since the speed is constant, we have from the above 
Remark 


a’! + y'y" = 0; ie — Voy yt + Lo® yt! = 0, 
r a 
or — yx" +ay"” = 0. (8) 
Solving (7) and (8) for w and y”’, we find 


a" = — “Ne and y= — Ny. (9) 


Hence, since any two mutually perpendicular diameters of the 
circle may be taken as the axes of rectangular coérdinates, we 
see that in the case of motion of a particle with constant speed 
along a circle, the component of the acceleration in any direction 
is proportional to the projection of the radius vector upon a 
diameter in that direction, and of opposite algebraic sign. 
Moreover, substituting the values of a’, y', x'', y' in (6), we 
find vw 


n 


(10) 


r 

Ex. 1. Show that if x and y are any linear functions of ¢, 

the path of motion is a straight line, the velocity is constant, 
and the acceleration is zero. 


Ex, 2. If «=(t+1)*, y= (¢—1)%, find the velocity and 
the acceleration at any time ¢. Show that the path is a 
parabola. 
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2 at 


JOS, Mk ap 142’ 


find the velocity, the accel- 


2a at 
Re ge 


eration, and the path. 
Ex. 4. If c=at,y= Pi find the velocity, the acceleration, 
and the path. 


Ex. 5. Show that if a particle moves along the parabola 
y? =4 ax in sucha way that the vertical component is constant, 
the acceleration is constant. 


27. Angular velocity; angular acceleration. Ifa body such 
as a wheel or a pendulum moves about a fixed axis, each point of 
the body moves in a circle, whose center lies in the axis and 
whose plane is perpendicular to the axis. The position of the 
body at any instant is determined by the position of any one 
point of it (not in the axis) at that instant. 

Fixing our attention on some point P, let 6 be the angle 
(measured in radians) which OP, the radius of the circle de- 
scribed by P, makes with a fixed direction OX. The motion of 
the body will be known completely if 
6 is given as a function of ¢, the time; 
this? =f (2): 

We define D,@ as the angular velocity 
of the body, and shall usually desig- 
nate it by w, thus 

o=D0=f'() = 6. (1) 

Again D7@ is defined as the angular acceleration of the body. 

Designating it by a, we have 
c= DI= Dez O=0. (2) 

The algebraic signs of w and « determine whether these are 

acting in the direction of increasing 6 or in the opposite sense. 


O A 
Fia. 35 


For the motion of P,a point of the body at a distance r 
from the axis, we note that if we let s be the length of the 
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path described in the time ¢ [in the figure we shall suppose 
that P is at A when t = 0], 


sS=—70: (3) 

Then, since 7 is a constant, we have for the velocity along 

the tangent v= Ds =7rD$ = ro, (4) 
and for the tangential acceleration (Remark, § 26) 

a= TFs = r D260 = ra. (5) 


Hx. If the angle through which a rotating body, starting 
from rest, has moved at the end of ¢ seconds is 6= 54¢ — 9 #, 
find its angular velocity and angular acceleration. Discuss 
the motion. Describe it at the end of 1 second; 3 seconds ; 
5 seconds ; 10 seconds. 

Evidently w= 54—18t, « =— 18, a constant. 

Here w= 0 when ¢=3, which means that, at the end of 
3 seconds, the body is at rest instantaneously. After this 
instant » is negative, which means that the body rotates in 
the opposite direction. 

6=0 for t=0 and t=6; which means that the body is 
again in its initial position at the end of the 6th second. 

Fort=1, 6=45 radians, w= 36 rad./sec. 

t= 3, §@=81 radians, wo = 0. 
t=5, 0=465 radians, wo = — 36. 
t= 10, 6=— 360 radians, » = — 126. 


EXERCISES 

Find the angular velocity and angular acceleration. and dis- 
cuss the motion of a rotating body if the angle 6 through which 
it has turned at the end of t seconds is given as the following 
functions of ¢t: 

1. 6=80¢-—102 2 6=302-—28. 8. 6=25t42 #7, 

4. 6=6—8t+, What does the presence of the constant 
term 6 mean ? 
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28. Other applications of the derivative. We have had oc- 
casion to make use of the fact that the time derivatives of 
certain quantities have a physical significance. Thus for 
rectilinear motion (§§ 25, 26), 


Dis=o," (Diese. 
and for a revolving body (§ 27), 
DI=0, Dw=«. 


Correspondingly the derivatives of other quantities in Physics 
play important réles. It is not practicable to give an adequate 
treatment of these here. They naturally arise in the detailed 
study of the various subjects involving them. But simply 
to illustrate the wide application of the Calculus in many 
branches of the physical sciences, a few illustrations are given 
below. The student is not expected to memorize them. 

If, in an electric circuit, g is the charge or quantity of elec- 
tricity, and ¢ is the time, the time derivative of q is defined as 
the current i; 1.e. Dee 

Again if Z,a constant, is the coefficient of self-inductance of 
a coil in the circuit, the induced electromotive force E is 
given by LD we 

If Q is the quantity of heat required to raise the tempera- 
ture of a unit mass of a substance from a standard temperature, 
say 0° C., tor° C., the specific heat of the substance at 7° C, is 


DOS 6 


If a force Fapplied to a rod of unit length and unit cross- 
section, in the direction of its length, produces a change of 
length s, then 


DF = E, Young’s modulus of elasticity. 
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If the effect of raising the temperature of a rod of unit 
length at 0° C. to 7° C. is to increase its length by 7 units, J 
being a function of 7, then 


Dil=C 


is known as the coefficient of linear expansion for the tempera- 
ture t. | 

We shall see also, from time to time, that the derivatives of 
some geometrical configurations with respect to certain codrdi- 
nates or lengths have a geometrical significance. 


EHx.1. Noting that if m is the mass of the particle, 


momentum =M=muv, 
force = F=ma, 
kinetic energy = T = 3 mv’, 
show that 
DM=F; DT=M; D,T=F». 
Ex. 2. If A is the area of a circle, C its circumference, 
and r its radius, show that D,A= C. 


Ex. 3. If Vis the volume of a sphere, S its surface, and 
ry its radius, show that D,.V=S. 


CHAPTER V 


INTEGRATION 


29. Anti-derivative. Integral. Heretofore we have started 
with a given function of a variable and then passed to its de- 
rivative. The inverse problem of finding a function when its 
derivative is known is involved in many important types of 
problems. 

For example, in § 22 we saw that the length of the subnor- 
mal of the curve y = f(x) is equal to yy’. Given y as a func- 
tion of w, we can find its derivative and then calculate the length 
of the subnormal for any given point of the curve. But sup- 
pose we set this problem: Find the equation of a curve for 
which the length of the subnormal has the same value a for 
all points of the curve. This requires the finding of y as a 
function of # such that yy’=a. Noting that D,y?=2 yy’ or 


D{$)= yy’, and D,(ax) = a, we see that the relation yy’ =a 


results from differentiating both members of v= ac and 


equating the results. Evidently the parabola y2=2aa has 
the required property. 

Again, if we ask for a curve such that the slope of the tan- 
gent at any point is proportional to the square of the abscissa 
of the point, the requirement is that we find y as such a func- 
tion of x that y’ = kx’, where k is the factor of proportionality. 
Since D,(ka*) = 3%a?, it follows that p(y ) =e and the 


required equation of the curve is y =i. 
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Suppose, on the other hand, that in the case of the recti- 
linear motion of a given body, the acceleration, due to the 
force acting, is a known function of the time, say f(t). In the 
symbolism of § 26, this fact may be expressed 


a= Do= f(t). 


The velocity can then be expressed as a function of the time 
if we can find a function of ¢ whose derivative is f(¢). 

A function F'(¢) whose derivative is a given function f(2), 
Le. D,F(t) =f(t), 1s defined as the anti-derivative or integral 
of f(t) and may be designated by D;‘f(t) or more simply by 
D f(t). From this definition, we have readily 

a oe = a 2 me / = 
Die=z, Dit) =e, Dz yy! =%) Dee 2Vu, 
as may be verified at once by differentiating the anti-derivative. 


Remark. —In the symbol D-!, the superscript ‘‘ —- 1’’ indicates an 
inverse operation just as it does in the case of the inverse trigonometric 
functions sin-!z, tan-! a, etc. 

The process of finding the anti-derivative or integral of a function is 
known as integrating the function. Later we shall have occasion to use the 
terms “ integration ’’ and ‘integral ’’ for an apparently different operation 
and its result, respectively. We shall, however, show that the dual use 
of the terms is consistent. But the symbolism suggested by the second 
type of operation is so convenient and so generally adopted, it seems de- 
sirable to introduce it (i.e. the symbolism) at this point, and then use it 
exclusively. In order to do this, it is necessary to make a digression, and 
explain what is meant by a ‘‘ differential.’ 


30. Differential. From the definition of the derivative of 


y with respect to a, 

= Ay 

~ Ae—poAn’ 

it follows that the function 
Ay 
Aa 


/ 


—y’' 
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approaches zero as Ax does; that is, it is an infinitesimal 
whenever Aw is. Representing it by 7, we have, on clearing of 
fractions, Ay a eee (1) 
For small values of Aw, 7 is also a small quantity, and their 
product Aw is very small in comparison with either. 

Let a and B be two infinitesimals connected by some rela- 


tion so that their ratio B approaches a definite limit as both 
approach zero. * 


If this limit is 0, B is said to be an infinitesimal of higher 
order than «a; 

if this limit is a finite number different from 0, 8 is said 
to be an infinitesimal of the same order as «; 

if this limit is + ©, is said to be an infinitesimal of 
lower order than «a. 


Evidently jAw is an infinitesimal of higher order than Aa, 


for the ratio me has zero for limit as Aw approaches zero. 
i 


The term y’Azw in (1), which differs from Ay by an infinitesi- 
mal of higher order than Aa, is known as the principal part of 
Ay, and is called the differential of y. Using “d” for differ- 
ential, we thus have defined the differential of y = f(x) as 


dy = y/ Aa = f'(2)Ar; (2) 


i.e. the differential of a function of a variable is equal to the 
product of the derivative of the function and the increment of the 
variable. ; 

In particular, if y= 2, since x = Da =1, 


du = Aa; (3) 


that is, the differential of the independent variable is the same as 
its increment. 


§ 30] INTEGRATION 91 
Combining (2) and (3) we shall write 
dy = y dx= f(x) dx. (4) 
From (4) follows the important relation 


y! = f'(x) =% : (5) 


This form of representing the derivative is very convenient 
and is largely used. 


Attention should be called to the fact that ay is actually a 
Ny 


fraction. The student should not let this statement mislead 


IL Ay 
him into the error of confusing LZ AY with seo The 
Ao—>0\ Ax L ke 
Av—>0 


latter expression has no meaning, since it is actually o More- 


over, from their definition, dy is not LZ Ay and dz is not 
a—>0 


I Ax. 
«c—>) 


The following geometrical interpretation is both interesting 
and instructive. In the figure let 

P be the point (a, y) on 
the curve y = f(a), 

Q be the point («+ Az, 
y + Ay) on the curve, 

PT be the tangent to the 
curve at P. 

PR=Azv=dz. Then 

RQ=Ay, and RT = dy, 


RT 
b —— = slope of tan- 
ecause PR p 


gent at P. 
It is worth noting that . 
if the coérdinates of P are 
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(x, y), those of Q are (w+Aa, y+ Ay) and those of 7 are 
(x-+da, y+ dy); that is, the point («+ Aa, y+'Ay) is on the 
curve y=f(x), while («+da, y+dy) is on the tangent to 
the curve at P.. 

The term “differentiating” a function y = f(x) is used for 
the process of finding either its derivative or its differential. 
If the latter is desired, it is necessary to find the former and 
then multiply this by the differential of the variable. Thus, 
for example, 

ifyoe pe) deer eden 
x x 


x da 


Ve—1 


if y=V2 —1, dy = 


It is interesting to note that from the formula VI (§ 11) for 
differentiation of a function of the independent variable, we 


have 
df (u) = Df (u)D,u da = D,f(u) du = f’(u) du, (6) 


where the prime indicates differentiation with respect to u, the 
only variable in evidence. Thus we see that the differential of 
a function of any variable (either dependent or independent) is 
the derivative of the function with respect to that variable multi- 
plied. by the differential of that variable. Thus, for example, 


if 7 =e, dy =vdu + ud, 


ee ey ee 


v vw 


Find the differentials of the following functions : 


lL y=@—38e42, 2 ._ (A pri 
Wi os Ni oak yz—1 


Ve+1 4. y= (wv —1)3, 6. 2= ay? 
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31. Differential notation for higher derivatives. Correspond- 
ing to what we may distinguish as the differential notation of 
the derivative, a for y' or D,y [(5) § 30], the following anal- 

a 


ogous notation for higher derivatives also is in common use: 


d? ad? d” ‘ 
as for y" or D2y, oe for y'" or Diy, +++, oe for y" or D?y. (1) 
Thus, in the case of rectilinear motion, we may write (§ 26) 
acceleration =a= les cee 
dt dt? 
and in the case of a rotating or revolving body (§ 27) 
angular acceleration = «= Cee. 


dE Ta? 

The expressions in (1) also can be looked upon as fractions. 
This follows at once from the introduction of differentials of 
higher order by the definitions 

dy = addy) =a" dx’, By = yo!” ae, «++, dry = y™ dx". (2) 
But no theorem analogous to that for differentials of the first 
order, contained in (6), § 30, holds for differentials of higher 
order. For the values of the latter depend upon the choice of 
independent variable. Thus, for example, 

if Y= aig d’y = 622°. 
Introducing a new variable u, 
v= uv, dx =2udu, and dy =6u?.4u? du? = 24 ut du?. 
If the change of variable is made before differentiating, 
y =, and dy = Diydu? = 30 ut du. 

Notwithstanding this fact, differentials of higher order have 
their applications. But we shall not employ them in this 
book. We shall regard the expressions 

Pig Ele spelt 

dx?’ da’? ” dar 
not as fractions, but as another notation for the corresponding 
derivatives D2y, D?y, «+, Dry. 
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32. Approximate value of increment of function. Relative 
error. Recalling formula (1) of § 30, 

— Ay = yA + nda, (1) 
we note that when Az is small, y also will be small and their 
product »Aw may be neglected in looking for an approximate 
value of Ay. The principal part y'Azw is, therefore, a good ap- 
proximation of the actual change in the function due to a 
small change in the variable. 

Thus, for example, if y = 2, find an approximate change in 
. yas x grows from 3 to 3.1. Since y' = 2a, the principal part 
of Ay=2x3xX01=0.6. The actual value of Ay = (3.1)? 
—38?=0.61. The principal part differs from the actual value 
by 0.01, an error of 1.6% of Ay and 10% of the value of Aa. 

The principal part of the increment of the function or, what 
is the same thing, the differential of the function can be taken 
as a convenient approximation in finding the error in the func- 
tion corresponding to a small error in the measured or esti- 
mated value of the variable. Moreover, we shall be interested 
in finding the relative error zs of y, corresponding to an error 
Aw in x or toa relative error “2. dy is usually a good ap- 
proximation for By. : 


Thus suppose that, in measuring the side of a square, an error 


of 2% is made; that is, 8” — 0.02, whence Ax = 0.022. What 
ay 


are the resulting error and relative error of the corresponding 
value of the area of the square ? 
If A is the area corresponding to the true value of 2, the 
error in A due to the error in # is approximately 
dA=2 Ax = 0.04 2? = 0,04 A. 


dA 
..—— = 0.04 or 4%. 
A i %o 
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Corresponding to any error, Az, in w, we have 
dA __2xAx _2 Ax 
A x co) 
That is, the relative error in A is approximately twice that 
in # for small values of Az. 


Hz.1. Find approximately the relative error in the value 
of the volume of a cube if the error in measuring an edge of 
the cube is Az. 


Ex. 2. Find approximately the relative error in the value 
of the area of a circle if the error in measuring its diameter 
is Az. 


Ex. 3. Find approximately the relative error in the value 
of the volume of a sphere if the error in measuring its diameter 
is Ax. 


Ez. 4. Boyle’s law for the relation between the pressure 
and volume of a perfect gas, ata constant temperature, is 
pv =c, where cis a constant. If there is a slight error Ap in 
noting the pressure, what, approximately, is the correspond- 
ing relative error in the calculated volume? 


Ex. 5. From the formula for kinetic energy 7’ = 4 mv? find 
an expression for the relative error in 7’ due to an error Av inv. 


Ex. 6. If y= aw", show that, approximately, the relative 
error in y is m times that in x Compare this fact with the 
results in the earlier exercises of this section. 
eta 
x—A4 


when 


Ea. 7. Find an approximate value of y= 
= 0.035.4.97 3; 4:99 ; 5.02. 


Hint. — The value of y for = 5 is easily obtained. Use y/Agv as an 
approximate value for Ay corresponding to Ax = 0.03. 


Ex. 8. Find an approximate value of y <= when 
# = 2.1; also when » = 1.98, ee 


96 CALCULUS [§§ 33, 34 


33. Integration symbol. In § 29 we introduced the notion of 
integration, the process inverse to that of differentiation. 
Thus, if D, F(x) = f(x), we said that F(a) is an integral or 
anti-derivative of f(a), and the process of finding F(#) when 
f(x) is given is known as that of integration. In § 30 we in- 
troduced a new symbolism for derivative. Thus the relation 
between F(x) and f(#) may be written 

ae =f (x), or 

dF (a) = f (x)da. (1) 
From this form, we see that we may define F(#) as an inte- 
gral of f(a) if its differential equals f(w)dx. Using the sym- 


bol of integration “ | ,” which thus designates an operator in- 


verse to the differential operator “d,’’ we shall write 


F(a) = { s(@)ax. (2) 

Differentiation is a direct process, that is, there is a general 

method for it (given in § 6) applicable to all functions. Inte- 

gration is not so simple in principle. In the next three 

sections we shall consider some of the more obvious rules, re- 

serving for a later chapter a more detailed study of the sub- 
ject. 


34. General principles. Constant of Integration. In $10 we 
saw 


Nis D[F(@) + ®(@)] = D,F(x) + D,&(x). 
If F(@) is an integral of f(x) and ®(z) is an integral of (a), 
we may write V in the form 
D[F(@) + P@)] =f) + $@); 


whence, by the definition of an integral, using the notation of 


§ 33, F(a) + (2) = f [/@) + $@)] a, 
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or, reversing the order of the terms and writing /(#) and (x) 
as integrals, 


SlP@+o@lav= [r@awt fo@a. a) 
We have thus established the important 


Rurxe I. An integral of the sum of two functions is obtained 
by taking the sum of integrals of the functions. 


This rule can be extended readily to apply to the algebraic 
sum of any finite number of functions. 

In particular if ®(@)=c, any constant, its derivative $(x)=0. 
Then by the definition of an integral, any constant is an inte- 
gral of zero. 

Combining this with Rule I we have 


TueoreM I. Jf F(a) is an integral of f(x), then also 
F(x) + ¢, where cis any constant, is an integral of f(x). This 
constant is called the constant of integration. 


Thus we see that while the derivative of a given function is 
a definite function, the same is not true of its integral ; for the 
latter involves an arbitrary or undetermined constant of in- 
tegration. Moreover, we can prove 


TuroreM I'. Jf F(x) is an integral of Sa), EY) +c is the 
general form of integral of f (a). 


For, if ®(a) is any other integral of f(a), we have 
D{(#) — F(2)] = fle) — fle) = 0. 
*, O(v) — F(@) =c, or P(x) = F(a) +0. 


Another of the formulas of §10, which gives rise to a cor- 
responding one for integrals, is 


IV. D,{cF («)] =cD,F (2). 
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If, as before, F(x) is an integral of f(x), IV may be written 
De F(a) | =cf("); whence cF (a) = { fade, 
or reversing the order of the terms, 
for@ae == CF 2) = f; f(x)dx. (2) 
Hence 
Rute II. A constant factor may be transferred from one side 


of the symbol if, to the other without affecting the result. 


35. Integral of x". Most formulas of differentiation fur- 
nish corresponding ones of integration. Thus from 


Dar = ner 


(III, § 10), it follows that 


A. frrax oo ant +6, 
m-- 1 


provided m + — 1, as may be seen by differentiating the right- 
hand member. This rule may be expressed thus: 

To find an integral of x, where m is any number except — 1, 
increase the exponent of x by unity and divide by the new ex- 
ponent. Since the exponent m in A corresponds to n—1 
in III, $10, we are not surprised that A fails to hold for 


m=-—1. The integral for this case, viz. se —, will be found 
later. 
EXERCISES 


Find the following integrals, using formula A and the prin- 
ciples of § 34. In each case add the arbitrary constant. Verify 
the results by differentiating them. 


1: i = 1) de = pratt =a a tae =f Qat + a2) dx 


= fai —4ah42u% +e, 
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2. fe — 2a)da. : 8. fo — ao8))3 da. 
da = 
3. a fax 2da. 9. fot rs af) hey 
4. | 3vad 
iF ee 10. f2@ — 1) de. 


or 


: fee — 1)?da. 
6. fe xv? —4a+ 4)da. 
7. af (at + 0-4) de. 


36. Introduction of new variable. From the more general 
formula for differentiation of a power of a function (III’, § 11), 
D,u" = riu"D,u, we have, on passing to differentials, 


ri v2 ae dn. 


DS fwe- Va)? da. 


du® = nu®u'da = nu*"du (1) 


where u' = D,u. This suggests at once the integration formula 


m+1 


ar at 


A’. fund = {urdu = +¢, 
m 
provided m # — 1, as may be verified by differentiating both 
members of the equation. 
This important formula is frequently of practical value. 
The following exercises will illustrate : 


Ew.1. Evaluate fev a + ada. 
Since d(a? + a?)= 2adz,leta?+a?=u. Differentiating, we 
have 2ada = du or ada =1du, and V4 @=Vu= ul, 
oP fever eae = sf wlan = Lut +c=luite 
2 2s : 


2 


pes (x? + a2 5 
=re +0. 
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Ex.2. Evaluate Wen : 
Vo 
Since d(3 a + 2a—1) = (6a + 2)da = 2(3 a + 1)da, 
let rd Se Wiap = 1 07. 
Then (6 w + 2)da = du or (8a +4 1)dx = } du, 
and 1 Sees 
V3 2? 21 
1 
ae L u Nien ie ee 
V3 a? + 2¢—1 2 24 
=V3e+2e—1+e. 
Ex. 3. Evaluate f=" 
V (aa + 6) 
Since d(ax + b)= ada, letax+b=u. Then 
_ tu et = yt, 
am NO eae 
\(— =i fv Fdu=1w* +e=-= 40 
Wee 5B a—t aut 
papel i, Cc. 
aVax +b 
EXERCISES 


> 


Evaluate the following integrals: 


. f+ @+2a— 5) dz, fe (fd —22)%ax, 


fv — «dx 6. fevi— Fae. 
if a? —2 de 7 vee F 
Ve —6ae+4 V20+43 


a da 


3 
8. ————_ 
: fle + b)? da. (@a®— 5p 
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9. fave—4 4 da. 13° 
aes 
10. fas 6 «dx . 
(302 SA 14. [Var bode. 
11. feve—3e da. 5 (de. 
(2 — a8)? 


12. f = ae 
V aa + b 

37. Geometric applications. We have noted frequently that 
the slope of the tangent to a curve y = f(«) is equal to the value 
of the derivative y’ at the point of contact. Moreover, the 
equations of tangent and normal to the curve, the lengths of 
tangent, normal, subtangent, and subnormal all involve the 
derivative. Hence any characterization of the curve by means 
of any of these will, when expressed analytically, involve the 
derivative y’. The determination of the equation of the curve, 
that is, the finding of y as a function of x, will involve integra- 
tion or the finding of an integral of y’. 

Several illustrations of this kind of problem were given in 
§ 29. Let us discuss these again. 


Ex.1. Find the equation of the curve for which the length 
of the subtangent has the same value a for all points of the curve. 
From the given facts we have 
yy' = a. 
Introducing the differential notation, this may be written 
yl =a or ydy =adz. 
da 


The last form states that the differentials of two functions are 
equal. Hence the original functions are either equal or differ 
by a constant; that is, 


y? 
pare (1) 


where ¢ is any constant. 
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This illustrates the general fact, that since the integral is 
indeterminate, involving a constant of integration, any defini- 
tion of a curve involving this derivative necessarily defines a 
whole family of curves. Frequently a special curve is singled 
out by some further restriction upon it. Thus, if a parabola 
of the family (1) is required to pass through the origin, substi- 
tuting «=0 and y=0 in equation (1), we see that c=0; 
that is, y?=2ax# is the special curve of the family which 
passes through the origin. 

If it is to pass through (1, 2), we have, on putting « = 1 and 
y = 2 in (1), 

2=0 4c. C= 2— a, 


Hence y? = 2aw + 4 — 2a is the special curve of the family 
which passes through (1, 2). 


Ex. 2. Find the equation of the family of curves such that 
the slope of the tangent at any point is equal to three times the 
square of the abscissa of the point. In particular, find the 
curve of the family which passes through the point (2, 1). 

From the given facts we have 


y' = 3 a or dy = 3 ada. 
6 y= [Bede ay C, 


where c is any constant. 


In particular, that curve of the family passing through (2, 1) 
will be given when ¢ satisfies the relation 1 = 23+ ¢ orc=—7; 
the equation of the required curve is thus y = # — 7. 


Ex. 3. Find the equation of the family of curves such that 
the part of the normal included between the codrdinate axes is 
bisected by the curve. 
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From (5) and (6), § 22, it follows that our family of curves 
satisfies the requirements if 


yV1 + y"? =avi + y', or 


yy' =a, or ydy = x da. 
2 ge : 
4 Fao 1, or y® — 2 = 26, orev’ —y =— 2e. 
2. 2 
Since ¢ is any constant, — 2c also is any constant and may be 
replaced by a single letter, say k. So we may finally write the 
equation of the family of curves as 


a? —y2 =k, (2) 


where k is any constant. For positive values of k, we have a 
family of equilateral hyperbolas whose transverse axes are 
horizontal. Ifk is negative, the equilateral hyperbolas have 
their transverse axes vertical. For all values of k, including 0 
(in which case we have a pair of lines), the corresponding 
curves (2) satisfy the requirements of the problem. 

It will be left as an exercise for the student to find the par- 
ticular values of & determining the special curves through 
(5, 3); (4, 5); (8, — 3); (— 18, 12); (0, 0), respectively. 


Ex. 4, Find the equation of the family of curves in which 
the subnormal at any point on the curve is proportional to the 
abscissa of the point. 


Ex. 5. Find the equation of the family of curves in which 
the subnormal at any point on the curve is equal to the square 
of the abscissa of the point. 


Ez. 6. Find the equation of the family of curves in which 
the slope of the tangent to the curve at any point (a, y) is 


x 
equal to —- 
J] 
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Ex. 7. Find the equation of the family of curves in which 
the tangent to the curve at any point is perpendicular to the 
line joining the point of contact with the origin. 


Ex. 8. Find the equation of the family of curves in which 
the tangent to the curve at any point is perpendicular to the 
line joining the point of contact with the fixed point (a, b). 


Ex. 9. Find the equation of the family of curves such that 
the triangle formed by the tangent to the curve, the ordinate 
to the point of contact, and the axis of # has to a constant area. 


Ex. 10. Find the equation of the family of curves such that 
the subtangent is equal to the cube of the ordinate to the point 
of contact. Find the particular curve which passes through 
(— 2, 3). 


38. Area under a curve. In the figure let LM be the curve 
y =f(#). We shall endeavor to find the area enclosed by the 
curve, the axis of w, and 
the ordinates at « = a and 
x= b, This is usually re- 
ferred to as the area under 
the curve from x=a to 
«= 0b, even if part or all 
of the curve is below the 
axis of ~ It may be con- 
sidered as generated by 
a moving ordinate as it 
sweeps from its initial po- 
sition at «=a to its final 
position at 7 = b. 

Let u be the variable area swept over by the moving ordi- 
nate. It is evidently a function of x; for =a, u=0; for 
x = b, u= A, the desired area. | 


Fig. 37 
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Let (, y) be P, some point on the curve intermediate between 
Land M, and (a + Aw, y + Ay) a neighboring point Q on the 
curve. Suppose that y’, the derivative, is of the same sign all 
along the curve, then Ay will have the same sign. (This re- 
striction on the curve will be removed later, in Remark af 
below.) In the case illustrated in Fig. 37, Ay is positive. 
Here u=area NLUPR and Au=area RPQS. The latter is 
greater than RPQ’S and less than RP’QS ; that is, 


yAu < Au < (y+ Ay)Aw; whence 
y< cyt dy. 
Ax 


If the curve were descending, these inequality signs would be 
reversed. 

Weare supposing y to be a continuous function of x Hence 
as Aw approaches zero, Ay does also and y + Ay approaches y. 


Hence , 
L —=Du=y= f(x). 1 
Ry ae Fe) () 
We have thus shown that, if uw is the area under the curve 
y = f(x) from «=a to an ordinate corresponding to a variable 
x, the derivative of u with respect to x is equal to f(a). Intro- 


ducing the differential notation, (1) may be written 
du = ydx = f(a) dx. ql) 
Let F(x) be an integral of f(~). Integrating (1’), we have 


u = {7@) dx = F(x) +. 


With the original ordinate «=a known, the value of ¢ is 
determined. For, as already noted, when =a, u=0. 
., O= F(a) +c, whence c =— F(a), and 


u = F(x) =— F(a): 
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Finally, the area under the curve from «=a to « = bis then 
Area = F(b) — F(a), (2) 
where F(a) =i F(x) da. 


Remark 1. In the deduction of the formula for the area under a 
curve the restriction was imposed that the slope of the tangent to the 
curve must be constant in sign as @ varies from a to b. That formula (2) 
holds for other continuous curves can be seen readily, as follows: 

If the derivative is not constant in sign, the curve has maximum and 
minimum points. Break up the curve into portions ending at such maxi- 
mum or minimum points. The area under the entire curve is, of course, 
the sum of the areas under each of the partial curves. Expressing these 
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by (2) and adding, the result follows. Thus, for example, in Fig. 38, 
let C be a maximum point and D a minimum. Consider now the areas 
under AC, CD, and DB ; their sum is evidently the area under the whole 
curve AB. If the abscissas of C and D are c and d respectively, 

area under AC = F(c)— F(a), 

area under CD = F(d)— F(c), 

area under DB = F(b)— F(d). 
Adding, we have 


area under AB = F(b)— F(a), 
as before. 


Remark 2. Any function F(«) was defined as an integral of f(x), 
ae IO) = §f@)ae, if DF(«) = f(x). Such a function is said to be an 


indefinite integral of f(@). As in (2), we shall have frequent occasion to 
use the difference between the values which some indefinite integral, 
F(a), takes for two values of the variable, say,e=aande=b. On this 
account we shall make use of the convenient notation 


{$@a@ = F@ | = F@ - Fe. (3) 
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: 
The integral i) J(@)da is known as the definite integral of x, taken be- 


tween the limits a and b. The order in which these limits are taken is es- 
sential ; ais known as the lower limit of the integral, and b the upper 
limit. Since (§ 34) any indefinite integral of f(«) differs from any other 
one by an additive constant only, it is clear that the value of the definite 
integral given by (8) is independent of the choice of the indefinite inte- 
gral F(a). 

The use of the symbol F(a)|; for the difference F(b) — F(a), taken in 
the definite order, will be found of practical value. 


Remarx 3. Attention should be called to the fact that, in the deduc- 
tion of formula (2), it was assumed that f(x) is finite for all values 
of « from c=atox=b. A single illustra- 
tion will suffice to show how this formula may 
be misleading when f(x) becomes infinite some- 
where in the interval from t=a to «= b. 


Thus, in the case of the curve y=, y be- 
x 


comes infinite for ¢=0. The area under the 


curve from « =— 1 to x = 1 is given by (2) as 
A |’ (=—1-()=-2 Asa matter of fact, 
By —_— 


Fig. 39 


the area under the curve is infinite. 

While, in certain cases, formula (2) gives the correct area even when 
J(x) becomes infinite for some value of g in the interval from = a to 
xz = b, the fact that it may lead to error suggests the caution that, for the 
present, formula (2) be used only in case f(@) is finite throughout the 
interval of integration. Later, the more general 
case will be considered. 


Ez.1. Find the area between the pa- 
rabola y? = 4a and the line x= 4. 

Because of symmetry with respect to 
the a-axis, the required area is twice the 
area under the curve y= 2a between 
the origin and the ordinatex=4. Hence 
Fig. 40 the required area is equal to 


4 = e4 1 374 3 
2('2Vadu = 4 (*atda = $a! |= §(4)! - 0 =H. 
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Ex. 2. Find the area between the curves y2 =a and y = 2”, 
The curves intersect in the origin and the point (1, 1). 

The area between them is the 
difference between the areas 
under each of the curves from 
the origin to the ordinate x = 1. 


Area 
OAPM = (eee = gat | = 4. 
Area 
OBPM = (ede = ta!) =4. 


Hence 
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the required area = %#—}=1, 
It will thus be noted that in the square ONPM, the shaded 


area is equal to each of the unshaded ones. 


Ez. 3. Find the area between the curve y = 2%, the axis of 
y, and y=8. Evidently B= (2, 8). 

The required area is equal to that of the 
rectangle OABC minus the area under the 
curve from the origin to the ordinate x= 2. 
For the latter 


2 gt 2 
Area OBO = { ado =T | =f 
0 4 0 
Moreover, Area OABC = 16. 
Hence the required area OABO = 12. 


Ez. 4. Find the area between the semi- 
cubical parabola y® = 8 # and the line y = 2 a. 


Ex. 5. Find the area between the parabola 
at + y? = 3 and the coordinate axes. 
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Ex. 6. Sketch the curve 2 + yp? =4 and find the area 
under it from «= 0 to x= 2; also between x =— 2 and x= 2, 


Ex. 7. Sketch the curve y? = «(4 — a?) and find its total area. 
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Ex. 8. Sketch the curve ° = #3(9 — 2) and find the area 
under it between «= 0 and «=3; also between «=— 3 and 
«x=3. Explain the result. 

Ex. 9, Find the area of the loop of the curve 7? = a (1 — 24). 


Hx.10. Find the area under y = «(a — 4)? between « = 0 
and «= 2; also between # = — 2 and «= 2. 


39. Physical applications. Vertical projectile. As a first ap- 
plication, let us consider the motion of a projectile thrown 
vertically upward with an initial velocity of uv, ft./sec. Dis- 
regarding the resistance of the air, the only force acting is 
that of gravity, which produces an acceleration vertically 
downward of — g ft./sec*. For numerical purposes it will be 
sufficiently accurate to take g = 32. 

Using the notation of § 31 


Dias a (1) 


de? dt — 
Integrating, we have 


ds _ 


Spe eS (2) 


where ¢c is a constant. To determine it we make use of the 
fact that v = vy) when t = 0. 
»V=O0+¢, or c= %, 


Hence, for all values of t, 


ds 
—=v=— gt+ . 3 
di v gt + Up (3) 
Integrating again, 
s=—tg+utt+e, ; (4) 


where c is a constant. If the initial position of the projectile 
is at a distance s) from the point used as the origin from which 
to measure s, then s=s) whent=0. Using this in (4), it fol- 
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lows that c=. Hence the position of the projectile at any 
instant ¢ is given by 
s=— + gt? + uot + Sp. (5) 
The distance of the projectile at any time ¢ from its initial 
position is given by 
§s— Sy = 4 gt? + Vol. (5’) 
The projectile will reach the highest point in its path at a 
time ¢ for which s isa maximum. To find this put 


ds v 
—=—g+uy=—0.°... t=. 
dt gt + Vo : 
2 
Since == —g,a negative quantity, this value of ¢ renders s 


a maximum. (As we should expect from the nature of the 
problem, the velocity is zero at this instant.) 
The maximum height is 
2 


2 
a + 8, or se above the starting point. (6) 
g 


ag) 


From (5) or (5’) it follows readily that s = s, fort =0 and 


2%, 


t For the second value of t, v=— vp. Hence we see 


that it takes the projectile the same length of time to fall from tts 
highest point to its original position as it does to rise to its high- 
est point, and it reaches its initial position with its initial speed, 
but with its direction of motion reversed. 

In the special case when the body simply falls from rest, 
subject to gravity only, it is convenient for our immediate 
purpose to take the starting point as the origin from which to 
measure s. The differential equation! of motion is, as before, 

dv 
ae 9: (1) 


1 A differential equation is one that involves differentials or derivatives. 
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‘Introducing s as a new variable, using VI, § 11, and noting 


ds 
Ne ae dv_dvds_ dv. 


dt dsdt ds 


Hence the differential equation of motion (1) may be put in 


the form 
du 
v—=—g, or 2vdv =— 2g ds. (7) 
ds 
The factor 2 has been introduced on both sides to avoid frac- 
tions after integration. Integrating (7), 


v=—2gst+e. (8) 


Since we selected our origin so that s = 0 whenv = 0, it follows 
that c=0 in (8). Hence 


v =v — 249s, (9) 


a very important formula in Mechanics. Since s is negative, 
the quantity under the radical sign in (9) is positive. 

The student, as an exercise, should obtain (9) from (2) and 
(5) above, after putting s,= 0, v= 0. 

In the general case show that 


v2 = 2 g(s) — 8) + %. (10) 


EXERCISES 


1. A man at the edge of a cliff 80 feet high throws a ball 
upward with a speed of 64 ft./sec. How high above the cliff 
does it rise? When will it reach the foot of the cliff, and 
with what velocity ? 


2. With what speed must a body be thrown vertically up- 
ward from a tower 192 feet high in order that it may strike 
the ground at the end of 6 seconds? How high will it rise? 
With what speed will it strike the ground ? 
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3. With what speed must a body be thrown vertically down- 
ward from a tower 192 feet high in order to reach the ground 
at the end of 2 seconds? With what speed will it strike the 
ground? Compare results with those of Ex. 2, and explain.. 


4. A body is dropped from rest at the edge of a cliff. Find 
its velocity and position at the end of 1 second; 3 seconds; 
4 seconds; 5 seconds. Two seconds later a second body is 
projected from the same place vertically downward with a 
speed of 96 ft./sec. Will it overtake the first body? If so, 
when, and with what speed does it pass it ? ; 

If the second body is projected with the same speed as be- 
fore, but three seconds after the first, what can be said of 
their ever meeting? Explain. 


5. A body is dropped from rest at the edge of a cliff and at 
the same instant a second body is projected vertically upward 
with a speed of vw ft./sec. For what value of wv will the 
second body overtake the first one? Explain your result. 


6. A stationary balloon at an elevation of 1800 feet drops 
a bomb. At the same instant, from a point directly be- 
low, a projectile is fired vertically upward with an initial 
speed of 450 ft./sec. When and where does the projectile 
meet the bomb? 


40. Projectile, general case. Suppose the projectile to start 
from the origin with an initial speed 1, making an angle « 
with the horizontal plane. The components of the initial 
velocity are v) cos a@ in the direction of the 2-axis and vp sin « 
in the direction of the y-axis. 

Since gravity acts vertically downward, there is no hori- 
zontal acceleration. Hence, for the horizontal component of 
the motion, da 

saa 
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Ap o = v, = c, where cis a constant. To determine this we 
note that v, =v, cosa whent=0. ..c=v,cosa. Hence for 


all values of t 


dx 
=—— == 4). = % COS &. 1 
dt Bs 0 a (1) 


Integrating again, we 
R 
have 

% =(Vp COS H)t + ¢. Fic. 43 


Since « = 0 when ¢=0, because the projectile started at 


the origin, we have 
0= 0 -+¢,0r- c= 0, 


. X=(v cos a)t (2) 
gives the #-component of the motion. 


For the y-component, we note that the acceleration is ver- 
tically downward and gin amount. Hence 


Since v, = vp Sin « when ¢t = 0, we have 


Y sin « = O+c. 
le eee 3 
Trg eee + Up Sin &. (3) 
Integrating again, 
y=—tg?+(wsine)t+e. 
Since 7 = 0 when t=0,c=0; and we have for the y-com- 


ponent of the motion 
y=— ig? + (ysina)t. (4) 
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Equations (2) and (4) determine the position of the pro- 
jectile at any instant ¢t. They are the equations of the path 
of the projectile, in parametric form. To find the rectangular 
coordinate equation, ¢ must be eliminated between them re- 
sulting in 

y= Ree x? +(tan «)a, (5) 
a parabola. To find the elements of this parabola write (5) in 
the form 
panes ree (* = EEE 

2 v2 cos? a g 


Then complete the square on the right by adding 


4 oi 2 2 2 ai 2 
Up S1N* & COS* & VU, S1Nn* & 
“) ee Ol 


22 costa 9 29 


to both sides. The equation of the parabola then takes the 
form 


_vsin? oe g ay — VoSiN & COs at 
2g 2 v§ COS? a g 
_vysin2a\? __— 2ucost*a/, _ wpsin?a\ B/ 
(= 2g _ g (y 29 ©) 
The vertex of the parabola is at the point 
vesin 2a vesin?a\ . 6 
ee 6) 
the focus is at 
yy Sin 2a 2 (sin?  — cos? «) |; (7) 
2g 29 q 


and the directrix is 


y= Zt. @) 


) 


§ 40] INTEGRATION 115 


It will be noted that the directrix is independent of a, the 
angle of fire. Its distance from the origin is the distance the 
projectile would rise if projected vertically upward, that is, 


when « =5 [(6), § 39}. 


The highest point in the path of the projectile is reached 


__ Up 81D & 


when ot 0; that is, when, using (3), ¢ Putting 
a 


this in (2) and (4), we see that the highest point is 


wmsin2«a visin? « 
29 : 2g ‘ 


the vertex of the parabola, as already found in (6). 


From (4) it is easy to see that y vanishes a second time when 


_ 2uy sina 


t , that is, in twice the time it takes to attain its 


maximum value. 

The distance from its initial position to the point where the 
projectile again crosses the horizontal plane through its start- 
ing point is known as the range of the projectile. As we have 


just seen, this second point is reached when ¢= 2 Up Sin 
Hence the range is g 
24 2 ot 
Ra 2M8in a cos @ _ vy sin 2 w (9) 


i] g 
Since sin 2 a assumes its greatest value when 2 @ = , that is, 
when t= or 45°, a projectile fired with a given speed 
will have its maximum range % when the angle of fire is 45°. 
g 


Throughout this discussion we are not taking account of the air 
resistance. 
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In Fig. 44 let OQ represent the section of a plane making 
an angle ¢ with the horizontal plane. The distance from the 
initial point O to Q, where 
the projectile strikes the 
inclined plane, is the range 
of the projectile along this 
plane. Designate it by Ry. 
To find its length, we 
proceed to find the codrdi- 
nates of Q, the point of intersection of the path of the pro- 


Fia. 44 


jectile g . 
Saher nee + (tan o) a, (5) 

and the line OQ, whose equation is 
y =(tan ¢) a. é (10) 


Combining these, we find for the w of Q 


OM =~ vj cos? % (tan « —tan ¢)= 2 vj Cos % sin (« — d) 
g 


g COS p 
It is not necessary to find the y of Q. For, noting that 
OM = OQ cos 4, or OQ= os we have 
COS d 
2 vj COS @ Sin (a — ¢) 
Ry =— : 
, g Cos? @ 
This evidently reduces to the value of R& given by (9) when 
¢ = 0. 
EXERCISES 


1. A gun is fired at an angle of 30° with an initial speed 
of 1024 ft./sec. What are its range and time of flight? How 
high does it go? 


2. Answer the questions in Ex. 1, when the angle of fire is 60°. 
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3. Show that for the same initial speed the range and 
time of flight are the same when the angle of fire is « as when 


itis —— a: 
9 a 


4. A cannon has a maximum range of 20 miles. What is 
the muzzle speed of the shell? When fired at an angle of 
45°, how high does it go, and what is the time of flight ? 


5. Show that when the angle of fire is 45°, the height at- 
tained by the projectile is one quarter the range. 


6. What must be the initial speed of a tennis ball, struck 
at a negligible distance from the ground, which shall have a 
range of 160 feet, and shall not rise more than 20 feet? 


7. A boy standing on the roof of a house 36 feet above the 
ground wishes to throw a ball to a boy on the ground across a 
street 60 feet wide. If he throws the ball in a horizontal 
direction, what speed must he give it? 


8. Show that the speed of a projectile at any point in its 
path is equal to the speed a body would acquire if it fell, 
starting at rest, from the directrix of the path to that point, 
under the action of gravity alone. 


9. A boy can give a ball an initial speed of 80 ft./sec. 
What is the farthest point of the ceiling of a gymnasium 
20 feet high that he can hit with the ball, neglecting the height 
of his hand when the ball is thrown? At what angle must he 
throw it? 


10. A man at the edge of a vertical cliff 100 feet high, over- 
looking a lake, hits a golf ball, giving it an initial speed of 
120 ft./sec. and making an angle of 30° with the horizontal 
plane. How far from the foot of the cliff does the ball strike 
the water? With what speed and at what angle does it 
strike ? How much longer does it travel in point of time, and 
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how much farther from the base of the cliff does it go than it 
would have done if the man had been on a level with the 
water ? 


11. Show that the foci of the various paths of a projectile 
thrown from a point O with a given speed vp in all possible 
directions lie on a sphere whose center is O. 


12. Show that if a shell, either allowed to drop vertically or 
fired at an angle, explodes in the course of its motion, the va- 
rious particles of it continue to move in such a way that at each 
instant they are on a sphere having for center the position the 
shell would have occupied if it had not exploded. [Here the 
sizes of the shell and of its parts after explosion are neglected. 
In other words, each is supposed to be replaced by a particle 
located at its center of mass. | 


CHAPTER VI 


DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS 


41. Derivative of sin x. If y=sin a, y + Ay = sin(#+ Az). 


*, Ay = sin (@ + Axv)— sin x = 2 cos (2 + a sin =, and 
‘ in sin = 
og = Z, a ATi aes 
ie cos (2 ae D ) ee (1) 


To find the limit of the right-hand member of (1) as Aa ap- 
proaches zero, we proceed as follows: In Fig. 45, AB is the 
are of the circle subtending the angle 6 at the center. The 
angle @ is supposed to be measured in radians, not degrees. If 
the radius is r, we have 

BC=rsin 6, BA= 76, B 
DA=rtan 0, OC = r cos 0. 
The area of the 
triangle OBC = 17’ sin 6 cos 6, 
sector OBA =17°6, Ona 
. triangle ODA = 47°? tan 6. 
Evidently, from the figure, 
47° sin 6 cos 6 << 47°60 < $7’ tand 

Dividing by 47? sin 0, we have 
6 1 
sin 6 ~ cos 0’ 
uf sin 6 
cos 6 es 6 


D 


cos 6 < 


>cos 6. 


1 This is a direct application of the formula of trigonometry 
sin A — sin B= 2eosh tS sin a 


119 
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This holds for all values of 6 in the first quadrant. As @ is 
made smaller and smaller, the two extreme members of our 


inequalities both approach 1. But the value of mae always 


lies between those of the extreme members. Hence its value 
also approaches 1 as a limit as 6 approaches 0; i.e. 


L sin i Set c (2) 
< e>o0 0 


This can now be applied to finding the limit in the case of (1). 


Evidently L cos (2 + 27 cosa So we are concerned 
Av—> 0 2 


2 sina” 


with the limit of The limit of this fraction is 1; 


sin 6 


for, on putting AP 6, the fraction reduces to Hence, 


we have finally on passing to the limit in (1) 
X. D, sin x = cos x, or dsin x = cos x dx; 


Le. the derivative of the sine of a variable is its cosine. Combin- 
ing this with VI, § 11, we have the very useful formula 


xe D,sinu = cos uD,u, or dsin u = cos udu. 
Thus, if y = sin # [here u = 2], 

y' = cos 2°D,2? = 22 cos 2", or dy = 2 & cos a°dx, 
Again, if y = sin (aa + b), 

y' =a cos (aw + b), or dy =a cos (ax + b) da. 


EXERCISES 
Differentiate the following: 
1. y =sin2 2. a melee: 
2. y= 2 sind. 1— sing 
rs yo me 5. 7 = sin 2.¢sin? a. 


x + sin & 6. y=sin 32 sina, 
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VI — sin?a 


7. y = Sin nx sin’ #. 10. y= : 
sin x 
8. y =V1— sin? a. 11. jee 
V1— sin?a 
sin @ ib 
Sg 1257 =e 
V1 — sin? x y sin x 


42. Derivatives of the other trigonometric functions. ‘Io find 


the derivative of cos x, we note that cosa =sin 5 — ) and 
; 2 
use X'. Thus 


D, cos « = D, sin{ = — x\= cos(.7 —2\D,{7—-2) =~ sing. 
SRA CE hao 

Hence 

XI. D, cos x = — sin x, or dcos x = — sin x dx; 


Le. the derivative of the cosine of a variable is minus its sine. 
Combined with VI, § 11, we have 


xa D, cos u = — sin u D,u, or dcosu = — sin udu. 

sin &@ 
’ 

COs & 


To find the derivative of tan, we note that tanw = 
and differentiate this as a quotient. Thus 


sing  coseD,sinx — sinx D, cos x 


D, tan « = D, = 
cos x cos? & 
cos? @ + sin? x 
ae een a sec? a. 
Cos? a 
Hence 
XII. D,tan x = sec? x, or dtan x = sec? x dx; 


Le. the derivative of the tangent of a variable is the square of its 
secant. Combined with VI, § 11, we have 


>. 418 D, tan u = sec? u D,u, or d tan u= sec? u du. 
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As before, making use of the fact either that cot # =tan(§ -2) 


COs & 
or that cot «= , we have 
sin @ 
XIII. D, cot x = — csc? x, or dcot x = — csc? xdx; 


ie. the derivative of the cotangent of a variable is minus the 
square of its cosecant ; and 


XIII’. D, cot u = — csc? u D,u, or dcot u = — csc? u du. 

Noting that sec # ale , the student will have no difficulty 
in showing that age 

XIV. D,secx=tanxsecx, or dsecx=tanxsecx dx; 


le. the derivative of the secant of a variable is the product of tts 
tangent and secant; and 


XIV’. D,secu=tanusecuD,u, or dsecu=tan usec u du. 
Finally noting either that csc x = sec G - x) or that csc x = 
iJ 


sin x 


, we have 


XV. D,cscx=—cotxcscx, or dcescx=—cotxcsc x dx; 
Le. the derivative of the cosecant of a variable is minus the prod- 
uct of its cotangent and cosecant; and 


XV’. D,cscu=—cotucscuD,u, or desc u=— cot ucsc udu. 


Remark.— Several facts in connection with the derivatives of the 
trigonometric functions are worthy of note : 

1. They are given in terms of the trigonometric functions, and in 
particular in terms of those with which the original functions are closely 
related by algebraic relations ; thus in the expressions for their respective 
derivatives sine and cosine, tangent and secant, cotangent and cosecant 
pair off. 

2. The derivatives of three of the functions (sine, tangent, and secant) 
appear with the plus sign, while those of the remaining ones, co-functions 
of the former (cosine, cotangent, and cosecant), involve the minus sign. 
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EXERCISES 
Differentiate the following: 
1. y=Ccos (aw + BD). 10. y= cot? ax — csc? aa. 
2. y=xsin & + cos &. 11. y= tan? x. 
3. x= tan? ax. 12 ge: jen eens a+ tan w 
i sec? an. sec a2 — tan2 
5. y=cos' x — 3 cos. 13. p=avcos 2 6. 
6. y=xcse ae. 8 cs a 5 
: 1 — cos 0 
7. y=2xsinx+(2— 2”) cosa. 
eens Le 
8. y = 2 cos? (3) 15. p=asin® e) 
9. y = cos? aw — sin? ax. 16. p= asec? Ge 


In the following curves, whose equations are given in terms 
of the parameter, ¢, find the slope oy, 


Liat 0 COS 1. == a sin t: 
18.2 =a cos? t, y= a81n7 1. 
19,524 cos*t, y= asinit: 
20. x=a(t—sint), y=a(1—cost). 


21. «=a(cost+tsint), y=a(sint—tcost?). 


43. Inverse trigonometric functions. If «=siny, then y is, 
in turn, a function of x, and we shall write y = sina, which is 
read “inverse sine of x” and means “ the arc whose sine is x.” 
The notation y=arcsin~ also is in common use. But we 
shall adopt the former notation. Corresponding to a given 
value of y, the value of x is unique; x is said to be a single- 
valued function of y. But corresponding to a given value of 
x, we have an indefinite number of values of y; y is said to be 


124 CALCULUS [§ 43 


a many-valued function of x Fig. 46 contains a graph of this 
function. Evidently y is real when —1<a <1, that is, when 
w lies in the interval (—1, 1), and imagi- 
nary for all other values. We can make y 
single-valued if we exclude all values greater 


than s and all less than = that is, if we 


consider only such values of y which satisfy 
the relations — pe y ss) that is, which lie 
in the interval (—2, 2). 
2 2 
This shall be supposed to be the case from 
now on. To find the derivative of sin” «, we 


proceed as follows: 


Y= sie: *. C= sing 


whence D,x = cosy = V1 —sin?'y = V1 — 2. 


Using VII, § 11, viz. Dy =, we have Dy = —4_, or 
yt 1— 2 
XVI. D,sin1x= went ved ord sin x = an 
V1 —x? Vi-x’ 
XVI’. D, sin! u= eet ,ordsintu= ee, 
1-—wv V1l— wv 


From Fig. 46, it is seen that, restricting sin- a to the interval 
(Ss 9? 3p its derivative is everywhere positive; hence, in 


XVI and XVI’, the positive sign must be used with the radical 
in the denominator. 

To find the derivative of cosa, we proceed in an analogous 
manner, thus ; 
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y=cos's ..%=cosy; whence Dw =-— siny 
=—V1—cos?y =—V1—2%, Using VII, §11, we have 
XVII. D,cos!x Le ee or dcos!x = Dae B ee and 
ie Lyi # 
XVII’. D,cos?u Sees or dcostu= pre eee, 
ay ee Syl ate 


As illustrated in Fig. 47, cosa is a many-valued function, if 
not restricted in value. We shall make it single-valued by 
restricting it to lie in the interval (0, x). In 
this interval it is a continuously diminishing 
function, hence its derivative is always nega- 
tive. This is consistent with the negative 
sign before the radical in XVII. 


Remark 1. The fact that D, cos-t¢=—D, sin 12 


follows at once from the relation cos-!¢ = a2 sin-!g. 


To find the derivative of tana we have 
y = tans. ..%=tany; whence D,x = sec’y = 
1+ tan?y=1+2% Using VII, § 11, we have 


XVIII. D, tan! t= ‘oe or d tan! x= Tee 5 and 5 
x x 
XVII’. D, tan-tu = 22", or d tant vw =—. 
1+uv l+uv 


As illustrated in Fig. 48, tan! a is many-valued. But it be- 


comes single-valued if restricted to he in the interval (-3, z); 


The student should have little difficulty in establishing the 
following formulas : 


1 z dx 
XIX. D,cot!x=———., or dcot!x=— : 
1 + x?’ 14% 

XIX’. D,cot!u=— Bi or dcottu=— au 


14+ uv’ 1l+u 
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XX. D,sec!x= eer or dsec!x = a Oe 
xVx?—1 xVx2—1 

Xx, ect yee or dseclu= ae —. 
uvue—1 uvue —1 

XXI. D, sc) xs ee 1 5 OLE dca = aes 
xVx?—1 xVx2—1 

XXI’. Dicse ues or dcatcla = = ee 
uVvu —1 uVvu—1 


Fia. 48 Fia. 49 


As illustrated in Fig. 49, cot-1~ becomes a single-valued 
function if restricted to lie in the interval (0, x). In this inter- 
val the function is continuously diminishing, a fact consistent 
with the negative sign in XIX. In the restricted intervals for 
tan“! a and cot"! w we have 


tan @ + cot a — 
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In regard to seca, the matter is not so simple. In order 
that the positive sign may be used for the radical in XX, we 
shall make sec w single-valued by restricting it to the interval 
(0, ) for x positive and to = 7), — 2 for x negative. See 
Fig. 50. The second interval could have been replaced by 


( aE but it is customary to use the smallest numerical 


values for our intervals. The fact that secta= cost may 
a 


be made to account for the discontinuity in the interval for 
sec la. 


Fic. 50 Fig. 51 
In an analogous manner, the negative sign in XXI will be 


found to hold throughout if csc! (which is equal to sin) 
x 


is made single-valued by restricting it to the interval (0, = 


for x positive and to c T, — 2 for a negative. See Fig. 51. 
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In the restricted intervals for sec! # and ese! x 


lz for x positive. 
sec! w& + csel a= 
3s for w negative. 
2 
Another formula that is found serviceable at times is that 
for the derivative of vers“! a (read “inverse versine of «” or 
“arc whose versine is «”’). 
Since vers x = 1—cosa#, D, versax=sinw. If y=vers' a, 
w=versy. «. Da=siny=V1— cos?y=V1—(1 — vers y)? 


= V2 vers y — vers?y= V2a%—2% Hence 


XXIL Divers? A = a 
( V2x— x? 
or dvers! x = po Pate ; and 
ESE 
XX". D versa = ie 
V2u— wv 
or dvers!u= ebay 
V2u— wv 
From Fig. 52 versa is seen to be single- 
Fig. 52 valued in the interval (0, 7). In this interval 


its derivative is positive. Hence the positive sign of the 
radical is used. 


Remark 2. Attention should be called to the fact that the derivatives 
of the inverse trigonometric functions are algebraic functions and not 
transcendental. 


EXERCISES 
Differentiate the following: 


. x , 
i, = Saws 35 i= cos 1%. 


2. (y= VSN a, 4.14 = tan7 a 
a 
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5. y= sin“ (sin 2). 
Lee uae 12. y = tan-t4/L + 0082, 
6. y =cos!(sin 2). 1 — cosx 


ae ao 
Ba robes cot A 130.9 == sin 


V1+ 2? 


2 

8. y=secl_-. 

a ee ee 

14. y= Va? — # + asin -- 

—— a 
9. y=sec! Va? +1. 


Pees  ¢ 
10. i SeCe bole 15. Y= Va? — a + asin 
1— 27 
11. y= cos! V1 — a. 16. y= ove — e+ asin 
e (oele>., s 
17. y=— ava? — a + asin t=: 


> es x 42 
18. y = Vx — a — asect-- 21. y= csc}. 


a ae 
foe a = Gcoe > 22. ¥ = vers io 


De ye 
20. ff EE eos71 2. 
we a 


23. y = avers) — V2 ax — a. 
a 


= 2 
24. y= rae — e+ 5 vers hs 


44, Logarithm. The student will recall that the logarithm 
of a number, to a given base, is the exponent of that power of the 
base which is equal to the number; thus, to say that y = log, 
means that a¥ =~, or a/%a* =a. We shall presuppose that a 
and «x are both positive, and a+ il. , 

The following properties of logarithms are of prime impor- 
tance. They result from the definition of a logarithm. 

1, loga = 1; fora’ =a. 
2. log, 1 =0; for @®=1. 
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3. log, xy = log, + log,y; for from 
w= q'%o* and y = a8ay, 
we have on multiplication 


ny = qiBaztlogay ; 


whence property 3 follows. In words, this says that the loga- 
rithm of the product of two numbers is equal to the sum of their 
respective logarithms. 


4, log, = = Jog, # — log, y; for, on taking the quotient of 


the two relations above instead of their product, we have 
© = q%ar-lGay ; i.e, the logarithm of the quotients of two numbers 
y 
is equal to the difference of their respective logarithms. 

5. log,a" = nlog,x; for, raising each member of «= q!&ez 


to the nth power, we have 


 —— synlOBgsr « 
v= x5 


Le. the logarithm of the nth power of a number is equal to n times 
the logarithm of the number. 

Here n may be any number, positive or negative, integral 
or fractional. 

The relation between the logarithms of the same number in 
two systems with the bases a and 6 respectively is readily ob- 
tained. Thus, for x any positive number x= 6%, Taking 
logarithms, with a as a base, of both members, we have, 


6. log, v = log, x log, b, 
a formula reminding us of VI, § 11. 


A further property of logarithms follows from this formula 
by letting «=a; whence 


ra 1 = log, a log, b, or log,a = 
which reminds us of VII, § 11, 


log, 0” 


a 
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A further preliminary fact must be emphasized before pro- 
ceeding to the deduction of the formula for the derivative of 
a logarithm. 


In § 41 we came across the function Soe, which has no defi- 
x 


nite value for x = 0; but we saw that it approaches the perfectly 
definite value 1, as a limit, as x ap- 


proaches 0. The function (1 + «)* 
also fails to take a definite value for 
*=0, although it can be shown T 
(but we shall not do so here) to 
approach a perfectly definite value, 
as a limit, as x approaches 0. For 
all other values of x inside the in- 
terval (— 1, 0), i.e. for 


Fia. 53 
—1<a4%<o, 
the function assumes definite values. Its graph is indi- 
-eated in Fig. 53. 2 =—1and y=1 are vertical and horizontal 


1 
asymptotes, respectively. The limit of (1+ 2%)" as # approaches 
0 is designated by e, and has been calculated very accurately 
to a larger number of decimal places. It is approximately 
2.7182818285. 

The number e vies with z (the ratio of the circumference to 
the diameter of a circle) for the distinction of being the most 
important constant arising in Mathematics. That it is irra- 
tional or incommensurable has been known a long time. But 
that it is transcendental (i.e. not algebraic, by which is meant 
that it cannot be the root of any algebraic equation with in- 
tegral coefficients) was first proved in 1875 by the French 
mathematician Hermite. It is interesting that this proof of 
Hermite suggested to the German mathematician Lindemann 
in 1882 a proof of the transcendence of 7, which proof estab- 
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lished for all time the impossibility of the ancient problem of 
squaring the circle by use of the straight-edge and dividers 
only. We shall see later (§ 146) that e can be represented by 
the infinite series 


1 1 i 
C= | io reasiae see Toons 


A value correct to 8 decimal places will be given by taking 12 terms 
of the series and carrying these out to 9 ane Thus 


a 1 _ 0,000 198 418 
heer a 

1 1 

Os 1 = 0.000 024 802 
2! 8 | 

a= = 0.166 666 667 = = 0.000 002 756 
1 _ 0,041 666 667 1 _ 0.000 000 276 
41 10! 

a= = 0.008 338 333 ne = 0.000 000 025 
1 0.001 388 889 1 ~ 0.000 000 002 
61 12! 


The sum of these is 2.718 281 880. That this is correct to at least 7 

places may seen as follows: The error due to omitting a rest 

1 1 

f the terms — idently less than —-{ 1 + — + —— 

: ms it aait Til: Shee Tall De * 732 

Se for ee ee fh ee 1 pus and so on. 
14! 18114 ~18113'15! 1811415 ~18113?’ 

The sum of this geometric progression is u eae , which is less 
181i 13 

than 0.000 000 000 2. This does not affect even the 9th decimal place. 

Allowing for errors not greater than unity in the 9th place in the values 

of the terms of the series, their aggregate cannot do more than affect the 

8th place in the value of e. Asa matter of fact the value found is correct 


to 8 places. 


Starting now with y = log, x, we have y + Ay = log, (#+ Az); 
whence, using property 4, 


Ay = log, («+ Aw) — log,w#= log ee = log, (a oe 
x a 
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1 
Ay _ 1 Ax Az 
. ] Aw 
A Re (1+ 2) log, (1+ a : 


because of property 5. In order to have this involve a function 


I 
of the type (1 + x)=, multiply and divide the right-hand mem- 
ber by x and make use of property 5. Then 


we 


Agw 1 
ea | al 
Ay = 18. ( et: ane 


Now “@ approaches zero with Ax. [Here Ag, as always in 
x 


finding the derivative, is the variable, « being temporarily a 
constant; in this case, any positive constant, if we wish to 
avoid imaginary quantities, and, in any case, x is definitely 
not zero.] Passing to the limit! for Ax—>0, 


SXDESD og xe — : log,e, or dlog,x= aE tog é, 
4 x 
and using VI, § 11, 
U 
XXIII’. D, log, u= aa log, €= z log, e, or dlog,u= ae log, é. 
u u u 


In all that has gone before, no restriction has been placed 
upon a except that it may be a positive constant different from 1. 
For purposes of numerical computation a = 10 has been found 
most practical. The system of logarithms with 10 as a base 
is known as the Briggs or common system, and is the one with 
which the student has become familiar in Trigonometry and 
Algebra. But in the Calculus, where the derivative of a 
logarithm plays an important réle, it is clear that there will 
be an immense simplification if the number e is taken as the 
bases. Asamatter of fact thisis whatisdone. This system of 
logarithms, with e as its base, is known as the Naperian or 


1 Here use is made of the general principle of limits that ‘e oe log f(@) 


= log Pex L woh) | under certain restrictions, which exist in this case. 
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natural system. Unless otherwise stated, we shall confine 
ourselves to this system in what follows, and shall use the 
notation log u to stand for log, u.1 With this notation we have 


XXIII". D, loge or dlog x = &, and 
x aC 
5 ! 
9-079 9 DUE D, log u = Du = eds or dlogu= = 
Ut Vet u 


Le. the derivative (differential) of the natural logarithm of a func- 
tion equals the derivative (differential) of the function divided by 


! 
the function. The function “, the derivative of log u, is often 
U 
referred to as the logarithmic derivative of u. 


Nore 1. In actual practice, it will frequently be simpler to make use 
of the properties of logarithms noted at the beginning of the section, be- 
fore applying XXIII’. Thus if 


y = log Va? — 2a, write y = } log (#? — 22). 


2h 2 sea 
2a2-2e g—2e 


Then y! 


Again if y = log =, write y = 4 log (a — 2) — } log (a+ 2). 
a+2 


Neen Eg Sil al Oe eee 


Then Yi — . 
2a—H% 2a+4+4 2(a* — ?) a— x 


Notsz 2. At times, when it is required to differentiate a function 
having a number of factors, it is advisable first to take the logarithm of 
the function (simplifying this by means of properties 3, 4, 5), then 
differentiate, and finally multiply the result by the original function. 
Thus, for example, if 


= 


y = EXE =H logy = 8 loge + flog (2* — 1) — log (@* + 1), and 
aS a oe  2@ _ 2e44+38H-3 . ,,_a(204+8 22-8) 
y @ 2-1 w@—1 a(@—1)(@+1) 9" @4+)2ye 7° 


1JIn some works, especially in Engineering, the notation ‘‘In u”’ is 
used for the natural logarithm of u. 
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Assuming that property 5 holds for n any real number, rational or ir- 
rational, we are now in a position to prove that the important formula 
III, § 10, holds for any real number n. For, if y= 2", logy=nloga; 


whence on differentiating, Dy Dy = ™ = ng, 
y « £ 
EXERCISES 


Differentiate the following : 
1. y= log (@ —5a+4 6). 11. y= log sec 2. 


y= log 1+a 12. y= log csc. 
1—«2 13. y = log (sec x + tan 2). 
3. y=a2logz. 14. y= log (ese x — cot 2). 
4. y = log (log 2). 15. y=# tan a2— log V1+2%. 
2 ot 2 = 
Be oid C ae a ie ea 
a= oe a + a”). V (a2 + 18 
7. y= logsing. 
8. y= log cosa. 17. pe ee 
1+z2 
9. y = log tana. ee 
10. y = log cot a. 18. y= ee 
y . V1—2 


45. Exponential. If y = a*, where a is a constant and u is a 
function of x, we have, on taking the logarithm of both sides, 


log y= wlog a; whence, using XXIII" 


DY — log aD,u. Hence 
y 


XXIV. D,a*=a"logaD,u=a"u'loga, or da*=a"logadu. 
In particular, if a=e, we have the important formula 
XXIV’. De=e Du=eu', or de =e du, 

which carries with it the special case 
XXIV". D,@=é, or de=eé dx. 


The function e* is spoken of as the exponential function of u 
or simply the exponential of u, and is sometimes designated by _ 
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“exp. u.” In words, formula XXIV! says the derivative (dif- 
ferential) of the exponential of u is equal to the exponential multi- 
plied by the derivative (differential) of u. 


Remark.— The exponential and logarithm are inverse functions, just 
as the square and square root, sine and inverse sine, etc. Although for pur- 
poses of obtaining their respective derivatives, it was simpler for us to in- 
troduce the logarithm first and the exponential afterward, the exponential 
is really the simpler function in many respects. Its derivative is transcen- 
dental, and expressed in terms of itself, just as we saw the derivatives 
of the trigonometric functions are expressed in terms of the trigonometric 
functions. That of the logarithm is algebraic, as those of the inverse 
trigonometric functions are. The exponential, like the trigonometric 
functions, is single-valued, while when imaginary values are taken into 
account, the logarithm is many-valued. Or, if we restrict ourselves to 
real values only, the exponential, like the trigonometric functions, as- 
sumes a definite value for any definite value of the variable, while the 
logarithm, like the inverse trigonometric functions (excepting tan-! a and 
cot-!z), fails to have a value for certain values of the variable. 


Nore. —The method by which XXIV was obtained is another illus- 
tration of the application of the general method of Note 2 of the previous 
section. A very important further application is to the case where 

y = v+, wand v being functions of « Then 
log y = u log v, and 
Ye u! log v + une ; whence 
Yy v 
y! = veu! log v + wve-)!. 

It is interesting to note that the derivative of vis the sum of the de- 
rivatives obtained by considering first v, then u separately constant, using 
XXIV and III’ respectively. 


EXERCISES 
Differentiate the following: 
lL. y=e. 6. YS arte, 
2. yy = xe’. Ty = oeine, 
3. y= em 8. y = e* sin ba. 
4. y= log (e* +e”). 9. y= ae. 


5. y = (e+ e *), 10. y = tane*, 
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46. Summary. Combined with the formulas of differentia- 
tion given in Chapter II, those of this chapter conclude the 
list of all that are necessary for a working knowledge! of the 
subject. For the purpose of convenient reference this second 
set of formulas is appended, with the recommendation, how- 
ever, that the student promptly memorize them so as to be 
able to use them with accuracy and facility. 


X!. D,sinw= cosu Du 
XI’. D,cosu=—sinu Du 
XII’. D,tanu= sec? u Diu 
XI. D,cotu=— esc? uD yu 
XIV’. D,secu= secu tanwu D,u 


XV'. D,cscu=— cscucot u Du 
XVI. DY, sin y = 
V1i-—w 
XVIG.. D costy = — 
V1 — wv 
Du 


XVIII’. D,tantu= ; 


Ur 
XIX!. D, cot-y = —D™ 
14+ 
Dw 
uVvu—1 
For some forms of u it is simpler to note that sec-lu = cos-1_, and use 
XVI’. bet 


XX’, D,seclu= 


eae 
uvue—1 


For some forms of u it is simpler to note that csc~! u = sins, and use 
XVI. 


XXI'. D,csetu = 


1The hyperbolic functions and their inverses will be treated separately 
in Part I of the Appendix of this book, so as not to break the continuity 
of the development of the subject. Their study may be taken up at any 
convenient time during the course. 
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XXII’. D,vers1y =P _. 
V2u— u2 
D; 


SAT. - Dilog a= es log, e. 


U 


XXII", D loey =v 
U 


XXIV. D,a* = a*D yu log a. 
XLV G Dre Cn a, 
SOL De=e 
EXERCISES 


Differentiate the following : 


1, 


2. 


14+ sinz 

=] eae Sea tal 
teen 1 — sin 
y = sin (log 2). 


1 


y = @ sec"! Vote 
1—2? : 

pee Oo os 

Vet+ar+a 
ya log = 

b4+Vaer+ 0 
meee Ve+1i+e 

Ve+1—2 
y = — 2 + log (a + Va? $ a). 

Vx? + a? 
y= Tete ys log (a +V 2 + a). 


y= cost — log (« + V2? — 1). 
a 


[$ 46 
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10. y= sin” = a. 15 gies etan le. 
ee: -perpeka tetas 
11. y = log sina. 5 = 
12. ¥y = log eos: 23. y a gin le 
wv Ewer 
t 1 24. y= tan-1 V2? — a? 
18. 7 = tan !—_—___, - 
V1 — a a , 
Dip 25. y = vers !2 2, 
14. = tan! , Sue 
: 1 mal. 26. y = ere x % 
1 4+ 22 


16. y=tan4(2 tan 2). a 
: : ; 
16. y=sine’. 27, Y= ENE TONE 
log z Va = 
lq. y=u%*, 
28. y= log tan®a + 2cos2 a. 


1s. y=2". 
19. y=e”. 29. y = e*(sin & + Cos @). 
20. y =e". 30. y = tant —_2 ZA 


47. The nth derivative. Leibnitz’s theorem for the nth deriva- 
tive of a product. In general, the successive derivatives of a 
function become more and more complicated. There are some 
striking exceptions to this rule, the most important of which 
are enumerated below. 

1. Ti y=2”, yY=mer), y” =m(m—1)e72 + +. So that 
for n, any positive integer, 

y™ or Dra” = m(m — 1) + (m—n+1)a"™™. 

This holds for m, any real number. If m is a positive inte- 
ger and n >m, y™ =0, because then yw = m!, a constant; so 
its successive derivatives are all zero. 

a 


Qelt y= loge, yf =i y" =-5, ie = yi? = 


6 
a’ at’ Hike AA: 


is easy to show that 


y or D* log « = CUA r 


EY vid 
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3. If y=sinag, y’=acosaa, y= —a’sinaz, y= —a? cos aa, 
y* =a‘sinaw, +... The general law is evidently 


: ‘ nr 
y™ or D* sinav = a" sin (cx ao sa 


It is worth noting, and it is not difficult to remember, that the 
even derivatives of the sine are expressed in terms of the sine, the 
algebraic sign being alternately negative and positive; thus 
D™ sin ax =(— 1)"a?" sin aa, 

and the odd derivatives of the sine are expressed in terms of the 
cosine, the algebraic sign being alternately positive and negative ; 
thus D*— sin aw =(— 1)"1a?"1 cos am. 

4. If y=cosazr, y’=—asinax, y’=—a’cosax, y= 
a’ sinaa, y*=a'cosax. The general law is 


n 
y™ or D” cos aa = a” cos (ae + Fk 


As before, it may be easier to remember and apply this if 
expressed thus: The even derivatives of the cosine are expressed 
in terms of the cosine, the algebraic sign being alternately nega- 
tive and positive; thus 

D* cos ax =(— 1)"a*" cos ax, 
and the odd derivatives of the cosine are expressed in terms of the 
sine, the algebraic sign being alternately negative and positive ; 
thus D1 cos az =(— 1)" a?" sin az. 

5. If y = e%, y= ae, y" = we, «-.., Kvidently 

y™ or Dre? = are. 

6. Ify = uv, where wu and »v are functions of x, we have 

(ViTT, § 12), 

y =wot+uw'. 

yl Hwy t Qu! + wr". 

y= wot 3’ + 3u'e"” + ul”. 

yy — wiry an 4 yy! == 6 u!/y” J 4y/y" ae we’, 


° . . 
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This reminds one strikingly of the Binomial Theorem 
Thus, if we write, for example, 
(a + b)* = a4d® + 405d + 6 ab? + 4 ab3 + a%!, 
as we may, since a? = 1 and 0° = 1, and if we agree to consider 
the zero-th derivative of a function as identical with the func- 
tion, we can write in symbolic form 
D(uv) = (Du + D,vy. 
D3(uv) = (D,u + D,v)’. 


By mathematical induction we can establish the general formula 
D3 (uv) =(D,u + D,v)" 
= UuMy + nue—Yy! + co Ur Dal! 4 vee 
2! 

+ nu've) + uy, 
This formula, known as Leibnitz’s theorem for the nth deriva- 
tive of a product of two functions, seems worth noting here 
because it is a good check in case one actually carries out 
the successive derivatives of the product, and also because it 
enables one to write down readily the nth derivative of the 
product without calculating the earlier derivatives, especially 
if uw and v are functions of the kind considered in the earlier 
part of this section. 


EXERCISES 
1. Find the fourth derivative of e** cos bz. 
Since 
Dre? = are*, Deosbe =—bsinds, D? cos be =— 0’ cos ba, 


D* cos ba = b sin bx,  D* cos bx = b* cos ba, 
we have, using Leibnitz’s theorem, 
Dte** cos ba = ate** cos ba — 4 abe* sin ba — 6 a*b?e** cos ba 
+ 4 ab’e sin ba + bte"* cos bx 
=(at — 6 a’? + b*)e* cos ba — 4 ab(a?— b*)e” sin ba. 
The student may check this by actually differentiating the 
function four times. 
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2. Find the fifth derivative of x? sin 2 a. 
3. Find the sixth derivative of ae”. 
4. Find the fourth derivative of sin a log a. 


! 
5. If n is a positive integer, show that D™1 2" log v= aay 
x 


6. Ify= 5 (e +e *), show that y’” = as 


7. Writing Lee ee 1, find its nth 
haan 


1l+¢2 1+2 


derivative. 
8. Find the nth derivative of a?. 


Mere 1-1 
i+ e 
second derivative; also its nth derivative. 


Pe a3 i . 
9. Aras Sram EE ee 
10. If y= ae, show that D'y — D’y — 2 Dy =3e™. 
11. Ify=cosz- logcosx +2 sin 2, show that D’y + y= seca. 


12. If y = (log x)?+ 2 log  — 3, show that 
x Dty + 6 8 Dy + 9a°Dy + 3aDy+ y =(1 + log z)*. 


13. If y=asin2~, show that D’y + 4y = 4 — 8sin?a. 


14. If y=sin 2 log(tan a + sec), show that Dy + y 
= sec? x + 1. 


CHAPTER VII 


METHODS OF INTEGRATION 


48. Formulas of integration. Since f J (x) da = F(x), pro- 


vided DF (a) = f(a) or dF (x) = f(x)dx, each formula of dif- 
ferentiation should be examined with the view of finding a 
corresponding formula of integration. In § 36, we noted that 
corresponding to 


Ill’. du*=nu™"du we have 


m+1 
™dy — s =i, 
A. fu u my ie Mm + 


From the last part of Note 2, § 44, we see now that this 
formula holds for m any real number except —1. When 
m =— 1, we have from 


Pex logit 2 = 
U 


B. [Ga wgute. 
u 


Remark. — Our integration formulas are given in terms of the variable 
u, to emphasize that their form does not depend upon the variable ap- 
pearing in them. Frequently a change of variable (§ 36) reduces a given 
integral to one appearing in our list of integration formulas. The follow- 
ing exercises will illustrate. 


Ex, 1. f _%d¢ _. gince ada is the differential of 22 + 1, to within 
Va +1 
the numerical factor 2, the transformation 2? + 1 = u is suggested. Mak- 
ing this, we have 
f44_=} Wt eVitcuVetit+e. 
Vey+1l 24 Vu 
143 
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Ee. 2. f tanede. Writing this in the form jz, and noting 
that the numerator is the differential of the denominator, to within the 
algebraic sign, we letcost =u. Differentiating, we have sinzdxz =— du; 
eee f tanede =— f= loguto=log* +e 

: =— logcose’+ce= Toe sed +c. 
Ex. 8. fea™. Writing © alee = 26 +l eiaee 


x xe 7, 


f§ PS a a logat— 1+ C. 
x x 


Ex. 4. fae. Writing as BY net Mame SP ay 8 ls 
z—1 z—1 z—1 emul 


adn _ a8 | a? 3 
f FS H=F45 404 log 1) +c. 


dx 
ax+b 


dx _1(du_l 


= dt 1 og u 40=1 og (an +b) +6 = log (az + b)* +6. 
az+b as u 


Ex. 5. 


Letting at+b=u, dx LE Hence 
a 


EXERCISES 
Evaluate the following : 
i [Set ae, 9. i ode. 
x Vxt —3 
3. if vane ie fe- Ai de, 11, (eee ea 
iF 3e+2e¢—1 
4, fevina de. a> (eae Pao foe aw. 
1 yp az __ g-az 
5. Sf vax +bdz. 9. fa — «da. 13. fran a sect dz, 
asin « dx tan x 
6. f coswosct a da, 10. a 14. dew dx. 
15. ‘fez. 16. eda. 
wx 1+e 


17. |.sin’ ada = fsinea — cos? x) da. 


18. laces 19. [\——S 20. Jf cot eda. 
(1 + x0”) tan! a aVloga+1 
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49. Additional formulas of integration. Just as the formulas 
of integration A and B followed at once from the correspond- 
ing formulas of differentiation, so we obtain the following: 


From 
X’. dsinu = cosudu. C. |cosudu =sinu+c. 
XI’. dcosu =—sinudu. D. | sinudu=—cosu+c. 
XII’. dtanwu =sec? udu. E. §secudu =tanu+c. 
XIII’. dcotu =— csc? udu. F. | csc?udu 


=— cotu+c. 


XIV’. dsecu =secutanudu. G. | secutanudu 


=secu+c. 
XV’. descu =—ecscucotudu. H. { escucot udu 
=— cscu+c. 
RVI dein tea. 
meee 
vi-u J. ee nee 
ae here 
MII. deostiucs vile 
Syl Sa? =— cos-!u +. 
XVII. d tant = 7 a | 
U 
i K. Si a ja tantu+c 
EK w dicot- Wa aa) o oe 
14 wv =—cot lute. 
1 Since sin-! u + cos-lu =F 4.€. Sin-! u = — cosa! uw + 5 and tan-1u 
=— cot-“lu + a and sec-! y%=— cse-lu + B) for u>0O and sec-lu 


=— csc y — an for u>0, the two values of each of the integrals J, K, 


and L are readily accounted for, 
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9.0.5 diets a i. i 
uvu —1 uvu—1 
— —1 
XEXELG dcse-'y a ee Bae ae 
— te Vee =— csc!u+e. 
OO, ven? 6 ae M. —— 
OMY) > VE V2u— uv 
=vers !u +c 
= cos (1 —u). 
XXIV’. de = edu. N. fetdu =e+c. 
XXIV. da = a" log a du. N’. fa dita tae + ¢, 
log a 


The alternate value in M comes from the following con- 
sideration. Noting that 2uv—w=1—1+4 2u—w=1-—(1—u) 


f du =) du Ree d(1 — wu) 
V2u—-wv ¥ V1—(1—u)? Vv1i-(d — 1)? 
=cos1!(1—u)+.. 


That these two values of the integral are consistent follows from 
the definition of versy=1—cosy. For if we write y= 
vers! u, then u=versy=1—cosy. .. cosy=1l—wandy= 
cos! (1 — u)= vers" u. 


If in SS we put ss then dune and 
uve — t e 


du f+ a Seal 
=— = cos !¢+c¢c=cos!—+ ¢. 
la 7S u 


This additional value of the integral in L is worth empha- 
sizing. 

The following modifications of formulas J, K, L, M will be 
found worth while. 
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Noting that {= wa i t “=t. The in- 
Ve a, Cie a 


tegral reduces to 


t : : 
f d = gin! 4+ ¢ = sin “4 ¢ or — cost” +c. 
v1-# a 


Hence J may be replaced by the more general form 


du ell u 
fFa nant te or —cos!t—-+c. 
Va —v a a 


Noting that pe = | emt let “=+#. The inte- 
ow a a 


u\?’ 
‘ gral reduces to C y 


“foam *tantt-+o= stant +c or —*eott# fe. 


Hence K may be replaced by the more general form 


K’. f dit ar pant hg or ee aS 
@a+w a a a 


Noting that {—S- =—— fl aa 
uvw—at “Gime ya 


integral reduces to 


, let re ee 
a 


1 U 


1¢ ee ee gp ds Vest te. 
tVe—1 a a a a 


Hence L may be replaced by the more general form 


d u 
I Sf ue =! sect4# 4 ¢ or a degeitt tec 
uv uv—a? a a a a 
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Noting that {|= — let “=+t. The 
V2au—uv ns ey a 
integral reduces to 


Segre tos vere te or Seton hee 
Vt 


= cos! 


+c. 


a—uU 
Hence M may be replaced by the more general form 


" oat 
M’. fae ote" a 6 Oreos, ha ere 
V2 au — u2 a 


Remark. — At times, students find it confusing to remember when 


the extra factor 1 is to be used in these integrals and when it is to be 
a 


omitted. It is needless to emphasize that such confusion is highly un- 


desirable. It may be sufficient to bear in mind that the factor 1 does 
a 


not occur in the cases where the values of the integrals involve 


. u u 6 : 
sin-! Ls cos-1—, and vers-!—, and does occur with the functions 
a a a 


tan oe cot-1 ae sec-! and esc!“ 
a a a 

To those who prefer a more logical way of remembering the rule, the 

following is suggested by the transformation “—¢ in the deduction of 
a 
the formulas. Giving the weight 1 to u, du, and the square root of a 
quadratic function of u, and the weight 2 to a product of any two of 
these or to a quadratic function of u, the rule is that the factor 2 does 
a 

not appear when the numerator and denominator have the same weight, 


but it does appear when the weight of the denominator eaceeds that of the 
numerator by 1. 


The following exercises will illustrate the use of the formulas 
of this section, and also some of the more common devices 
usually employed in reducing the given integrals to known 
forms: 
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Ez.1. | xsina’dx. Since d(2)=2adz, put a? =u; then 
xdx =4du, and 
fesinetde = hfsin udu =— } 005 u-+¢=—} 008 a? + ¢, 


Ex. 2. J e**sec? ada. Since d tan # = sec? x dz, put 
tan «=u; then 
Je sec? ada = | e-du=e*+c= e+ ¢, 


dx ; 
ee ¢ ae 
2, l= Noting that 
we —2e4+4=02—2e4+143=(¢—1)? 4+(V3), 


da du , 
id —_—____ h = — 1. ' 
ie ae = YN wherew=x—1. Using K 


ib da re du = il peepee Fay 
ue —2e+4 w + (V3)? V3 V3 


af e—1 
= — tan! —+¢. 
V3 v 
Ex. 4. fae: Adding and subtracting 4 to the 
24a ae 


quadratic expression under the radical, it takes the form of 
the difference of two squares, thus 


2—42%—# =6—4—4a— a? =(V6)? —(4 + 2); 

and the integral takes the form 
f—_—.. where u = x + 2. 
V (V6)? — uw 


Using J’, we have 


cla f du cere 
pee = = sin-!}——_+¢ 
= V (V6)? — w V6 
eine 


+¢, 
6 
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Ew. 5. Sma” Since d(22°—2%+45)=(4e—2)de 


= 2(2 a — 1)da, if we write 2x —5 = 24 —1 — 4, our integral 
may be written as the algebraic sum! 


eS | ee 
20?—2a44+5 J 2a? —24+5 


To evaluate the first of these, let 2a7-2%+5-=u; then 
(2 4 —1)dx = 4.du, and 


2¢—1 1 (du oe 
Sate 5 — = blog utc = log Vu + o 


= log V2 —24+5+4+¢. 


To evaluate the second integral, reduce it to the form ap- 
pearing in K’; that is, write it 


—4f_@ = 2 fe 
2(a? — % + 3) w—e+i+% 


du 
= Nae caiman 2+@" 


where u=x2—4. Using K’, this has the value 


— 2. gtant 44 =~ tant 22a 5 oy Hence 
2%—1 557 20-1 
FR Sea Be Oe ee +c, 


where the single constant replaces the sum ¢; + c. 


1To write the integral as the sum 2(2@ __ 5 (ees 
277-2245 272?—224+5 


and proceed to evaluate each would lead to a distinct loss of time and 


effort, since the problem of evaluating 2 (5 a dx 


ra—as45 alone requires the 


22—1 +f 5 
—227+65 eo 


evaluation of f 
222 
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Ex. 6. Multiply numerator and denominator 


dx 
ee” 
by e%. Then, noting that de* = e*da, 


dx f eda 
Se ES = tan! e7 r 
ete 41 an? e? + ¢ 


Ex. 7. fs ei Multiplying numerator and denomi- 
ert 1 


nator by e*, we have 


eae Cia ee . Ss 2 
SF" AS RSH +e*)+e. 


Ex. 8. a Writing this in ute form Aloe ee 
Va — 2 x ae =e 


and noting that dx ropa the introduction of the new vari- 
able i a =u leads to " 

=~ -{—_.— a8 du 
Te Terk Vi-w 


=2sin1u+c 


= 2 sin Va + ¢. 
As an exercise, the student should evaluate this integral by 
the method of Ex. 4. Doing this, he will find 


ees Sgn (2%—1)+c. He should then show that the 
Va — 2 


two results are consistent. 


Ex. 9. f cos? ada. Noting that cos? = At os2e, we 
have Sos x dx =5 fa +5 feos Qade 4 Smee 4 C. 


Ex.10. | cos*xdx. Noting that cos?% = 1 — sin? 2, 


feos xde = | cos x(1 — sin? x) da = | cos xdw — sin? x cos ada 


=sinaw—tsinix+e. 
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Nore. — The devices used in the illustrative exercises to reduce given 
integrals to the forms in which they appear in the integration formulas 
are worth noting. In the main they consist in the following : 

(a) The introduction of a new variable, suggested by the form of the 


integrand. [In the integral ij Jf («)da, the function f(a) is known as the 
integrand. | 

(b) The breaking up of the integrand into a sum of terms, each of 
which comes under a known head (Exs. 5, 9, 10). 

(c) The addition and subtraction of a constant in a quadratic expres- 
sion in the variable, causing this expression to take the form of the sum 
or difference of two squares (Exs. 3, 4, 5). 

(da) The introduction of a common variable factor in numerator or 
denominator of the integrand so asto bring about a marked simplification 
(Exs. 6, 7). 

(€) Other possible simplifications through algebraic and trigonometric 
manipulations (Hxs. 8, 9, 10 and Exercise 10 below). 

It cannot be emphasized too much that definite acquaintance with all 
the important formulas of integration, so that there is no doubt in the 
student’s mind concerning them, is a prerequisite for any success in 
integration. 


EXERCISES 


Evaluate the following: 


; _fsin 2 ede. 8. f= 14. Saco 
Ve —] e+ 6a+13 


-: Se (eee 9. fiantedz, 15. (2222 


_ 


a Vx 
; ee 
S: Wire a 1) 10. fie da. 16. [> esc? a? da. 
x 
4, ri we" de. “6 Hons = Tn Balsa, _f sin’ « tan ed, 
ionalize the numerator. 
: = ; 

5. fosint x dla. i Si = = da. 18. fon x sect x dx. 
Peal (pene TS yy f[. 19. fee 

Vi+4a—@ aVa—1 ot a loay 


. 8 20 (eee. 
sin x . ——— + 
if fe cosadx. 18. f sin ax dan. </ghceaa 
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50. Other formulas of integration. The formulas given in 
the two previous sections were suggested by the corresponding 
formulas of differentiation. Some others, analogous to these, 
but not obtainable as they were, will be added here. 


Consider f Wee, Noting that 
a2 — y2 


ee! if a 1 
CHA Dae Bae a at)’ 
we can write 


diy» A dye, 1 
Cw  2Zas a4-u 2a) a—~u 


= 74108 —W +g toe (aw tomy log 24 


U 
2a pee : (1) 


Since the logarithm of a negative number is imaginary, it is 
desirable to find another form for this integral in case u > a. 
To do this note that, in an analogous manner, 


du iL du iL du at uU—a 
Sates ———s =— ] ; Be 
lee ZaJyJu—a 2ZatJuta eye! eg te ©) 
du il uU—a 1 uta 
B ol 1——_]o 3 
je 2a Sop ae, are 2a Sry ae a (3) 


Similarly, taking the negatives of both sides of (1), we have 
the companion formula 
du 1 
| 4 
Les ie ars mene (4) 
which gives a real form for the integral when u<a. We 
have thus arrived at the formulas 


du iL atu il uta 
O. Maes =o, ka ae or aMa- 


du 1 a—u 1 
f = — — 1 
ot lees pe sree a oe 2a °8 u+a 


1 There is no need of changing the sign of the constant of integration, 
since an arbitrary constant may be either positive or negative. 
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where the companion forms are given to be used when u <a 
and u >a, respectively. 

It will be noted that in both forms for 0 the sum appears in 
the numerator and the difference in the denominator; in the 
case of QO’ the difference appears in the numerator and the 
sum in the denominator. 


ue: , where k may be positive or negative. 


Ve+k 
A perfectly general method, which we shall consider later 
(§ 54), suggests the new variable ¢ defined by 


Consider 


Vuw+k=t—u. Squaring both sides, we have 
k=@—2tu. Differentiating 


0=2¢—wdt—2tdu. . du='—*at= vera. 


ze aay (a e pre 5 
aN array logt + c= log(w+Vu2+k)+c. 


We have thus the important formula 


P. fat tv Ee) +6, 
Vie + @ 


where we have replaced k by + a to emphasize that it isa 
positive or negative constant. 
The appearance of the multiplier 4 in 0 and O’ and its 
i 


absence in P are consistent with the rule given in the Remark, 


§ 49. 
In the second illustrative exercise of § 48 we proved 


Q. f tan udu =— log cos u + = log sec ut 
In an analogous manner the student should prove that 


R. fest udu = log sinu+c. 
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Consider now | secudu. Let secu=t, then 
LO eS 
tanu /2_] 


dt >=— 
see udu = { —S_ = log t+vVe@—1)+c¢ 
if Ve—1 
= log(sec u + tan u)+e. 
This formula should be added to our list. 


secutanudu=dt. .. secudu= 
using P, 


Hence, 


S. fee udu = log (sec u + tanu)+c. 


To evaluate sh escudu, we can let csew=t and proceed as 


a 
before, or we can write csc vu = sec oa “) let oa u=t, and 


use §. By either method we find 


Ue csc udu = — log (csc u + cot u) + c = log (csc u — cot u)+c. 


a 


The second form follows from the fact that 
1 


= _ = ese uw. — cot u. 
esc u + cot u 


LHP IE (ok eee dz. Noting that 
40?—4e—5 


4e0?—4a—5=42?—4e41-—-6=(2e—1)— 
let 2%—-l=u Then o= "4. dy = }du, 
and the integral takes the form! 


if 3U+T a, == udu tall du : 
4/7 we—6 ce 4/7 w2—6 


1The student should compare this method of expressing the given 
integral as the sum of two auxiliary integrals with that employed in 
Ex. 5, § 49. While not essentially different, it is somewhat less direct ; 
but it may be found simpler when fractional multiples of the auxiliary 
integrals are to be taken, as in this case, 
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Using B, (4 ear = 3 log (wv — 6)+ G 
= $ log (4a? —4a—5)+ &. 


: Of du u—v6 
U 0’, = 
gee bo ae 


8V6 Ie =ALVC 

du = 3 log (4a? — 4” —5) 
if lo el 6 
8/6 Tae ev G 


+ C2. 


32+ 2 
4u?—4a—5 


5 ada 


Ex. 2. J—=—"".. As before, noting that 
Von 12 e725 


20? — 124% +4 23 = 2(a — 3)? + 5, letx—3=u. 


The integral then takes the form 


du + 15 du =5f- udu +15) du : 
V2w+5 V2w+ 5 V2u+5 


Letting 2u2+5=t, and using A, 


bf 2S udu ‘dt =ivVit+q= §V2W+5+6. 
V2W+5 = vi 


For the second integral, we have, using P, 


du 15 du elo 
15 = log (u+-Vw+$) +c. 
Use: V27 Vur+s a a » 


; f 5 « dx 
WV 2 02 — 12 o 4+- 23 


=§Vie—e+ 23+ 


Spiele —3)4+-Ve—b a+ %] +o. 


§§ 50, 51] METHODS OF INTEGRATION 157 


Ex. 3. fet ONO ete aa he integral reduces 
3—4 sin? a 


du : 
to ~“4—- rt - Using 0, we have 


v3 
—+u = 
J a og ee log eee 
Doe NS NOD. V3 V3—2u 
2 
cosxdx 1 V3 +2 sin x 


eae ae re corms 
3—4 sin? a 4/3 V3 — 2 sin « 


EXERCISES 


Evaluate the following: 


if, ieee da. oh eee Re ie 
Vx? — 8x + 23 4o?—4a4+5 
dx 
a—1 8. LESS aes 
as Sie Ve 2e= 
9 sin v« da 
Se fect 2 see a de. : Boost e 
4 ode 10. ——_——— 
"J1—-2! V3 —2a— 2? 
es 11. fa = 
2 os x(a +1) 
pA va | 
. fe be ee 12 f cot # log sin x da. 


51. Standard forms. The formulas of integration deduced 
in the previous sections will be referred to as standard forms. 
It is very desirable that the student know them so as to be 
able to use them with accuraey and facility. To aid in this, 
they are given below, not in the order in which they were 
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deduced, but in a more systematic arrangement according to 
integrands. 


A. fe du = 


ymti 


+e m1. 


m+1 


B. fF=logute. 
U 


K’. 


O. 


O’. 


J’. 


Le 


N’. 


o 


du 1 U 
=-—tan!—+ 6. 
e+wia mas 
ce = 1 logt@ t% 4 ¢ or sea fay 
@—u? 2a a—u 2a u—a 
du 1,-.-a— il a 
==] ali 
w—ar 2a oa, eee oe °F maarrice 
f= simtt+e or — cos” 4 ¢, 
V/a? — y2 a a 
————- = log(u+- Vw + @? + ¢. 
jars ) 
a ot mgect ie or =csen! be 
ee eee ds ae 
— cos GO — Sm +c. 
a u 
fax vest hp c= cost tt 40, 
V2 au — wv a 


fe du=e+ec. 


vi 


av 
a“ du =——+ 6. 
og a 


(fsinudu=— eos u +e. 


feos udu=sinu+c. 


_f tanwdu = — log cos u +0 = log seow + ¢. 
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R. fect udu = log sinu +e. 
Ss. Sf see udu = log (seou + tan u) +c 
= log tan cc A A +e. [See Ex. 1, § 57.] 
T. _fese udu = — log (ese w — cot uw) + ¢ 


= log (esc u — cot u) + ¢ = log tan5 + C. 


[See Ex. 1, § 57.] 


iu 


sect udu = tan u +e. 


ae 


fiesctudu =—cotu +e. 
G. [frsecu tan udu = secu+e. 


H. f ese u cotudu=—cscut+e. 


All the remaining methods of integration consist in so 
manipulating the integrand as to bring it under one or another 
of the standard forms. In the succeeding sections of this 
chapter some of the more important of these methods will be 
developed. 


52. Integration by parts. Corresponding to the formula for 
differentiation of a product 


VIII. d(uv)= vdu + udv, 
we have, upon integrating both members of the equation, 


uv = Fvdut+ | ud, 


or 


U. Jf udv=w — fodu | 
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This most useful formula, usually referred to as that of in- 
tegration by parts, enables one to replace the problem of evalu- 


ating an integral of the form | wdv by that of evaluating one 


of the form f vdu, which may be much more manageable. 


We shall have frequent occasion to use it. The following ex- 
ercises will illustrate. 

Ez. 1. J toe ade. Letw=logx and dv=dz. 
Then du= oy Was a. 


x 
Whence, using U, 


flog ede =aloge— fe =wloge—ate. 
x 


Because of possible error, especially while acquiring skill in using this 
method, the student is advised to differentiate the result obtained and 
thus verify its accuracy. 


Ex. 2. sec?’wda. Writing this as feec x sec? x da, 


let u=seca and dv = sec? ada. 
Then du = sec x tanxdx, v= tana. 
2 Sse? adx = secx tana — | seca tan? ada. 
Since tan? x = sec? — 1, we may write 
feee adx= seca tana — | sec’ada+ | secardz. 


+, 2) secivda = seca tana+ | secxda 
= seca tan x + log (seca + tan 2). 


“ foee xdx = }secx tan # + }log(seca + tanx)+c, 


§ 52] METHODS OF INTEGRATION ‘161 


Ex. 3. e** cos badax. Letu=e* and dv=cosbaedz. 
Then du = ae dx, v= wae, 


' az aot! az a} a ax . 
fale Gos bide = 2 sin ba —$ fe sin bada. (1) 


We have thus reduced the problem of evaluating | e*7 cos ba dx 


to that of evaluating 4 e** sin bed, which, for the moment, 


seems no more promising. But treating the latter in a similar 
way, letw=e* and dv=sin bedz. 


4 


Then du = ae’, v= — 


a gfe: sin ba da = — ; e°? cos bax +5 e*? cos ba da. 
Using this value in (1), 
fe cos bada = 1 poz sin ba nes e"* cos ba — o fe cos bx da. 
b b2 b2 


2 2. az 
4 oes *2 G08 br = ra sin ba + a cos bx). 


ax — ce 1 . 
Sd i Cel a ee a cos ba) + ¢. 


Other forms of the value of the integral, involving the con- 
stant of integration differently, may be obtained as follows: 


2 2 
Since aaa ee = 1, an arc @ exists such 
a* + ar + 
that ae = sine and Tae = cosa. Hence, noting that 
a + ar + 


sin w sin ba + cos a cos ba = cos (ba — «), we have also 


e* cos bada = —°-—— cos (bu — a) + ¢, 
if Var + b? 
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Oe cos w and ——“__ = sin a, another pos- 
Vai + & Va? + BP 
sible form is 


e°? cos buda = ie sin(bw + «). 
jf Vae + 0? ( ) 


Or writing 


It is suggested as an exercise that the student evaluate this integral 
by letting w= cosbe and dv = edz. 


Ex. 4. fz snavds. Letu=a2 and dv=sinazdz. 


Then du=8erda, dv=— 1 008 am. 
a 
: ae 3 
Bey _fsin ax dx =—* cos ax += (2? cos am den (2) 
a a 
Now let u=a2 and dv=cosaxrdy. 
Then du = 2a dm, v= 2 sin aa. 
a 
x 2 ; 
= fe cos ax dw = — sin ax — = fe sin aa dz. (3) 
a a 
Finally let u=x and dv=sinaxdz. 
Then du = da, v=— 1 COS aa. 
a 


: x il 
., J xsinax dx =— cos av += {eos ax de 
a a 


= 4008 ac + ee 
a a 
Putting this in (3), we have 
yO Gy 
fz Conia dee an ae + 2x COs an. 
ai a? 
Using this in (2), we have finally 
: yas 2? Be 
(fe sinae de =S2 =F 095 ag poor ax +c. 
a3 as 

If, instead of the above substitutions for u and dv, we had let u = sinax 


and dv = «3 dz, the resulting integrand would have involved «4 cos ax, which 
is obviously not a simplification of the integrand we started with. 
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Jie. Bs [Ver ean. Letwu=V22+a? and dv=da. 


Then du = 20s ; v= %. 
V2 + a? 
o {VEE Gs ave re fee. (4) 
Vx? + a? 
Using the serviceable device of writing 
2 =e + aa — a2 oe A age ae ee a2 ; 
RR V2? + a2 Va? + a? 


(4) takes the form 
[ Vix Bde = aE FE — {VP x ade +0 f 2 


Va? + a2" 
o8 Sf V8¥ bac = paver a +S fe 
Y; Var + a 
=lavVar+ @ + © log(e +Vi + a)+ ¢. 


Ex. 6. seven adn. Let u=22 and dv=2Va?— 2 dz. 
Then du=22xdzx, v= —1(a—2)}. 
. fevaaade=— Ze — a +? Fe 2) nae 

=— Fe — a9 — a (ee — a! +o. 


Remark. — While no general rule can be formulated as to the choice 
of u and dv, the fact that the application of formula U requires the evalu- 


ation of the integrals f dv and fe du suggests first, that du be so selected 
that fae be one of the standard forms or reducible to one by an obvious 


transformation ; and second, that fe au must either be one of the stand- 


ard forms or, atleast, a step towards one. The illustrative exercises 
given above and a little practice will enable the student to use formula 
U effectively. 
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EXERCISES 
Evaluate the following : 
2 
1: fsioa x de. ie fee da. 13. Bee 
Vat — o 
2. f tan“! & dx. 8. | wer da. 14. ede | 


; 1 a da. 9. | a tan! «da. 
3 J sec a da f 1b. _f 2 log? waa. 
4. fe logadx. 10. {2 cos xdz. 16. Ve sin ba da. 


fF sintgedax 11. Se sin-awdx. 47. scot nde. 


Se e% da. 12. frye —oevdx. 18. frtant x sec eda. 


Me 


= 


53. Rational fractions. A rational fraction is the quotient 
age” + yar t+.- +4, 
bya" + ort +O 
of a rational fraction is frequently effected by decomposing it 


The integration 


of two polynomials 


into a sum of simpler partial fractions, whose denominators 
are factors of the denominators of the original fraction. The 
subject of decomposition of rational fractions is discussed 
fully in Algebra and will not be taken up in detail here. But 
the essential facts with which we shall be concerned will be 
enumerated and their applications given. 

If the degree of the numerator is equal to or greater than 
that of the denominator, the fraction can be reduced to the 
sum of a polynomial and a fraction, by actual division, or 
otherwise. Thus 


e8—6e+11 e+5 

SS SY de 

e+ 2e—3 4 ar oe 
Fee a+ B+ 2e+0_ 4 1) 


oad” he eae 
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Since the integral of the polynomial part is known, it still 
remains to consider the integration of the fractional part, 
which from now on will be assumed to have its numerator of 
lower degree than its denominator. Let it be F(a) ae 

a 

Four cases are to be distinguished depending upon the 
nature of the roots of ¢(w)=0. They are: 

1. The roots are all real and distinct. 

2. The roots are all real but some are repeated. 

3. Some of the roots are imaginary, but none of these is 
repeated. 

4. Some of the imaginary roots are repeated. 

Each of these cases will be considered in turn. 

Case 1. The roots of ¢(x)= 0 are real and distinct. 


If the roots are 7, 72, ---, 7,, the denominator may be written 
bo(x — 7;)(@ — 12) ++» (w@—7,) and the fraction thus takes the 


form F(x) = RESTA i - mera where f(a) is surely 


not of higher degree than n — 1. 

The principle of decomposition of a rational fraction into a 
sum of partial fractions consists, in this case, in the fact that 
F(x) can be replaced by the sum of simpler fractions 

L 
A a B Seracterts ; (1) 


L—T L—N L— Ty 


The coefficients A, B,---, Z can be obtained by clearing of 
fractions and equating coefficients in the resulting identity, or 
by an obvious modification of this. 

Integrating both members of (1), we have 


F(x) dx 
= Alog (x —7,)+ Blog (a —1)+ +++ + Llog (#— 7,)+ ¢. 


The following exercises will illustrate. 
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dx 
iM fe 
oa —@ = 2 


Since 32?-— a —2 =(a#—1)(38 «+ 2), let 


il = A su Be 5 
Sepa pl ai SE, 


Clearing of fractions, 
1=(8A+ B)x4+2A-—B. 


Equating coefficients of like powers of x of both sides, 
3A+B=0, 2A—B=1. 
fi a B=— 


at dx 
woo = Pees is : a 
=tlog(wa—1)— tlog(8%+2)+c 


= lo sf — 1 
So ON Gao 


+c. 


2%—6e2+11 


Ex. 2. tae a 
e+ 22—3 


dx. 


Since the numerator is of higher degree than the denominator, 
we have, on dividing, 


6a 411 +5 
I hp Sy J ae 
gv+t+2e—3 a aes 
Noting that #? + 24 —3=(#+ 1)(# — 3), let 
Ce | 4 B 


a4+2e—-38 241° 2-3 
Clearing of fractions, 
x+5=(A+ B)a—3A+B. 
Equating coefficients, 
A+B=1, —-3A+B=5. «..A=—1, B=2, 
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28 —6e+ 11 da dx 
cap ae eae . 2 fae ae p25 


2 
=" — 2H — log (w + 1)+2 log (w@— 3) +e 
ae (« — 3)? 
Sees 
9 x + log rT +c 


Ex. 3. fu 
e— x 


Since 2#—x#= x(# —1)(%+ 1), let 
a 
202-1 A, B a C 


e—e «+ «#2—1 Pat 


Clearing of fractions, 
2e0—1=(A+B+ C)e’?+(B-—O)r— A 
Equating coefficients, 
A+B+C=2, B—C=0, A=+1. 
SI EDU ese 
“3 xv? — 15 pH fet 1( dx 


ee e+1 


= logx+ i log (4 —1)+ 4 log(a+1)+e 
= log aVa? —1+.c. 


Nore 1.— While the general method works nicely here, there is a 


possible short cut in this case that is worth mentioning. Noting that 
oe = 

Be may be written ge cles ML +2, the value of the integral 

we— 2 x(a? — 1) eee 


follows at once. 


Nors 2. — A second practical suggestion may be made, this time con- 
cerning the determination of the undetermined constants A, B, C. 

If on clearing of fractions we indicate the multiplication on the right- 
hand side, we have 


ee oa ees Be eG 1) 
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Assigning to # the values 0, 1, — 1 in turn, we have 
2=07 —t=— ASS A= 


a=1: =2B. .. B=}. 
t=—1: 1=2¢: C=}. 
This method of determining the constants will frequently be found 
simpler than the other. 
202—a—1 
Ex. 4. jas dx. 
20° —2 0% —o& 
Since the roots of 2a? —2a—1 are St > 
iyo v3 
203 —2 22? —w=2a x —=— —— 
Car re | 


In order to avoid numerical fractions, multiply numerator 
and denominator of the integrand by 2. Then 


49? —24—2 = Ae? — 2) Bi, 
48—40—2% o(22—1—V3)(2@—1+4-V3) 
A B C 


2 29212 ve eet ee 
Clearing of fractions, 

4a?9—2a—2 

=(444+2B+20)2—[4A+(1—V3)B+(1 Ge Tee 2A. 
Equating coefficients, 

4A4+2B420=4, 4A+(1—V3)B+(14+V3)C=2, 


DAs 2: 
Aoi: pose 0 eee 
V3 V3 
Le —a—1h va f Ft dx 
apr 22—1—Vv3 
fii dat 
NOY 22 toe 
= log a+ 1 jog See MS 


2V3 22-148 
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The actual work involved can be simplified by noting that 
20% —x—-1=22?—2%—1+42; whence the integral can be 


replaced by ip ° + Sf ipo To evaluate the second 


‘integral, write it 


sf dx a sf dx ; 
2) e@—a—¥ 2D @— HPF 


As an exercise the student should evaluate this. 


EXERCISES 
Evaluate the following: 
1. da. 5. w—Te+ 1, 
x— 2 e+t+2e—3 
%—5 aps 
2. ——_— da. : EE A tare 
= cf v—2e2-—2 
2 —2 o—ae—1 
————— da. 
e+e —a if Wiese ot — o 
“oA — a? — 102?49044 {2335 —Av+7 
4. | ———_—__"_—“* dz. 8. 
J +a —6 2 (a — (2 — a) 


Case 2. All roots are real and some are repeated. <A root 
r of an equation ¢(x)=0 is said to be a k-fold root of it if, 
when ¢(x) is expressed as a product of factors, the factor 
(a —r) appears to the kth power. Thus in the case of 


(x) = vt — 3 —3e?+5u—2=(4 —1)3(4 — 2), 
1 is a triple root, while 2 is said to be a simple root; and for 
Se 16a¢4-— 8% +1=(2e%—1)(2x+ 1)?, 
4 and — are double roots. Moreover, in the case of 
p(x) = 0 + w — 5 at+ 323 = a8(@ — 1)?(x + 3), 


0 is a triple root, 1 is a double root, and — 3 is a simple root. 
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The decomposition, in case repeated real roots appear, is 
effected as before, except that, corresponding to a k-fold root 
r, the sum of & partial fractions 

A B Pee 
Par Gare * @—9 


must be used. 
The following exercise will illustrate. 
3a0—8a"—1 
@ — De +2) 


oy —So—1 A B i C ie US 
(e—1)%(2#+2) «e«-1 (@—1) (@—1)% #42 


Clearing of fractions, 


322 802—1=(A+ D)°+(B—3D)x 
+(—3:44. BHC L3 Dict 2K 2 ha Om. 


Equating coefficients, 
A+D=0, B—3D=3, —3A4+B4+C0+3D=-—8, 
2A—2B4+2C0—D=-1. 
wAel B=), C=—2, De—ioand 


Ex. 


3a? —8a—1 = da 25 dx da 
(a — 1)*(@ + 2) ae — 1 (a — 1)8 = 2 
il 
— iI 1 
= log” 
28 Gir Gea 


Nors. — The alternative method of determining the constants A, B, C, 
D mentioned in Note 2 of Case 1 may also be applied here, with a slight 
modification. 
Clearing of fractions : 
3a2—82%—1=(¢+2)[(@—1)2?A+(@—-1) B+ C]+(@—1)9D. 
Borge — —6=3 0. a —— oe 
e£=—2: 27=—21 DD. se DS—h 
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These are the first values of x to select because of the obvious reduction 
on the right-hand side. Selecting any other two convenient values of 2, 
(preferably such that will cause the coefficients in the right-hand member 
to take small values), the two resulting equations enable one to determine 
Aand B. Thus: 


For 7=0: —1=2(4—B+0)-D, or A—B=1. 
C= 2): —5=4(44+8B+0)4+D, or A+B=1. 
kl, Jey, 
EXERCISES 


Evaluate the following: 


Oe a Peo 
(« —1)3 e—dor+4ez 

f dx ; 5 1622— 802 4 48 x 
w—4e?4+4 ‘ x3 (a —1)?(« +3) ‘ 
ee oe "8 a8 +40? — 26243 

; ——— a7; 6. dau. 

esata) a i6a—8e41 °” 


Case 3. Some of the roots are imaginary, but none of these is 
repeated. If the coefficients of an equation are real, it can be 
proved that the imaginary roots can be grouped in pairs of 
conjugates ; that is, if «+78 is a root, then a—7@ is also a 
root, where i=V—1. Use is made of this fact to avoid the 
employment of imaginary expressions in the partial fractions 
into which the integrand is decomposed. Thus, instead of con- 
sidering each of the corresponding factors of the denominator 
(w— «a—if) and («e—a-+ if) separately, we shall consider 
their product 

(7—a—iB)(e—a+i~)=(4—«a)?+ fh? or 2+bxr+¢, 
which is real. The decomposition is effected in this case as 
before, except that corresponding to such a quadratic factor of 
the denominator we consider the partial fraction 

Ax + B Meet Am ae Bx, 
(a — a)? + B? w+ be+e 
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The following exercise will illustrate. 


1 fi-=F SS Tour d 
x 
vt— 2a3+ 5a? 


Since it is desirable not to break up a? —2a”+45 into its 
linear factors, let 


Hi ay ee! 
x 


bee eee ye Pl nel A. 
—2e +522 — 


eee of fractions : 
5—Twx=(A+ C)e4+(—-2A4+ B+ D)?4+(5A—2 B)e+5B. 
Equating coefficients and solving : 
Ae—1, B=1, C=1, D=—s. 


On wine dx da Lo} 
sittagt= SE S24 Saat 
et — 223 + 522 - eae oe x2 — Dae +5 4 


3)dx (a — 1)da da 
t ee = 7 
Writing —2x“+5 ar say ai re Ot 


we have, on integrating, 


f (5 — 7 a) dx 


ot —2e8+ 5a? 


= — loga —+4 4 log (a? — 2a-+5)+ tan 
a 


12 be 


Vert —2a+5 —*+ tant 2@—* of 
x 


= log +6. 


Norr. —In this discussion use is made of the fact that a polynomial 
with real coefficients can be represented as a product of real linear and 
quadratic factors arising when there are imaginary roots of the corre- 
sponding equation, obtained by equating the polynomial to zero. Simi- 
larly a polynomial with rational coefficients can often be expressed as the 
product of rational factors. Some of these factors will be of higher 
degree than the first when the roots of the corresponding equation are 
not all rational. This is of special interest to us here when none of the 
rational factors is of higher degree than the second, Thus consider the 
following exercise. 
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Ex. 2. jist Ss - Even if the roots of #2—4a”+42 
= 0 are real, since they are irrational, let 
wee hcl ee Peet C. 
B—d4or+2e e—4ar42 
“2%—1=(A+4 CO)? +(B-—40)2+2C. 
Equating coefficients and solving : 
A=3, B=0, C=}. 
(2% —1)dz =5{ x ae _1 (de 
—A4e+2a 2) w—4a4+2 2 
eSBs _(@— 2)da_ 2)da da _1 (dx 
cee Bae oe (@—2)?—-2 2 
=tlog (a? —4a%+4 2) + log 22 — Hoga 


While in this case the irrational number ~2 necessarily 
comes into evidence, it makes its appearance at the end only, 


and notearly. Toappreciate the point made here, the student 
should use the method of Case 1 in this exercise. 


EXERCISES 
Evaluate the following: 


Wigs te ap IL Ba—1)dx 
(w?41)(2 x41) (x? + 1)(@ — oy 
(« — 4) da (2 — 2 a?) dx 
: hee 2) (a — 1) 


(1 + 22)(1 + 2a — 2%) 


(2 x? — 7) da 
= Jeers 3a+1) 
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Case 4. Some of the imaginary roots are repeated. If the 
coefficients in an equation are real, it can be proved that if 
the root a +78 is a k-fold root of it, « —i® also is a k-fold 
root. The quadratic factor! 


(e—«)?+ Pf? or 2+bae+c 


thus enters raised to the kth power. Corresponding to this 
factor, the decomposition requires the use of the sum of terms 


Ax + B (Offy BID) e Ke+ DL é 
@— a+ Rh [@—a+ ep" "[@—a)+ ey 


This case introduces a new type of integral that does not 


come directly under any of our standard forms, viz. 


dz 
ee WHCLO His 
Iie + B)*’ 


To evaluate this, consider Sass and integrate by 


Cea 
parts, letting vu = Ce and dv =dz. Then 
du = _Aln = Dade: = 2, and 
(2 + BY)" ; 
2 dz 
Utacea + B?)"? ~ (2+ B24 ae Se ey cere 2 + Br 
Writing Zz Pai od Sie 1 p? 
ie Cte! CFP Cleo amas 
dz z dz 
Ake aL /otal war (2 + Bat (n Wie be + eae 


— 2(n — 1)8? e+ ere 


1 As in the previous case, this method applies whenever it is unde- 
sirable to decompose the quadratic factor into its linear factors because 
these are irrational, whether real or imaginary. 
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Solving for the desired integral, we have the important 
formula! 


a il z 
C+ By Wn De et BA 
Bic Di a BS 


2(n — rl e+ B m1 
Thus consider ( ) 
i 4+ 182? — 28e 

(a + 2)(a? — 2a +44)? 


Let 
a4 18 a? — 28a A Ba+O Di+ H 


(@+2)(a®—2a4+42 242 #—Qa+4 (Qa 44)? 
Clearing of fractions, 
at + 18 a — 28a =(A + B)at+(C — 4 A) ae + (12 A + D)2? 
+(8B+4+2D+4 E—16A)x+164+8C0+42E. 
Equating coefficients and solving 


Me ieb ea Ota? Da brn of 


aA + 18 2? — 28a iis da +4 dx 
(@ + 2) (a? —2a+4)? ve +2 z= 29 1 4 
e—4)da _ 
iL 
ye SN eecerrs 2044)? (@) 


Because of the form of the reduction formula «, we shall 
first evaluate 


of (w — 4)da (x — 1)dx 18 f° dx . (2) 
(e?—2a+ 42 (w—2 a+ 42 (2? — 2444) 
Letting # —2¢%+4=u, 2(@ —1)dx = du, and 
of LenS a @) 
(a?—2a”-+ 4)? we uw Te yoy Se Al 


1A formula of this sort is known as a reduction formula. By means 
of it the problem of evaluating an integral involving the nth power of a 
function is replaced by one of evaluating an integral involving the func- 
tion to a lower power, 
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Letting « —1=2 and noting that #—2%+44=(¢—1)?+3, 


ere 20+ 4) = aes +3)? 
Applying the formula « to this, noting that n =2 and B?=3, 


Zz 1 dz 
The a3 6 243 


xv 330 da 
es = —3f-S _. 4 
13 | ee a w—2e+4 w—2e+4 (4) 


Noting that 


Sees 8 @ +), 


rere = te 
e—2e+4 (e—-1)/?+3 V3 /3 
we have finally, using (2), (3), (4), (5), in % 


aw +18 2? — 28a #—1 


dx = log (# + 2)-+ — tan 


(@ + 2)(a? —2a” +44)? ee V3 
32 
 @ —2a+4 a 5 
EXERCISES 
Evaluate the following : 
aa 3. 28 $3 — ber? 7 
@ +4 (@ — 28 
2aedax r 4 x? dx ; 
(% + 1)(x? + 1)? ; (a? + 1)8 


54. Functions containing radicals; algebraic transformation. 
In the previous section we showed how the integration of any 
rational function of a variable can be reduced to the integra- 
tion of simpler functions which come under one or another of 
the standard forms, Most of the remaining methods of in- 
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tegration consist in the introduction of a new variable which 
transforms the integrand either into a. rational function of the 
new variable or into a known form. 

Several important and frequently occurring cases will be 
mentioned here. 


A. The function contains fractional powers of a + bx (where a 
may be zero) and no other radicals. 

If the least common denominator of the exponents of a + ba 
is k, the transformation 


a+ ba= u', 
carrying with it dx = au will lead to a rational function 
of u. Thus consider 
Ex. 1. fe, eae . Let2+a=u3, Then dr=3vr' du. 
Q+aé 
23 fae 3f (uw 2)du = 3u4—6u+e 


=i(2+4+2)?-6(2+2)' +0. 
Ex. 2. ie 
3 yt 


as de * ep [fA a6 (Ea Et a 
3 leat ee wt u—1 
=6f(etut1t 5) 

u—1 


=2u3+3uv2+6u+6log(u—1)+c 
= 2a% +303 + 648 + log (x —1)*+e. 
B. The function contains the single radical Vax? + bx +c. 
(a) If a is positive let V ax + be +o=u—2va. ; 
Then ast + ba+c= u2 —2uava t+ aa 
__v-¢ bead de = 20a + bu +cva) ae 
b+2uva (b+ 2uva) 


Letx=u®. Then dx=6u'du. 
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The transformed integrand is thus rational and real. 
This method was used in obtaining the formula P. 


(b) If a is negative and ¢ is positive, let 


Vax + ba +e=ux—ve. 


Then ant + ba +¢= wae — 2uave+e. 
c= bite 2uve and ds«&=— 2(u? Ve + bu + ave) du. 
w—a (u? — a?)? 


The transformed integrand is thus rational and real. 
Noting that, in this case, the roots of az’ + be +c=0 are 


real, say @ and B, we may write 


Vas? + bx +e=V—avV(e— «)(B — 2). 


This suggests an alternative transformation \ %—_—y, Then 


B-—« 
ee ae do BO a 
w+. (a? ov Lye 
3 Sey sai = _ V—au(B—a) 
Vaa +ba +¢=V—au(B—a) = a 


The transformed integrand is thus rational and real. 


(c) If both a and ¢ are negative and the roots « and B are 
real, the second transformation in (0) is still available. But if 
a and 8 are imaginary, there is no transformation that will 
lead to a rational integrand that is real. 


Remark. — The transformation i u, leads to the following simpli- 
fications : - 


i\ dx =-f du 
: eVaxe+ ba+e Va+ bu+ cur 


f{—*{__ -- (—__*" _. 
x?V aa + be +c Va + bu + cu 


It was this reciprocal substitution that suggested the first transforma- 
tion in (b), when the transformation in (a) leads to imaginary coefficients, 
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Ex. 3. f dae =-{—_% _ 
eV8e2+6a4+1 V8+6u+ wv 


=—log(u+3+Vw+6%+4+8)+¢ 

il _U+38—-Vwv+6x+48 
u+384V0C+6¢748 u+38—Vv+624+8 
u+38—VwW+62+8 


= log 


= log 5 +¢ 
2 lop et Se Oe 1 
x 
Ex. 4. f—4—-- oo Ea where Ups 
e/a? + 4 V1+40 x 
F dt 
Letting 14+4wW=t, UT 
sp et! dt__vt, ats Wie 
ara? 4+ 4 8 v/i 4 4 
=-Yet* be 
x 


C. fara + ba")? dx, where m,n, p are rational numbers. If 


m and n are not integers, let k be their least common de- 
nominator. Then, by A, the transformation «= wu* leads to 


ky um (axe + bu™)?du, where mk +k—1 and nk are in- 


tegers. So the only further case to be considered is where m 
and n are integers and p is a fraction. The integral to be 
evaluated then is 


r 
fora + baxr)*du, where m, n, 7, s are integers. 
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1 


Let a ob ba? = us. Then (a att ba")? =u’, x =(" = aie 


1 


sus (us — a\* 
dx = 
nb b 
m+1 a5 


e 5 GN 
ace it ba) d =- rts-1/% — % du. 
f= (a + ba") dax a U ( 5 ) 


We have thus shown that 


-1 


(a) If eee is an integer or zero, the transformation 
n 
a+ ba" =u! rationalizes the resulting integrand. 


A a a 
Now let a+ ba" =a, Then x=a"(u'— db) ", (a+ bar)® 
1 


a ff. 


n lan 
= atu'(ut _ b) os and dz«=— Soe urt(us as b) n aan 
n 


m+l or 


r Nakane le _mt or) 
AD fara + ba * da ee wily? ee b) n 8 du. 
n 


We have now 


(6) If matty? is an integer or zero, the transformation 


a + bx” = wu' rationalizes the resulting integrand. 


2 
Ex. 5. {i (+ #)s dx. Here 
x 


m=—1, n=3, r=2, s=3. 
Hence we have case (a). Let1+a3=w3, Then 


(1 + o)F = uw, e=w—1. .. 2dxa=u2du and dar _ vee c 
x UW — 
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a fit ee = f 2M = fuans foe se 


aU ated Sl 1 u-1 


w—1 38u—1 38v+u41 
Sine i ele 
ou — 1 a 8a ae 2u+ut 1 
2 
of EEEN an = ¥ + flog (uw — 1)— 4 log (ut + u +1) 
Sh ee Oe 


+ — tan! ——+6¢ 
V3 
; (L+a8)F (1+ o8)F 41 


reent6he a 
+ — tan -L +c. 
V5) V3 


da 


Ex. 6. cee eee 
x3(1 + xt)? 


Here 


iL 
m=— 3, n=4, at ite 
Hence we have case (b). Let 1+a*= au? Then 


at =(u2 1), e=(u2—1)#, de =—Lu(w—1)#du, 
1+ ot = wu? —1)7, 


» f{—#_=-5 { w=-F+ pee ee 


EXERCISES 
Evaluate the following: 
i oe ae 3. f—“— ms 
+ @+synt (1 —2)Va 


poe 4, J“ 
aVa+1 as + 3 aF 
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5 jt 4 dz é 11 fi dx : 

eV ar? —2a+3 av9 — 24a — 52? 
1 

6. = ae 1 aw, 12. falat ay tae. 
(w+ 2)§ +1 

7. fo" 2 dx : 13. f see Sp 
ei ae (10 a+ 1)V2? +x 

dx 

V2"%+3 14. 4) . 

8. Ppes dw. eV/27 e+ 6a2—1 

9 af dx ‘ 15. f= 
eV 25 a2 —1 a(1 + x°)4 
V4 — 2? 16. iOS 

10. fF w. (1 — as 


55. Trigonometric transformation. 

A. If integral powers of Va? — 2? are the only radicals ap- 
pearing in the integrand, the transformation x=asin@ or 
2 =acos 6 will cause the resulting integrand to be rational. 

B. If integral powers of Vz? — a? are the only radicals ap- 
pearing, the transformation «= asec 6 or x =a csc@ is to be 
made. 

C. If integral powers of V2? + a? are the only radicals ap- 
pearing, the transformation =a tan 6 or =a cot 6 is to be made. 


Ez. 1. i Let x =asin@; thendx=a cosédé, 
and Va? — a = acos 6. 
o (PEF tana (OPO og (tae dé 
x sin 6 sin 6 
=  { (ese 6 — sin 6)dé 
=a log(cse 6 — cot )+ acosd+c 
= alog(2@= V2 =2) 4 var — x +¢, 
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Ex. 2. (ee dx. Let «=asecé; then 
da = asec 6 tan 6d6, and (a? — a?)3 = a3 tan’ 6. 
je dx =a? | tan‘ ddd = a* | tan? 6 (sec? @ — 1)d@ 
= a3 | (tan? 6 sec? 6 — fan? 0)dé 


= a5 | (tan? 0 sec? 6 — sec? 6 + 1)d6 


__ a’ tan’ 6 


3 —atandtaéd+ec 


= 1V/ (a? — a?)3 — a? V2? — a? + a3 seot +¢ 
oe —— a 
= 1V (2? — a)? — a V2? — a? + a8 cost +e. 
Cae 


Ex. 3. feve +adx. Letx=atan 6; then dx = asec’ dé, 
and V22 + a=a sec. 


sf ove + ada =a*{ tan? 6 sec? 6 dé 
=a’ | (sec? 6 — 1)sec? 6 sec 6 tan 6 dé 


= & O oe a s 


2 
=iV@+e—ZVETeO +e. 


Ex. 4. fv ax —ax’da. Since 
2ax — 2 =a? — a+ 2ax—2? = a —(x— a)’, 


let s—a=asin6; then da=acos 6d6, V2ax — # =a cos 6. 
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-. f VFae = adn = ot f cos?9 de = f (1 + cos 26) db 


26. a@sin26 
=o) eagoee ie 


HP gin t— a, @—a)V2an— a, 
2 a 2 


since a? sin26=2 a? sin 6 cos 0 = 2(a — a) V2 ax — x 


Remarx 1.—The methods of this section can be extended to cases 
where the only irrationalities are integral powers of 


\ B® y 28 1 2.2 
at*— ox, at+o', vt— a’, 
\ E u | u u \ : u 

as— fs, as+ xs, ws—a’, 


s being an integer. In such cases, the respective transformations are 
© = asins 6, x= atan: 0, © = asec? 6, 
w=asins0, «e=a tan, x2 = asec? 6. 


Ex. 5. i aNat — at de. Let «=asin?@; then 
dx=3asin?@cos6d@ and Vat — 28 = a? cos 6. 
36 feNai = atax =3 al { sin’ 6 cos? 6 dé 
=3 al f sint 6 cos? 6 sin 6 dé. 
Noting that sin‘ 9 =(sin’ 6)?=(1 — cos? 6)? 
= 1 —2 cos? 6 + cos*6, 
and that d cos 6 = — sin 6 dé, 
ip Nat — at de =3 at { (cos? 6 — 2 cos 6 + cos® 6) sin 6 dé 
=—a¥ cos? § + § a cos® 6 — 8 ak cos’ 6 +¢ 


= at (ai aS af)? + $ ak(as = a)3 = s(aé —= ast +c, 
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Ex. 6. a Vat +atde. Letx =a tan 6; then 
dx = 6atan®@sec?6d@ and Vat te gt = aé sec 6. 
A: J Nat + at da =6aé { tan® 6 sec? 6d6 
= 6a ( tan‘ sec? 6 sec 6 tan 6 dé. 
Noting that tan‘ 6 sec? 6 =(sec? 6 — 1)? sec? 6 
= sec’ é — 2 sect 6+sec? 0, 

and dsec 6 = sec 6 tan 6 dé, 
SNe + adx = 6a { (sec’ 6 — 2 sec! 6 + sec? 6) dsec 6 


ve 7 ee 
= fa®sec’ § — 12 at sec’ 6 + 2a®sec?d +¢ 

1 re 1 1 2 LD, 2 1 1,3 
=$ (a? + #3)? — 12 a3 (at + w)§ + 2as(as 4 #8)? +6. 


Remark 2.— Frequently it is possible to rationalize two distinct radi- 
cals by means of a single trigonometric transformation. Thus consider 


L—¢ 
Vz=Vasind, and Va—x2=Vacosé. 


of FeEate = 2a fsintode = af (1 —cos20)a0 = a0 —Fsind0 + ¢ 
Va—% 2 


Ex. 7. afi va dx. Let «x =asin?@; then de = 2asin 0 cos4 dé, 


= asin-ly/” — Vac — a? + ¢, 

since sin 26 = 2sin 0 cos @ = 242 4/4—* =? Vara. 
a a a 

Ex. 8. Va = V4 gy 


Vata 
da =2atan6sec?6dé, Vx=Vatand and Vx +a=Vasecd. 


Let x = atan?6; then 


Vt—V4 4,94 tan @— 1455 @ sect 6 dé 
Ve-a sec 0 


=2a 4 tan?6 sec9d0—2af tand sec 6 dé. 


fia 6 sec 60 = f seo? 6dé — {see 6 dé. 
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In § 52 Ex. 2 we found 
fosee? 6d6 = 4 sec 6 tan 6 + 4 log (sec 6 + tan 6). 


vf tan? Osec 0 0 = 4 sec 6 tan 6 — 4 log (sec 6 + tan 6). 

Vi a 

Veta 
= asec 6 tan 6 — a log (sec 6 + tan @)— 2a sec6+¢ 


dx 


= VEE ae — alog PLEA? View Ee +c 


a 
= V2? + ax —alog (Vx +a+ Va)—2Vax+a2+e', 
where c’ = alog Va+e. 
Remark 3.—JIn case the integrand is a rational function involving 
a? — 7, a? + 22, or x? — a, the transformation © = asin 6, « = a tan 8, or 
x = asec é respectively, will frequently be found serviceable. 


EXERCISES 


Evaluate the following 


1b, f4u 6. {Ve + ian. ie i 
act \ i 


of [ms — 
es ie Pae @—1)f a2. Miele 
ie Peg (RL = 
4 Br/2— 2d . = z" we dx 
i cf — xv’ da. (1 me ap?)2 14, @ +5) 


da ade. de 


5. SSS EH 10. jf 
Sn — 2 eV az + a ru (a? — 3)! 3) 


56. Change of variable in definite integral. In evaluating 
an indefinite integral by means of a transformation of variable, 
we first found the integral in terms of the new variable, and 
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then expressed this result in terms of the original variable. 
The process is simpler in the case of definite integrals. 

If the change of variable «= y(u) transforms f(x)dx into 
o(u)du, and if u=u, when «= %, and u=wu, when x = a, it 
can be proved that 


afi I (a) da =f “a se 


Hence, if in the course of evaluating a definite integral we 
have occasion to introduce a new variable, it is not necessary 
to return to the original variable. 

The following exercises will illustrate : 


Ex. 1. sl Ve —@ dx. In Ex. 1, § 55, we saw that the in- 
a aw 
3 


troduction of the new variable «= asin 6 or 6= sin-1~ led to 
a 


the integral a | (csc 6 — sin 6)d@ = a log (csc 6 — cot 6)+ a cos 6. 
Noting that when «= me 6= sind = = and when x =a, 


6=sin11 = e we can write 


i {Se =a" (ese 6 — sin 6)d6 
a 


x 
Bs 


= a log (esc @ — cot 6) + a cos i 


us 


6 


=— alog (2 —V3)—§ V3 = a log (2 +V3)—5 v3. 


2a (a 
En. 2. Af V(@? =a a. In Ex. 2, § 55, we saw that the 
0) 


introduction of the new variable x = asec@ or 6= sect led 


to a? § tant dé = - tan? @ — a? tand+ a0, Noting that when 
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«=a, 6=sec!1=0, and when «=2a, 6=sec2 a we 
can write 


i et a q "tant 6 d6 
Ay 


a 
Tv 


‘ ud 
=" tan’ 6 — a? tand +036 : ss. 
3 MES 
EXERCISES 
Evaluate the following 


1. [ Vea sae. a. { Vixen iyae. 
2 Sere ORs : dat 
do VO a | 
3. f=. Tee os 
0 (9 +228 6. f Vat — x da. 


57. Rational function of the trigonometric functions.! In § 55 
we showed that the integration of a function involving certain 
commonly occurring radicals can be reduced to the integration 
of a rational function of the trigonometric functions by the 
introduction of an appropriate new variable. 

While in many cases actually arising the integration of such 
a function of the trigonometric functions can be effected by 
more or less obvious simple devices (some of which will be 
given in §§ 58 and 59), it may be worth calling attention to 
the fact that in the case of any rational function of the trigono- 
metric functions of a variable x, the introduction of the new 


vartable t = tan 5 results in a rational function of t. This fol- 
1Throughout this chapter the expression ‘‘the trigonometric func- 


tions ’’ means the elementary trigonometric functions sine, cosine, tan- 
gent, cotangent, secant, and cosecant, 
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lows from the fact that each of the trigonometric functions of 


#2 as well as 2 is a rational function of t. Thus noting that 


x 
tan— 
_ 2 Wy 2D i 
eS OF ee have 
yi + tan? afi + tane® 


sina = 2 sin cos — 
_ 2 2 ew il ae ey 


2t 9 
1 tan?” 
PORTS colt i? eee 
te 2 Z « 142 
Ques 
1+ ta 9 
2t 1—# t 14+2 
‘, OS Ee cot ¢ = D1 , seed = FF, ese 9 = a 


Moreover, on differentiating tan 5 =¢t or w=2tan li, 


fone SOG: 
1-2 


The following exercises will illustrate : 
ee A. f csewde. Letting tans =t, 


14+? peas, 
DPM ey tae pe 


ra fescade -{%- logt+c= log tan + G (1) 


cscx= 


Notrr.—Our standard form T gave the integral of cscxw as 
log (csc — cot#). That these two results are consistent follows from 


the fact that 


tan # =|? = OO8 a SNe 008 © eT esce cote 
2 1+ cose sin x 
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But in many instances, the value of the integral in terms of the half 
angle leads to a simpler result; hence the alternate form is worth 
remembering. 


If in (1) we let x=u+= since cs¢ (« “e S = sec u, we have 


f see udu = log ton(S+5)+ ¢, (2) 


which is also worth noting. 


Ex. 2. fr ee Latins qe 
2 so SO apt eo me 


at 
soe SN fp oe =2tan1/(1t 
Vea e4g at Se (4 aa 3)te 


= 2 tan-1£ 
ae 3 


Ex. 3. fetes asine + bcosa 7 Letting tan” =t, we are led to 
m sin # + n Cos x 2 


T=2f (2 at + b — bt?) dt 

(2 mt + n — nt?)\(14+ 2) 
26+40t—2b? _ A+B 4 C+ Dt 

(n+2mt—n?)\1+) n+2mt—me? 148 

we find, on clearing of fractions, equating coefficients, and 

solving, 


Putting 


Anz mom — an) Balan — bm) 


? ? 


C= 2lam + ua) D = Zhan — bm) | 
m? + n? m + n? 
_ bm —an 2m — 2 nt 


~ mtn2J n+2mt —nt? 


2; fe + bn +(an — bm)t dt 


m+ 0 1+? 
La Ome 
Prt = Jog (n+ 2 mt — nl) + “on ”) tan-t 
Lea ew +@)+e 


m + n 2 


ae DS Oe ee #) 4 2( ape tan tt +o. 
m? + 7? 1+# 
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Remembering that 


- Sie 
oe and =e = cos 2, we have, 


on passing back to the original variable, 


a sin # + 6 cos % == OM = OM 145 (mm sin @ 4 n COs 2) 
m sin «® + n COS % m + vn? 
am + bn 65) 
m? +n 
EXERCISES 
Evaluate the following : 

1 fee: 6 Se 
" J4+45cos a "J sina+cosx+1 
2 f da : 7 f da ; 
“J5+4singe ’ J sinx —cosxr4+1 
44+ 5sinaz sin a +: tan x 

4 afi dx : 9 i[; da : 
"J 8cosx—4sine ’ J 2Qesex— sing 
F 2dx 10 fied ; 
“Mal tan'e “J sin x(1 + cos @) 


58. Other methods for functions of the trigonometric functions. 
While the method of the previous section works always, theo- 
retically, it may prove difficult in practice if the resulting 
rational fraction is complicated. Other methods for the inte- 
gration of some functions of the trigonometric functions will 
frequently be found more practical. These depend largely 
upon the fact that the derivative of each of the trigonometric 
functions is given in terms of another one with which it is con- 
nected by a simple quadratic relation. Tllustrations of such 
types of functions were given in the exercises of § 55. Without 
attempting to exhaust the list, the following cases may be 
enumerated. 
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isk fr (sin %, COS &) COS w dx. 


Since d sin x = cos a dx and cosw =~ 1 — sin?a, such an inte- 
gral reduces to tie (wu, V1—u*)du, where u=sina. While 


this need not be rational, it may come under some known head. 

In an analogous manner 

B: froin %, cosa”) sing da= —frvi=w, u) du, where 
U = COS @. 

C. Sf f(tan aw, seca) seca da ={F(u Vu? +1)du, where 
u= tan 2. 

D. JS F(cot @, sea) ese? a da = — fru, Vu? +1) du, where 
u = tan @. 


E. Sf f(tan &, SEC &) fan x sec ada =frve — 1, wu) du, where 


U = SeC a. 
F. S F(cot @, cse x) cot x csc xdax =-five —1, u)du, 
where wu = csc &. 


In regard to the integral 
G. fosint 2 cos* x da, 


four important cases are to be distinguished as readily manage- 
able. 

(1) Hither m or n is an odd positive integer, the other being 
any number including zero. Thus, to fix the ideas, if 
m=2rt+1 . 


sine x COs” @ dx ={. (1 — cos?) cos” # sin w da, 
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Letting cosv= u, this reduces toa sum of integrals of the 


type f udu. 


(2) If neither m nor n is an odd positive integer, but one of 
them is an odd negative integer, the same method applies. 
Thus if 


ae Ar 1 cos"eda __ (~cos" # sin x da _ udu 
m=—(2r—1), | ——— = See aoe = << 
sin *1y sin (1— wy — uy’ 


where wu = cos 2. 


(3) m+n is an even negative integer. Then 


Y (pce sin” & alee —(m+n) 
sin” x cos*xdx = | ——cos”**xdx= | tan”x sec x da. 
cos” x 


Since —(m-+n) is an even positive integer, this comes 
under C above. 
(4) m and n are both even positive peers. Here use is 
made of the trigonometric relations 
sin? #=4(1—cos 22), cos?-a=4(1+co0s 22), sinxcosx= sin 22, 
cos aa cos ba = 4[ cos (a + b)a + cos(a— b) x], 
enabling one to reduce the integral to a sum of known forms 


involving the sines or cosines of integral multiples of % Thus 


consider 
ff sin‘ x cos? a da. 


sin‘ % cos? « = sin*# sin?a cos?” = 4 sin?& sin? 2% 
1 = 
= ;), (1 — cos 2 ~)(1 — cos 4 x) 
= ,/, (1 — cos 2a — cos4% + cos2x cos 4 @) 


= 71;(1 — cos 2% — cos 4x)+ 41, (cos 6% + cos 22). 


co. f sintx costa de = 2 snee _ sind ase ee 


194 CALCULUS [§ 58 


An alternative method for this exercise is 
sin‘ # cos? # = sin? & sin? # cos? = 1 (1 — cos 2a) sin? 2a 


ad GL eae: 
=, (1 — cos4%)— 4 sin 2acos 2 «x. 


; a 
{sit x0cos? ada = im nn te mee C. 


Ie “(i sin ma sin nz dz. Using the trigonometric formula 
sin .A sin B= 4cos(A — B)— }cos(A + B), 


J sinme sinne de =} {cos (m—n) ade —} { cos (m + n) ada 


_sin(m—n)a_ sin(m+n)@ 
~— 2(m—n) 2(m +n) 


48 frsin ma cosnzdx. Using the trigonometric formula 
sin A cos B=4sin(4+ B) + sin(4— B), 
frsin mex cos nx da =f sin (m + n)adx + uf sin (m — n)x da 


_ _ cos(m+n)x  cos(m—n)ax 
~ 2(m +2) 2(m — n) 


+c. 


J. ff cos ma cosnada. Using the trigonometric formula 


cos A cos B= 4 cos(A + B)+ 4cos(A — B) 
feos ma cos nx dx = £f 0s (m + n) xd + 4 f cs (m — n) «dx 


_ sin(m+n)x , sin(m—n)# 
S: 2(m +7) 2(m + n) 


When m=, the integrals H, J, J, reduce to forms already 
treated in this section. 

Exercises on the methods of this section will be found at 
the end of the next section, 
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59. Reduction formulas. At times it is not practicable to 
evaluate a given integral by a single step. Integration by 
parts or other processes often enables one to make the value of 
the integral depend upon that of a simpler one and so obtain a 
formula whose repeated application ultimately gives the value 
of the integral. Such a formula is known as a reduction 
formula. In Case 4 of § 53 we made use of a formula of this 
kind. It was, replacing z by x and B by a, 


e af da 
; (a? + a?)n 


x 2n— 
% 2(n — 1)a?(a? + a?) oe — res + a2) 


In order to familiarize the student with the utility of re- 
duction formulas several of them will be deduced here for 
convenient reference. It is not advised that the student 
memorize them. 

Integrating by parts, we have 


_f sin" x da = [sin x2 sin xdax 


=— sin”! x cos x +(m — 1) f sinn-? x COs? % dx 


=— sin”! x cos x +(m — 1) f sin? x da —(m — 1) f sinn x da. 


Hence 
m il m-1 —1 m—-2 
B. sin RT I ecose sin”-2 a da. 


Repeated use of this formula leads finally to the integration 
of a constant factor times df dx or ff sin «da; i.e. to the con- 


stant factor times x or — cosa. Similarly 


ol 
y- fico ede = * ==cos™! 2 sinwg + “—= | cos"? ada. 
nr 
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é. fosin a cos" «dx 


1 : Ho) = AI ; 
=— sin” e& cost! a 4+. ———_ || _ sin” “a cos" x da. 
m+n m+n 


€. frsinn x cos” «dx 


aft : Waal! ‘ 
= sin” g cos"! a + sin x cos" ada. 
m+n m+n 


Thus, for example, using «, 
fosin' x cos? # da = 4 sin’x cos # + Lf sintede. 
Using B twice 
fsintede = — }sin*a cos # + Lf sintwax 


=— } sin’ x cosa — 3sina cosa + 3a. 
fsint x cos?a dx 
= isin’ cos @ — 1; sin? x cos # — J, sin x cos # + = +c. 


16 


As an exercise, it is suggested that the student deduce the 
formula «, by letting «= « tan 6 and using y. 


A reduction formula for _fitanm a de is obtained by making 
use of the fact that tan?a=sec?a —1. Thus if mS 2, 


f tan” «dx aif tan” w sec? xdax — f tanm adn. 


Hence 

6. ik tan” x da = ae — f tan ada. 
m—t1 

Similarly 


n—-1 
7: a cott ada = — Come ee — f cotta da. 


§ 59] METHODS OF INTEGRATION 197 


EXERCISES 


Evaluate the following : 


ie a 
. ip sin’a a 13. sins eda 
J Veosx 1+ cosa” 
3 3 14 fo“ e 
2. fran x sec* xda. Be natn 
cos? x dx 
3. frante sec! «da. 15. fre. 
sin’ x 
4, fot a esc! ada. 16. foee x ese x da. 
5. foots ada. dic fictan x* —1) da. 
cos # — sin a)? 
5 18. foxes da. 
6. fran adn. in 
sin? x 
3 19. if} 
the fictan x + cot x) dx. ee 
8 cos xda 20 fe «(3 cosa” + 5) da. 
" J1+sin? a sin? x cosa +6 
9. _se?adx. 21. fsintede. 
V1 — tan? x 
sec? a dx 22. fom x cos® «da. 
10. —___—__——_ > 
vi—tane 23. {f'n 2 cos 3d, 
11 f sin «dx y 
~ Ja+bdcosz 24. fain 3a sin xwda. 
cot x csc xda ; 
12. Vices 25. fein 5a cos 2 ada. 
In the following exercises m and n are integers. 
1. ED Ve 5 
26. i() sin? ma da. 29. f sin ma sin nadx(m#n). 
-T —T 
us 
at. (cos? nade. 30. f cos ma cos nx da(m#n). 
bodies 


eh iy 


us . 
28. if sin mx cos nx da. 
—-T 
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60. Wallis’ formulas. The numerical values of the definite 
integrals 


7 am, oe 
2 Z acs, 
f sin” x da, sf cos" x da, rf) sin™ x cos" x da 
0 0 0 


for all possible positive integral values of m and n greater 
than 1 are given so readily by certain formulas, known as 
Wallis’ formulas, it seems proper to introduce these here. 


ww 
te 
ik f sin” x da. 
0 


liga, J sinzae =— COS al == JL. 
0 


0 
If m >1, we have, using the reduction formula B of § 59, 


wT Tv 
2 hy lk (e386 
i sin” «da =———_ | sin” 2 ada. . (1) 
0 m 


C) 


This expresses the value of the desired integral in terms of 
a similar one in which the exponent of sin # has been reduced 
by 2. Applying this successively, reducing the exponent of 
sin by 2 each time, we finally arrive at a multiple of either 
the integral 


Jf sin cdx =— Cos al =1 if mis odd, 
0 


0 


or of 


® 7 
Z 2 ae ‘ 
at; dx =2| —~ if mis even. 
0 0 2 


That is, using (1) repeatedly, 
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T T 


i (bene eas oa 
if sin” «da = m —1 f sin” » da 


_(m—1)(m—3) (? 


in”-4 oda = «+. 
m(m — 2) sin eG 


_ (m—1)(m— 3) 4-2 
mm —2)++5-3 So 


= ak : : i if m is even. 


* sin 2 dx if m is odd 


Hence we have the first pair of the Wallis’ formulas 


Tr 
a, 
V. fp sinn zac 
0 


gM ee ee ee ee tee 
f CS 2 ae if mis odd and > 1, 
(m —1)(m— 3) +++ 3-17 if m is even. 
m(m—2)+++4-2 2 


‘For the first of these formulas let m=2p+1. On multi- 
plying numerator and denominator by the numerator, the 
value of the integral is found to be equal to pees 

(2p +1)! 

For the second of these formulas let m=2p. On multiply- 

ing numerator and denominator by the denominator, the value 


of the integral is found to be equal to (2p)! 


22 (pty? 
3 
ie f cos" x da 
0 


sin” G = *) dx, since cos «= sin(5 a x) 
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0 
Letting a dx =—du. Moreover, when w= {7}, 
2 
3 [a oe 
zal cost dar = sin” (G-*) dx =— { sin” u du 
0 us 
D) 
2 
=i) sin” u du. 
0 


Since the value of a definite integral does not depend upon 
the letter used as the variable, we see that 


B; T 
2 Ba 
if cos" # dx ={i sin” a da. 
0 0 


Hence Wallis’ formulas V also hold for a(t cos” x da. 


0 


u=0. 


Oo wWIA 


Sate that is, when a = 0, u =r when «= 
2 


wT 
ae 
3. J, sin” # cos" x da. 
0 


7 7 
2: — cos**!y |2 1 
Itm=1, { sin & cos” # da = ———_—" ]| = 
0 


n+l Prec 
Leer 1s ile sin” «cos x dx = IR" ee pees 
0 m+tl}, m+1 


If both m, n >1, we may use either reduction formula 8 or 
e of §59. Using «, we have 


ip = Il 
m+n 


This expresses the value of the desired integral in terms of 
a similar one in which the exponent of cos x has been reduced 


Tv 
are Dee 
f sin” @ cos" # da = sin” x cos"? & da. (2) 
; 
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by 2. Applying this successively, we finally arrive at a mul- 
tiple of the integral 


us 


wv 

ome gsin”+!  |2 
sf. sin” w cos x dx = = 

0 


2 ; if nis odd, 


0 m+1 m+ 
or of 
(peers a if n is even 
0 ~ | given by Vif m>1 : 


That is, using (2) De 


at eZ sin” @ cos" ” = —1 2 ginm a cos" 2 « dx 

0 m saa n 

Pee. (3 
ee ee 0 


sin” « cos”~4 a da 


(n— 1y'n = 3) oS sin” @ cos x da 
~ (m+ n)(m +n — 2) + ae + “aN + 3) if n is odd 


Cm) OS eae ? sin” x dx 
~ (an + n)(m + n—2) + (m+ 4)(m+ 2)40 0, 3g even, 


Hence 


Tv 
yer 
W. if sin” @ cos” aw da 
0 


(n —1)(n— 8) + 4-2 

(m + n)(m + n — 2) +++ (m+5)(m + 3)(m + 1) 

if n is odd and > 1 
(n —1)(n —8) 3-1--- (m—1)(m -- 3) ++» 4-2 
= { (m+ n)(m +n— 2) + (m+4)(m + 2)m(m — 2)5 + 3 
if n is even, m is odd and >1, 
(n —1)(n — 8) + 3-1 (m—1)(m— 3) +++ 3-1 T 

(m + n)(m + 2 — 2) + (m + 4)(m + 2)m(m — 2) + 4-22 

if both are even. 
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Since (m + n)(m + n -- 2) +++ (m + 4)(m + 2)m(m — 2) + 5-8 
may be written 


(n+ m)(n + m — 2) (n+ 4)(n + 2)n(n — 2) 5-3, 


the right-hand member of the second formula of W may also 
(m —1)(m— 3)-- 4-2 ssh: 

(n+ m)(n + m — 2) +++ (n +.3)(n +1) 
tirely symmetrical to that of the first formula of W, as should 
be expected. 

We have thus established Wallis’ formulas, which, while not 
worth memorizing, will be found serviceable in practice. For 
convenient reference they are tabulated below. 


T wv 
2 2 
V. Sf sina da = {| cos” a da 
0 0 


be put into the form 


{te Eee ccs ee 
n(n — 2). 5-8 

= D@eSsy els if n is even. 
fine) ee 


T 
3 
Ww. f sin” 2 cos" ada 
0 


(n —1)(n—38)--- 4-2 
(m + n)(m + n — 2) ++» (m +5)(m + 3)(m + 1) 
if m is odd and >1, 


(m—1)(m—3) ++ 4-2 
= { (n+ m)(n +m — 2) + (n+ 5)(n + 3)(n +1) 
if m is odd and > 1, 
(m —1)(m — 3) +--+ 3-1-(m—1(n—3)+- 3-12 
(m+ n)(m +n — 2) ++ 4-2 2 
if both are even. 


6:4-2 16. 
Tih 03 G85 


Ex, 1. J cos! «da = 
0 
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9. 


Ex. 2. f sina da = 22 nm _ 637. 
0 10-8. 


al 
2 2 olZ 


joe 
6-4. 


Us 
2 


T 
sin? x cos 2 da =f sin’ &(cos? # — sin? x)da 
0 


=f, sinta costa de — ["sinbede= 7, 22 = 2. 
z 
Ex. 4. if ctcees oar ee 
0 10-8-6-4-22 512 


Ex. 5. fove —a?dx. Letx=asin§g. Then 
: dx =acos 6d6. 


0 
When o={ i} ont. 
2 


Py [ove —vdxa= af sin’ @ cos? 6d6 
0 0 


1-ie_S5a'r. 
A.22 256 


aeree 
8-6. 


Ex. 6. faa — at)? dx. Letw=asin§@. Then 
0 


da = 6a sin’ 6 cos 6dé6, (at - a)2 = a? cos* 6. 


0 
When v= {it sf} 
. a 2 
7 faa — «)idx = 6 at (" sin" 6 cos! 6d 
0 0 


—6af —10:8:-6-4-2 _ S12a)_ 
id 1 lows O75 15015 
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Remark. — At times it is possible to select a new variable so as to 
bring a given definite integral into the form evaluated by one of Wallis’ 


formulas. Thus consider 


Ex. 7. ee (1—cosg)‘dz. Noting that, if « = 2u, then when 


Tv 
2 eal w= {Fs att cone aa aan 
0 


are (nd — cosa)! dx = 82 (7sint udu = 92 1-8-3-1 7 _ 35m, 
0 0 8.6-4.22 8 


Ex. 8. {ve a — de = (Vla? —@— a Pde 


0 
= at ("cos 6b, when «—a=asin6. 


2 


Putting d= wu te the limits of the resulting integral be- 
come 0 and = respectively ; moreover 
cos! @ = cos! ( +5)= sin‘ w. 


Ex 1h V[2 ax — 2 Bde = at ("sin udisat ee . 
0 0 4-22 16 


EXERCISES 


Evaluate the following : 


us 


2 a 
oh f sin’ ada. 5. if w2(a2 — a2)? de. 
0 0 
2 : e 2 2.3 
2. ip cos’ x sin? 2 ada. 6. ah a(as — a8)? da, 
0 0 
3. if cos® 2 xda. G (i sin? « cos! x da. 
0 0 


Tv 
; Ate 
4. f sin® w cost ada. 8. 4 sin? # cost ada, 
0 0 
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61. Summary. At the outset, it should be emphasized that 
the various methods of this chapter are not mutually exclu- 
sive. Many functions can be integrated by each of several 
methods, and experience will frequently enable one to select 
the simplest one among these. No general rule can be given. 
But a knowledge of what possible methods are available in 
any case will prove a great aid. The general facts are the 
following : 

I. It is absolutely essential that the student know the 
standard forms given in § 51; for all methods consist in reduc- 
ing a given integral to the consideration of one or more of 
these forms. 

Il. Rational fractions can be decomposed into sums of 
simpler rational fractions, each of which can be integrated 
by a known method. See § 53. 

Ill. Rational functions of the trigonometric functions reduce 
to rational functions of the new variable ¢ as the result of the 


transformation tan 5 t. See § d7. 


IV. Certain types of functions of the trigonometric functions 
are enumerated in §§ 58 and 59, for which more or less obvious 
methods of reduction to standard forms are given. Some of 
these come under the next heading. 

V. Introduction of new variable, the general purpose of which . 
is to reduce the integral either to a standard form or to a form 
for which some general method of evaluation is known. The 
following cases may be noted : 


1. Since, if wu is any function of x and w’ is “, 
ie) 


fF u’ dx = {7 du, 


the integral will usually take a simpler form when wu is taken 
as anew variable. This method was first introduced in § 36, 
and has been used consistently throughout the present chapter. 
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2. Algebraic functions which are not rational can frequently 
be transformed into rational functions of a new variable. The 
following cases were given in § 54: 


P z 
A. For f(x, (a+ bx)?, (a+ bx)*,---), including the case 
where a= 0, b=1, let a+ dbw=u', where k is the least com- 
mon denominator of the several fractional powers of a + bx. 


B. For f(x, Vax + bx +c) 

if a > 0, let Va + ba+e=u—ava 

ifa<0,c>0, let Vaz? + bx + ¢ = ux —Ve; in this case or 
in general 


if a < 0 and Vax? + be +e=V—av(x— «)(B—2), where 


a and £ are real, let V" fay 


B-«2 
The student should be on the alert for a simplifying trans- — 


formation, such as w see mentioned in the Remark of § 54. 
wx 


C. For fra + ba) s dx 


if Wags is an integer including zero, let a + ba" = u’, 
n 


ip m+1 


ee is an integer, including zero, let a + ba" = aus. 
n 8 


3. Algebraic functions involving special types of radicals 
can be transformed into rational functions of the trigonometric 
functions. See §55. Thus 

for f (w, Va? — a) let a=asin@ or a cos 8, 
for f(a, Va? + a?) let a =atan @ or a cot 8, 
for f (a, V2? —a®) let a =asec 6 or acsc 6. 
VI. Integration by parts. This powerful method for reducing 


a given integrand to another of more promising form is usually 
our last resort, when other known methods fail. But in prac- 
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tice it is advisable to bear it in mind and apply it whenever 
the other methods, even when known to work, are apt to re- 
quire considerable labor. It is often a time saver. 

In general before actually beginning to integrate a function, 
it is advisable to examine it to see what possible methods are 
applicable, so as to select the most promising one, in case 
several are available, and also with a view of possibly simpli- 
fying the form by making use of trigonometric or algebraic 
reductions. 


EXERCISES 
Evaluate the following : 


1 eae. x dx 
iN = \eah 10. 
S(e+3) ey 4 — BY 4— 
2. f(e-z) & ia Jf veawae. 
Va 


x _2\2 in? 2 de. 
a Sletre *) res 12. fe sin? x dx 
i. ae es 13. fesin 2a da. 
a+ 1 x 
2 14. ik = 
ake Ls cos’? 38 & 
(@ — pp 
balk 15. f et esc? a da. 
6. 3m ae 
22%—3 
(c fees 16. f (cos 2 « — 2 cos? x) da. 
3 
el 17. f (tana + cot x) da. 
8. ae 
Se i Bact a5 {#4 ; (meee. 
f a(a? — 22) dw. sin? & sin? 
1 19: f(tane —1)?dz. 
9: f@ + 2x)? da; 


1 aval ] Y 
fr@ + 2) 3 da. 20. jee dx 
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21 eae da 34. sf e  2e\ ay, 
V1 — # ge «8 
arent: Vx dx 35. fi e*(2 a + 1) dw. 


Vx 
36. Ua f a8e* de. 


a 2. 
23. fe sin &)” gy, 
cos & 
te ines mee 


da 
24. th let a=2 tan 6]. 
w+ apt ! 38. Saxerras 
og? +64 13 
25. i 2 —[leta =28000.] f wd 
Cae. em eae 
26. fo flog ede faceers 
x log x w+6a4+13 
*log a da . 
few Sota 
x2 +60 +418 
QT. Sana (a 
my poe x + 62 +13 
da : 
Saw 0. (aa 


28. [oii (= 
fase ee V2+0— 2 
Ze oe; Sf 41. f _ to 

1+ e” e+e ae 


Fay Chad pee (— 
it-e’ Jite* eV2—a—o 


31. fee cos adn. 42. if dx__, 
oN ee 


) . 
e—2 


1 


33. O de. 44. = . 
oe? (a? + 1)! 


oo 
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45. Sf V8= Gaz; 57. op dat 
Vet4—Ve— 4 
fave — ada. 
58. /(—_— 
a {Ver aes; V4+a—V4—a 
ye 
if av x? + a? dar. os i) yest 
Pag eee ace 
47. [Ve@— eae; V1+¢ 
da 
—— 61> = 
fava x? dx. > + oA 
(1 + 2°)! x—1 
reer Bene (@—1’ J @—t1p 
e+ 
i dx 64. ax. 
eS e+) 
x(a? — x?) % 
65. (Ae t8er1y, 
50. Savat ade. tah — x 
ee: 
66. {= % 
51. i : Seta ae 
2 2 2 
LV LS + a 67. 2e+4ae41 
52. f- 7 - 3° a ang Ee 
(at — ath es. (12% ae 
53: fa clei 
: Gh 
54. fe 
e da. 70. Ai da =< 
ee 1+V2 
55. A; dx. 
4 71. af dx efi dx , 
(1—a)Vae ¥ (1+2)Vz 


il 1 
56. Se 72. f= 
e2— 2 ay —3Vx 
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73. fu + V2 dy, 88. fe ae. 


= cos* ax 
| © ae 
sin? a 
eo, festa, 
74. |= cos? x 
x(1 — x) cas 
90. fe ; 
75. fe cos 2 ada. COS" 
91. frsin x cos 38 ada. 
76. J vlog ae; f? log ada. 
92. f cos 2xcos4adza. 
athe fe tan! a da. 
93. fosin3e sin 5 ada. 
78. fe sin! eda. 
94 feee tan’ a 
79. sec’ x da. sec x — tana 
95. f sec x esc? a da. 
80. foseet x da. 
96 sin «da ’ 
81. frsin aw log (1 + sin x) da. ' J 2—sin2a 
cos 2a 
82. f cotta de. 2G uf cos2 @ dat 
hy 
98. f= 
83. f cotta. {seine 
ae dx cos «da 
j 99: : 5 
84. J vain +1 ae. i {eco 
85. fsin’ x cos® «da. 100. fosee? x tan vda ; 
86. fsint x cos? x da. fim w sec ada. 
dx 
17149 3 101. - ° 
87. fosin x cos’? a da. Sas Pegs ead 


62. Tables of integrals. As the evaluation of an integral is 
usually an incidental problem, a means rather than an end in 
itself, tables of the integrals apt to arise in the ordinary course 
of routine work have been compiled to save the time and labor 


§§ 62, 63] METHODS OF INTEGRATION PAia 


necessary to evaluate these integrals. Such a table will be 
found in the Appendix of this book. 

The training involved in mastering the previous sections of 
this chapter is of great value for an expert use of the tables, 
and is advised most strongly. Once skill in applying the 
various methods of integration has been acquired, the student 
is advised to use the tables freely. 

The arrangement of the integration formulas in the tables is 
very simple. After a few elementary principles, there are 
given, in order, the integrals of rational algebraic functions, 
irrational algebraic functions, and transcendental functions. 

Attention should be called to the fact that many reduction 
formulas appear, by means of which the problem of evaluating 
the desired integral is replaced by one involving a simpler in- 
tegral. As a arule, repeated application of a reduction for- 
mula enables one to evaluate the integral. Examples of some 
of the more important reduction formulas have appeared in 
this chapter. 

To become familiar with the tables of integrals, the student 
should use them in evaluating the integrals of the previous 
section. 


. 63. Mechanical integration. Approximate determination of in- 
tegrals. We have called attention, from time to time, to the 
fact that integration is not a direct process. No general rule 
can be given for finding the expression for a function F(x) 
whose derivative is the prescribed function f(#). Asa matter 
of fact, there is no reason for supposing that the function F(a) 
can always be expressed in terms of elementary functions 
when f(#) is given at will. Moreover it is easy to give illus- 
trations of cases where the indefinite integral is not of this type. 


For example, such is the case for if e* da, f e da, if Seay 
x x 
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Many important definite integrals have been evaluated for 
certain values of the limits of the integrals even when the in- 
definite integral is not known in terms of elementary functions. 
Beyond noting this fact, the scope of this book will not permit 
our going into it. 

Graphical methods have been devised for drawing indefinite 
integrals. 

Also mechanical integrators, such as the planimeter and the 
integraph, have been constructed to evaluate definite integrals 
very accurately. They are machines for measuring areas of 


curves in the plane. The definite integral gis S (a) dx being 


equal to the area under the curve y = f(a) from the ordinate 
x=a to x=b, the value of the integral is ascertained by 
drawing the curve accurately, and then, by means of the in- 
tegrating machine, measuring the area under the curve. 


64. Simpson’s rules. In Fig. 54 let AB be the curve y = f(a). 
We shall find a good approximate value for the definite integral 


pe af J (a)dx by noting that it is 
equal to the area under the 
curve from x =a tox=b. 
Divide the interval (a, b) 
on the waxis into an even 
number, say 2n, of equal sub- 
b—a 
n 


intervals, each h = in 


@ Wy Lz Wy Ls Hon~1on 0 

Fra. 54 length. At each of the points 

of subdivision of the interval 

erect the ordinate of the curve. We thus have marked out on 

the curve 2n +1 points A, Po, P3, ---, P,,, B, whose coérdinates 

are (A, Yi), (ay Yo), (®3, Ys)y ***) (Fons Yon)» (0; Yony1) Tespectively, 
where b — &,, = Yo, — Lon 1 = °° = %—A=h. 
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It is easy to find the coefficients in the equation of the para- 
bola y = a) + a,x + a,x, with vertical axis, that passes through 
three consecutive points marked out on the curve, and then find 
the area under that part of the parabola. Thus taking the 
first three points A, P,, P;, the calculation will be simplified 
if temporarily the ordinate through P, is taken as the y-axis. 
The codrdinates of the three points are then (— h, y;), (0, ye), 
(h, ys) respectively. The parabola y = dy + a,x + age? will pass 
through these if 


= Yn Y= 


Lee appre Piste = 242, 
oh 2h? 


) h 
Now ff, (Ay + ay% + Myx?) de = age + ee al 
—h 
=2agh + Zak. 
Replacing a, and a, by their values, we have 
Area under parabola from A to P; = a(t + 442+ Ys). 


In an analogous manner, 


Area under parabola from P; to P; = : (ys +444 + Ys): 


Area under parabola from P,,,to B= * (Yan + 4 Yon+Yeons1): 
The sum of all these areas equals 
ot. ACh +4 Yo t+ 2yst 4 yst2 Ys + 2+ +2 Yon rt Yont+Yentt): 
This area is, as arule, a good approximation of the desired 
area, even for relatively small values of n. It is known as 


Srmpson’s ONE-THIRD Rue. — Divide the interval (a, b) into 
2n equal parts, h. Let the corresponding ordinates of the curve 
be Yyy Yoy Y3y *** Yonsre Take the sum of the first and last ordinates, 
twice the sum of the remaining odd ordinates, and four times the 
sum of all the even ordinates. Multiplying the sum of these three 


sums by ; gives an approximate value of af SJ (x) da. 
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This is the simplest one of Simpson’s rules. A closer ap- 
proximation can be obtained by dividing the interval (a, b) into 
3n equal parts, erecting ordinates at the extremities of the 
subintervals and then replacing the part of the curve joining 
four consecutive points thus marked out on it by the cubical 
parabola Y = Aq + AW + yh? + Aigx? 
determined by these points. The sum of areas under the n 
cubical parabolas will be a good approximation of the area 
under the given curve. This sum turns out to be 


Be ER (WAS Y+AS Yt 2g t 3Ys+3 Yet 2H +3 Yet + +3 Y5n 
ty Yant1)» 
which is known as Simpson’s three-eighths rule. 
The idea can be extended still further, but the calculations 
become long and too involved for practical purposes. 
Ex.1. Making use of the fact that — log 3, find an 


approximate value of log 3, using Simpson’s first rule. Here 


1 
y=— 
x 


For n= 2, y, =1, yo = %, 93 = 4, Ys = 4, Ys = 43 h=}t. 


Simpson’s rule gives 1.2667, evidently too large. 


For 2=3, n=1, w=) B=3HU=h H= 7 ¥= e Yz7=4; 

=}. Simpson’s rule gives 1.09894, a good approximation. 

For n= 5 Simpson’s rule gives 1.09866, a still better ap- 
proximation. 


1 
Ex. 2. Making use of the fact that f TLE tant1=7 
o 1+ 22 bY 


find an approximate value of 7, using Simpson’s first rule, and 
letting n = 5, 

Ex. 3. Find by Simpson’s first rule an approximate value of 
the area under the hyperbola ay =10 fromx=1tow=6. Let 
WO, 


CHAPTER VIII 


GEOMETRICAL APPLICATIONS 


65. Polar coordinates. There is no such simple geometrical 
interpretation of the derivative of either of the polar coér- 
dinates with respect to the other, as there is in the case of the 
rectangular coordinates. 
Still there is a simple and 
important formula con- 
necting the derivative 
dp with an angle deter- 
do 
mining the direction of 
the tangent line at the 
point (po, %). In the fig- 
ure let 

O = the origin. 
OP = the radius vector 
to the point P 


on the curve. 
PT = the tangent to the curve at P. 

y = the angle OPT between these two lines measured in 
the sense indicated by the arrow head; that is, the 
angle made by the tangent with the radius vector. 
If the coordinates of P are (pp, 0), those of a neigh- 
boring point Q are (po+Ap, + A6). 

Draw the chord PQ, and PR perpendicular to OQ. 
As Q is made to approach P, the angle RQP approaches the 
angle y. 
215 
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In the right-triangle OPR, PR=p, sin AO and OR=py cos AO. 
Hence RQ = po + Ap — po cos AO, and 


h sin A@ 
Q (1) 
pun gs i po(l — cos A@) + Ap 1— os Ad, Ap 
CAD A6 
In § 41, we saw that fp wees Ad _ il, 
ao—>o AGO 
We must still find the limit of L=°°S4? a5 np +0 
2.8in2=—— Ad n Ad 
1 — cos A@ _ 2 eae ae 
Ad Ag 2° AO 
2 


The limit of the first factor is 0, and that of the second is 1. 
Hence 
7 1 — cos A@ a0. 
ae—>0 Aé 


ee wee aa BOP c 
Dye’ 
. reeks Po d0\ 
of. ta = — <I . 
ee renege Cy: © 
Here (2) is the value of 22 when p = po 
dp/s dp 


66. Polar tangent; polar normal; polar subtangent ; polar sub- 
normal. In Fig. 56 OP is the radius vector to the point P, 
whose coérdinates are (po, 6); QR is drawn perpendicular to 
OP at O. The following lengths can be obtained readily. 

1. PR=P.T., the polar tangent, the part of the tangent 
extending from P to the line QR. 
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In the right triangle ORP, PR = OPsecy. Hence 


Pr. = Po Pi + Po, (1) 
Po 
2. OR=P.S.T., the polar subtangent, the projection of PR 
ontheline QR. - Q 


In the same right triangle, 


OR = OPtany. Hence 


Ps. =P. (2) 
ST. =F 


3. PQ=P.N., the polar normal, 
the part of the normal extending 
from P to the line QR. 

In the right triangle QOP, 


QP=OPecscy. Hence 


O 
M 


Fic. 56 


P.N.=VPi+ PP (3) 
4. OQ=P.S.N., the polar subnormal, the projection of PQ 


on the line QR. 
In the same right triangle, OQ = OP coty. Hence 


P.S.N. = pi. (4) 
5. OM=p,, the distance of the tangent from the pole O. 
In the right triangle OMP, OM=OPsiny. Hence 
Po (5) 
2 ee 
‘VBE + PP 


67. Curves in polar coérdinates. Among the curves whose 
equations are simply expressed in polar codrdinates, the fol- 
lowing may be mentioned : 

1. The lemniscate 


p? = a* cos 2 6. 
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It has the form indicated in Fig. 57. Differentiating, we 


have : 
2 pp SH Daten 26 pe 
p 
Sp. a Gl ee 
ea ach oo = cot. 2 6: 
“Y= 2045 + key, (1) 


where k is a positive or negative integer, or zero. Formula (1) 
expresses a characteristic property of the lemniscate. It en- 
ables one to draw the tan- 


i gent to the curve at any 
P point P by drawing OM 
‘i making an angle 36 with 
Q 7 OA, and drawing a per- 
pendicular to this through 
Fic. 57 


P. This perpendicular 
is tangent to the curve because, when P is in the first quad- 
rant 
whe y= OPT = POM + OMP=26 +5. 

Obvious modifications of the proof must be made when P is 
not in the first quadrant. 

We now have a simple means for finding the points on the 
curve where the tangents are horizontal (maximum and 
minimum points). Thus, for the first quadrant, if the tangent 
is horizontal, the line perpendicular to it makes an angle : 


with the horizontal. But this is36. Hence 36 =5 and 6 = = 


From this same construction it is also easy to find the dis- 
tance from the origin to the tangent. From the right triangle 
OMP, in which 7 POM=26, we have 


OM = OP cos POM = pcos26 = ©. 
az 
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It will be left as an exercise for the student to show that the 
general expression (5) for OM, deduced in § 66, reduces to this 
form; also that the polar subtangent and polar subnormal are 
p cot 2 6 and p tan2 6 respectively. 
2. The cardioid 
p a= 2 (1 = cos 6). 
Differentiating we have 


p' =2asin6. 
2sin2 
On fant ee Oe ies 
p oun 2sin 9 cos ‘ 
2 2 
Hence. y= 5 or i+ kr, (k an integer). (2) 


From this it follows that the vectorial angles corresponding 
to the points P and Q, at which the tangent is vertical, are : 
and = respectively ; for, in the right 
triangle OPM, we must have 

ZOPM=}2 POM. 
Since their sum is = Z POM ae 

Similarly the vectorial angles cor- 

responding to the highest and lowest 


points R and S of the curve (where 


the tangents are horizontal) are “2 


and — “2 respectively ; for, in the fig- Fic. 58 


ure Z MOR and Z ORT are supplementary ; #.¢. 0 +§ =, Or 
Ga 22. 
3 
Two radii corresponding to the vectorial angles 6 and 6) + 7 


are collinear, They may be said to form a chord through the 
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origin (or pole). Corresponding to these the two values of y 


are " and 42 - In the figure, let UV be a chord through 0. 
At U,y=ZOUN=%; at Vi y= Z WVN = 242. Hence in 
the triangle VUN, Z VNU =e that is, the tangents at the ew- 


tremities of a chord through O are mutually perpendicular. 

It will be left as a very simple exercise to show that all the 
chords through O have the same length, 4 a. 

3. The logarithmic or equi- 
angular spiral 
3 p = ae’, 
where a and } are constants. 

p' = abe”, (3) 


a tany =>, a constant; 


hence the name equiangular. It will be left as an exercise 
to show that 


polar subtangent =P, 


b 
polar subnormal = dp. OS 


Also show that the two equi- 
angular spirals p = ae’ and p = ae~® 
meet each other at right angles. 

4. The spiral of Archimedes 


p= ad. 
Here p =a. 
Fic. 60 
. tan yp = 0. (4) 


y starts out by being 0 and approaches 2 as @ increases, in 


absolute value, either positively or negatively. 
The polar subtangent = p. 
The polar subnormal =a. 
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5. The hyperbolic spiral 


le 
Here laa 
.. tany=— 6. (5) 
The polar subtangent = 0. Fic. 61 
EXERCISES 
Sketch and discuss the following curves. 
1) p= a’? sin 2 0. 10. p=asin3#é. 
2. p*sin26= a’. 11. p=asin é. 
3. p= asin 6. s 
A po? = azsin 8. 12. Fie ne eee 
5. p=a(1+sin 6). a 
ip as ) 13. Oey era 
6. p=asiné + bcos 0. 
Vie 50 pee 
7. p=a—bcosé. 2 amas de ee SENS He) 
In Ex. 7 consider separately the casesa=0, a<b, a=b, a>b. 
8. p =a sin 2 0. 15. p?=a@ sin 30. 
9. p=asin é. 16. p?= a? sin nd. 
17. Compare the curves p= f(sin 6) and p = f(cos @). 
68. Cycloid. An important curve whose equation is most 


readily handled in parametric form is the cycloid, which is the 
curve traced by a point on the circumference of a circle rolling, 
without slipping, along a straight line. In Fig. 62, suppose 
that P was originally at O. Since the original position was 
left, the circle has turned through the angle PCM =t. If ais 
the radius of the circle, 


OM = are MP = at. 
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Then w= OR=OM— PN=at—asini. 
y=RP=MC— NC=a- acost. 
The parametric equations of the cycloid are thus 


x=a(t—sint), y=a(l — cost). (1) 


Differentiating, we have 


dx =a(1—cost)dt, dy=asintdt. 


: 2 sin = cos & 
dy he SESE Cs 2 npuw 
= == ai 
dz 1-—cost 2 sin? =. 2 
i.e. tan 6 = cot 5 . Hence 
6= - — 5 or 5 — 5 + kr, (k an integer). 


In the figure, 6= 2 PTM. 


In the isosceles triangle PCM, Z PMC = : is - 


2s 5? and Z TPM is a right angle. Hence the normal to the 


red ah) bib 


cycloid at P passes through M, the lowest point of the rolling circle. 
The student should have little difficulty in showing now that 
the tangent to the cycloid at P passes through L, the highest point 
of the rolling circle. 


It will be left as an exercise also to show that Dy =— *, 
y 


which is evidently always negative. What does this mean? 
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When the origin is at S, the vertex (i.e. the highest point on 

the curve), the equations of the cycloid take the form 
x =a(t+sint,), y=a(—1+ cos 4), (2) 
where t, =t— 7. 

Show that the equations of an inverted cycloid (i.e. where 
the circle rolls on the lower side of the line) referred to the 
vertex as origin are 

x=a(t+sint), y=a(1 — cost). (3) 

If some point attached to the rolling circle, not on the cir- 
cumference but at a distance b(# a) from the center is selected 
as the tracing point, a curve known as a trochoid is obtained. 
According as b >a or b<a, the curve is designated as an 
oblate or a prolate trochoid. As illustrations may be men- 
tioned the curves generated by a point on the outer edge of 
the flange of a rail- 
way car wheel and 
by a point on the 
spoke of a wheel 
respectively. 

The cycloid has 
a series of cusps. 
These are replaced by a series of loops in the case of the 
oblate trochoid. The prolate trochoid has neither cusps nor 


Fic. 63 


loops. See Fig. 63. 
It will be left as an exercise to show that in both cases, the 


parametric equations of the trochoid are 
e=at—bsint, y=a—Obdecost. (4) 
Area of an arch of the cycloid. Using the equations in the 
form (1), we have 


Area = fvae = a fl — cos t)d(t — sin ¢) 
0 


2r 
=e(¢ — 2cost + cos? t) dt. 
0 
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Noting that cos?¢ = 1+ 4cos2t, 
2a 
Area =a (§ — 2 cost + 4 cos 2t) dt 
0 


= ar(st —2sint+H4 sin 2 t) 6" = 37’, 
three times the area of the generating circle. 
Ex. 1. Show that the area of an arch of a prolate trochoid 
is 2 wa? + 7b?. 
Ex. 2. At what point of a prolate trochoid is the curve 


steepest ? 

Remark. — As the circle in Fig. 62 or Fig. 63 rolls without slipping 
along OM, C moves in a straight line parallel to OM ; that is, P revolves 
about C at a fixed distance from it, while C moves in a Straight line. 
The path of P is a cycloid if P (in its relative motion along a circle about 
C) and C (actually) travel equal distances ; otherwise it is a trochoid, 
oblate or prolate according as P travels a greater or less distance than C. 
Thus, a point on the pedal of a bicycle travels in a prolate trochoid. 


69. Epicycloid; hypocycloid. When a circle rolls without 
slipping upon the outside of a fixed circle, any selected point 
on the circumference of the rolling circle generates an epicy- 
cloid. If it rolls upon the inside of the other circle, the point 
generates a hypocycloid. 

For both curves let a be the radius of the fixed circle, and 6b 
that of the rolling circle. When the moving circle has rolled 
through the angle ¢ = PBC’, the line AB joining the centers 
of the circles will make an angle 6 = CAB with its initial posi- 
tion. Since are PO’ = are CC’, b¢ =a6 or 

ad 
p= — (1) 

We shall take A, the center of the fixed circle, as the origin 
and AC as the axis of » If Pis the point on the moving 
circle generating the locus, its codrdinates (a, y) in the case of 
the epicycloid (Fig. 64) are 

g=AM= AL — PN, y= MP= LB— NB. 
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Evidently AL=(a+ 6)cos#, LB=(a+ bsin6). 
Moreover 2 BPN=6 + ¢. ‘ 
“. PN=bcos@+¢), NB=bdsin(6+ ¢); 


Fia. 64 


whence, using (1), we have, finally, 


n= (a + d)eos8 — b cost +* 4, 


(2) 
y =(a + b)sin 6 — bsin 


b 
= 6, 


the equations of the epicycloid in parametric form. 


In the case of the hypocycloid (Fig. 65) the coordinates of 


P are 
c= AM= AL + NP, y= MP= LB— NB. 


Now AB=a—b and ZBPN=¢-— 8. 
a—b 
0. 
b 


“. AL =(a— b)cos 6, NP=bcos(¢ — 0)= bcos 


6. 


LB=(a—b)siné, NB=bsin(¢—6)= bsin@— b 
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Hence the equations of the hypocycloid in parametric form are 


a—b 


x =(a— b)cos 6+ bcos 6, 


(3) 


y =(a — b)sin 6 — bsin 6. 


a—b 
b 


Algebraically the epicycloid and hypocycloid are the same 
type of curve. We can pass from the equations of one to 
those of the other by chang- 
ing b into — b. 

It will be left as an ex- 
ercise to prove that in the 
case of both curves the tan- 
gent at P passes through D 
and the normal at P passes 
through C’. 

The following special 
cases should be noted: 

1. If b=a, the result- 
ing epicycloid is the cardi- 
oid (§ 67, 2) 


x=2acosé—acos26, y=2asiné—asin26. 


Fig. 65 


To identify this curve, we move the origin to the cusp C, 
whose coordinates are (a, 0); thus 


2, = 2acos@—acos26—a=2acos 6 — 2acos? 6 
= 2 acos 6(1 — cos 6) 


y, =2asin§—asin26=2 asin 6 —2asin@ cos 6 
= 2. asin 6(1 — cos 6). 
Incidentally the equations 
x = 2acos6(1—cos6), y=2asin (1 — cos 6) (4) 


may be noted as the parametric equations of the cardioid, when 
the cusp is taken as the origin, 
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Since @ is already used here to represent an angle, we shall 
use @ to represent the vectorial angle PCM (Fig. 64). 

It is not difficult to show, either by elementary geometry or 
analytically, that © =6@ when b=a. Hence, using this in 
the first equation of (4) and passing to polar codrdinates, 

pcos @ = 2a cos @(1 — cos O), or p = 2 a(1 — cos@), 


the polar equation of the cardioid. 


2 Ifob= . the resulting hypocycloid is known as the hypo- 


cycloid of four cusps or astroid. From (3) its equations assume 
the form 
x= $acosé++4acos36 = 7 (8 cos 6+ cos 3 6) = acos*6, 


y = fasind— ta sin36 =16 sin@ — sin3 6) = asin°96. 
The equations 
x= acos® 6, y=asin'@ (5) 


may be noted as the parametric 
equations of the astroid. Writing 
them 


1 1 1 ae 
e=a'cosé, yy =a*sin6, 


on squaring and adding, we have 


the rectangular equation of the curve 
5 2 5 Fic. 66 
“os 4+y=as. (6) 


In Ex. 2, § 22, a characteristic property of the astroid was 
noted ; viz. the mutually perpendicular diameters joining opposite 
cusps intercept the same length a for all tangents to the curve. 


3. Ifbd =>) the resulting hypocycloid of two cusps is noth- 


ing but a diameter, traced back and forth. 
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70. Epitrochoid; hypotrochoid. If instead of taking the 
tracing point on the circumference of the rolling circle in § 69, 
some point attached to the rolling circle but at a distance ¢, 
different from b, from its center is selected as the tracing point, 
a curve known as an epitrochoid or a hypotrochoid, respectively, 
is generated according as the circle rolls upon the outside or 
inside of the other circle. The cusps of the epicycloid and 
hypocycloid are replaced by loops in the epitrochoid and hypo- 
trochoid in the case whence > 0b. Whenc< 8, the curve gen- 
erated has neither cusps nor loops. 

As one of the circles in Fig. 64 or Fig. 65 rolls upon the other, 
its center B moves along a circle with A as center and radius 
equal toa +b or a—b respectively. Moreover, since there is 
no slipping, when the rolling circle has revolved about B 
through an angle ¢, the line AB has revolved about A through 
the angle 6, where ad =b¢. Thus the curve may be looked 
upon as generated by P, one end of the line BP, of length £, 
which revolves about Bat the same time that the line AB, of 
length «, revolves about A, which is fixed. Besides, if the 
angles through which AB and BP have turned in an interval 
of time are 0 and ¢ respectively, 


in the case of the epicycloid (« — 8) 6 = Bd, and 6 and ¢ have 
been generated in the same direction, 


in the case of the hypocycloid (« + 8)6 = Bq, and 6 and ¢ have 
been generated in opposite directions. 


If the relations connecting 6 and ¢ are different from those 
given, the traced curve is an epitrochoid or hypotrochoid ac- 
cording as AB and BP revolve in the same or opposite directions. 

Starting to measure 6 and ¢ when A, B, and P are ona 
straight line with B between A and P, the equations of the 
generated curve, in all possible cases, are (Fig. 67) 


x= acosh6+Bcosd, y=asind + Bsin ¢. (1) 
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These are consistent with equations (2) and (3) of § 69, account 
being taken of the initial values of 6 and ¢, and of the relative 
algebraic signs of these angles. 

As a first approximation of 
the path of a planet about the 
earth, suppose the earth and 
planet to travel in circles about 
the sun, with periods propor- 
tional to the three-halves power 
of their distances from the sun. 
Relative to the earth, the sun 
travels about the earth in a circle with the earth’s period. 
With respect to the earth, the path of the planet is an epitro- 
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choid since, using the same notation as before, te pa and the 
a2 

sun and planet revolve in the same sense. A little considera- 
tion will show that the epitrochoid has loops. As a matter of 
fact, the apparent motion of the planet as seen from the earth 
is retrogressive while it travels along a loop. 

Thus, for example, in the case of Jupiter, the distance of the 
planet from the sun is approximately 5.2 that of the earth, 
while its period is about 12 times that of the earth. Taking 


the distance of the earth from the sun as a unit and noting that 


a7 =, a first approximation of the path of Jupiter about the 


earth is given by 
x= c0s12¢+4+5.2cos¢, y=sinl2¢+4+5.2sin ¢. 


71. Differential of arc in rectangular coordinates. In Fig. 
68, let lengths of arc along the curve be measured from some 
definite point Aonit. If P and Q are the points (a, y) and 
(«+ Ax, y + Ay) on the curve, let 

s = length of arc AP As = length of are PQ. 
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Then 
As As PQ_ As V(Az)? + (Ay)? __ As Ay, 
Az PQ Aw PQ Au = SI a) a) 


To find as we must determine JL 7 : 
dx Ax—>0 PQ 
By taking As sufficiently 
small, we may assume that 
the are PQ is always concave 
to its chord PQ, and that QT, 
the perpendicular from Q on 
the tangent at P, meets the 
curve at no other point than Q. 
Then 
PT RTO > As PO: 


2 Pr . LQ As See) 

PQ Qe} 
Designating the angle TPQ by a, Pr cos @ and Ze 
= sin a. PQ PQ 


As Aw approaches zero, a also approaches zero: hence the 
first term of the inequality (2) approaches 1. 


bp a1. (3) 


Passing to the limit for Ax—>0, (1) leads to 


ds _ dy\? ——| 
RoONt He 2) , or ds = Vdx? + dy. (4) 


If the equation of the curve is given in parametric form 
w =f (i), Y= $(t), 
dx = f'(t)dt, dy = q'(t)dt. 
Ga VFOF + (POF 


or ds = FFE QP dt = Vx8 + yP at (6) 
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72. Length of arc. From the fact that 


ds = V d2? + dy? =~/1 + (Bh) 
x 


we are in a position to find the length of the curve from any 
point (2, y;) on it to (a, y,) on it, expressed as a definite inte- 


gral. Thus, if F(#) is an indefinite integral of | 1 ene we 
have aye use 
s= fyi es da = F(x) + ¢; 


i.e. the length s, from A (Fig. 68) to (a, y;) = F(a) +6, 
the length s, from A to (a, y2) = F(a) + ¢. 
the length s. — s,, from (a, y;) t0 (@2, ¥2) = F(a) — F(a) ; 


that is, 5 Se 
Ge i; 1 +(B) ee (1) 


The alternative form 


¥2 a= ere meen 
dx\? 
s= 4/1 —)d 2 
J, Ni+(G) @) 
is also available. At times it may be easier to evaluate this 
integral than the one in (1). 


If the equation of the curve is given in parametric form, we 
have the third form 


a if Nee dt. (3) 


Formulas (1) and (2) are special cases of (8). 


Exz.1. Find the length of the circumference of the circle 
V+ y= a 


d 
Here y = Va? — 2. er and 
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Because of symmetry, the entire circumference is equal to 
4 times the arc in the first quadrant. 


. 8 ed af =4a sin | =4asin11 = 27a. 
0 V/ a2 aah qe a 0 
Ea. 2. Find the length of an arch of the eycloid. 
Any of the forms of the equation given in § 68 may be used. 


Using (3), the form for the inverted cycloid, 


% = a(t + sint), y = a(1 — cos), - 
dx =a(1+ cost)dt, dy=asintdt, 


ee t 
Vda? + dy? = aV2(1 + cost)dt = 2 a cos 5dt. 


* t vale 
.s= -dt =4asin— = 8a. 
J 085 i 


Tt 
Nore. — If instead of looking for the length of the entire arch, we ask 
for the length of arc from the vertex to any point on the same arch, we 


find t t Pe fane eo} 
s=2a( cos dt = 4asing | =4asin-.- 
0 2 219 2 


TS 16 o? sin? = 8 a2(1 — cost) = 8 ay. 


This is a characteristic property of the cycloid. 


EXERCISES 
1. Find the entire length of the hypocycloid of four cusps, 
using its equation in the form # + ys =a; also in the para- 
metric form «= a cos*t, y = a sin’ t. 
2. Find the length of a branch of the semicubical parabola 
97? = 42% from ¢=0 tox =8. 


3. Find the length of the arc of the catenary y= (e*+e *) 
from «= 0 tow=%. 

From this prove that if s, is the length of are from the 
vertex of the curve to the point (a, y,) on it, sj =y}— a’, 
which is a characteristic property of the catenary. 
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4. Find the length of the arc of the parabola 2? = 4 ay from 
the vertex to an extremity of its latus rectum. 


5. Find the length of the are of y=e*? from x=0 to 
«= log 7. 
6. Find the length of the cardioid 


x=2acos6—acos20, y=2asinéd—asin26 
considered as an epicycloid (§ 69, 1). 


73. Differential and length of arc in polar 
coordinates. As before, let length of arc along 
the curve be measured from some definite 
point A on it. If Pand 
Q are the points (p, 9) and 
(p+ Ap, 6+ 46) on the 


curve, let O: 
s= length of arc AP A 
As = length of are PQ. Fic. 69 


Then, noting that 


chord PQ =V PR’ + RQ = V/p?sin’ Ad +(p + Ap — p cos AB)? 
= Vp’ sin’Ad + [Ap + p(1 — cos Ad) }, 


we have 


As _ As PQ_ As ie é ae 4 [ + pea 08 ar (1) 


Ad PQ4O PQ A6 Aé Ad 
As shown in §71, LZ ee =1; besides, we have 
As>0PQ 
sin A@ 1 — cos A6 
er AL d iL ————=0 (§ 65). 
se—>o Ad she Ae—>0 Ad °) 


Hence, passing to the limit for A6 —> 0, (1) leads to 


$5 — «|p (2Y io = Vp? +p”, or ds =~ p*d0?+ dp. (2) 
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As an exercise the student should obtain the second form of 
(2) from the second form of (4), §71, by passing from rec- 
tangular to polar coordinates x = p cos 6, y = p sin 6. 

From (2) we have, in a manner entirely analogous to that 
used in the previous section, for the length of arc from (pj, 9;) 


to (pe, 42) 2 dp\? 
= 2/- \ di 3 
aril) ve ey, ’ ©) 
or mead (or yl as (op) oe (4) 
rs 


EXERCISES 
1. Find the length of the are of the logarithmic spiral 
p = ae? from 6=0 to d=7. 
2. Find the length of the entire perimeter of the cardioid 
p =2a(1 — cos 6). 


3. Find the length of the entire curve p= a sintt. 


4. Find the length of the are of the parabola p= a sects 
lying to the right of the axis of y. 


74. Curvature. Asa point moves along a curve the tangent 
at the point, in general, changes its direction. In Fig. 70, let P 
be a point on the curve at 
a distance s measured along 
the curve from some desig- 
nated point A. If Qisa 
neighboring point at a dis- 
tance s+ As from A, and 
the inclinations of the tan- 
gents at P and Q are « and 


« + Aw respectively, ra is 
s 


known as the average curvature of the are PQ, and das its hmit 
as As—>0, is the curvature of the curve at P. 


§ 74] GEOMETRICAL APPLICATIONS 230 


1. Rectangular codrdinates. Introducing the variable z, 
dt 
da dadu dx 
ds dads ds 


dx 
Since & = tan a, a= tan! oY — tan-1 y'. 
dx dx 
da dtan ty’ _ Re ake 
Lae 0 olds 1+y” 
Mor ds _Vi+y® Hence, designating th 
oreover, re == ence, designating the 
curvature by K, 
ay 
i 2 
K=—1 = & _ (1) 
3 
say 
dx 
2. Equation of the curve given in parametric form. 
dy 
Chi the ai 
= = h ny 
dt 
dy y! 
As before, o = tan!— = tan1+. 
da mid 
do. ss aly"! oF y's!" 
ear og! 4 y!2 
Introducing the variable ¢ 
da gly" $3 y'a! 
du _dadt_a@ _e+y_ 
ds dt ds ds V/g? py 
dt 
dx dy dy Px 
Kat ays _ ad? ade (2) 


cree! (ars (YT 
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3. Polar codrdinates. Noting that a =6 +y (compare Fig. 71), 


we have da _4 ie dy. 
do dé 
In § 65 we found tany= 5 =F. y = tant? , and 
dp 
do 
dy _ p!? — ppl. 
dé a + po 
da = 1 i p? — pl 
dé p? +p? 
Ba is Bed Sof) 
a p? Jt p” 
Fic. 71 Moreover, “ = Vp? + p”. 
Introducing the variable 6, 
da 
ie de de ei Hence 
ds d0ds~ ds 
a 


Le apeppr 4 088 

Kot hel ee i) *. : (3) 
[p? + p’]? : (2) 7 
PT a6 


EXERCISES 

1. Find the curvature of 2 ay =a at (a, y). Where is it a 
maximum ? 

2. Find the curvature of 2? —4y?=16 at (a, y); at (4, 0); 
at (5, — 3). 

3. Find the curvature of # = a(t — sin#), y= a(1 — cos) at 
any point of the curve; at the vertex; at a cusp. 

4, Find the curvature of «=acos*t,y=asin’t at any 
point. Where is it a minimum? 
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5. Find the curvature of p=2a(1—cos6). Where is ita 
minimum ? 


6. Find the curvature of p = a6. 


75. Radius of curvature; center of curvature. In the case of 
the circle, taking its equations in parametric form, 


e = 0 COS t, y= asint, 
e=—asint, y’=acost, 
xe’ = —acost, y’=—asint. 


ie a? sin? t + a? cos?t fe | 


(a2? sin?t + a2 cos?t)? 4 


As might have been expected, the curvature of a circle is the 
same at all points. But an additional fact of interest is, that 
the curvature is numerically equal to the reciprocal of the 
radius of the circle. 

This suggests the introduction of the idea of circle of curva- 
ture at a point P ofa curve, by which is meant the circle 
tangent to the curve at P on the concave side of the curve and 
having the same curvature as the curve at P. 

The radius of the circle of curvature at P is called the radius 
of curvature of the curve at P. Hence the radius of curvature 
at any potnt is the reciprocal of the curvature at that point. 

If # is the radius of curvature, we have 


dy\? |? dx\? | (dy?! 

il ay oe bat 

ale? , (+a) 
Ko Py dx@y  dy@x 


dx? dt dt? dt dt’ 


depending upon the system of coordinates used. 
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The center of the circle of curvature at P is called the 
center of curvature of the curve at P. To find its coordinates, 
we note that it lies on the normal at P directed toward the 
concave side of the curve and at a distance R from P. 

Let the codrdinates of P be (a, yo) and those of the center of 

curvature C' be (2, J). Noting 
that tan « = yj, we have 


' 

sin a = A 

me COS & = i} 
WA Evidently, in Fig. 72, 
ZMCOP =a, 
Sate when « is an acute angle. 

MP= Ratio eC ee 
V1 + yi? V1 + yf? 


Replacing # by its first value in (1), 
MP = yo(l + y0”) and MC = 1+y? 5 
yh Wi 


These are free of radicals. Hence corresponding to the point P 
on the curve, no matter what be the algebraic signs of yj and y4, 


MP = %— %; for C lies to the left of P when yj and yj 
have the same sign, and C lies to the right of P when yj and 
y) have opposite signs ; 

MC =Y% —y; for C lies above P when yf is positive, and 


C lies below P when yj is negative. Hence the coordinates of 
the center of curvature are given by the formulas 


a xe! 19 x ft ib) 
% = % — 4 nae Yo = Yo Tale . (2) 
0 0 
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Hx. Find the radius and center of curvature of ay = a? at the 
point (a, Y). In particular find the equation of the circle of 
curvature of ay =4 at the point (1, 4). 

Finding the derivative of y as an implicit function, 


ee ee ee Ce 2a ae 
LOSE SEE ear o ep atm 4G Sr 
ay 
a +5) _@+y! 
2a? 2 a 
ae 


For the point (a, y.) we have 
es (a? ++ ye?) _. (@ + Yor)? 


2 a? 2 LYo 
From (2), we have for the center of curvature, using the 
value yj = 240 ; 
X% 


zoe tyr Ft tS Ye? 
0 9 ay 5) 0 2 Yo 


For the hyperbola wy = 4 at the point (1, 4) 


Fes Fa 7 
Noi s5 00 ome 28 


The equation of the circle having (42, 4°) for center and 
passing through (1, 4) is a + y¥? —19% —48y+51=0. 
To find the points of intersection of this circle with ay = 4, 


we solve the latter for y, obtaining y = e and substitute this 
x 


in the equation of the circle, obtaining after clearing of 
fractions 

e!—19 2 + 51e2?-—497+16=0. (3) 

This rather formidable-looking equation has the root « = 1, 

which is obvious, since the sum of the coefficients equals zero. 

Hence « —1 is a factor of the left-hand member, Factoring, 
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we find the remaining factor also contains «—1 as a factor. 
Repeating the process, we find that the left-hand member of 
(3) actually contains the factor «—1three times. As a matter 
of fact (3) may be written : 

(a — 1)3(a — 16) = 0. 

Hence for the points of intersection of circle of curvature 
and the original curve 

merely lel Os 
~y=4, 4,4, 4. 

That is, of the four possible points of intersection, three are 
found to be located at the point (1,4). This is not an accident. 
It is always true that the point of the curve counts, in general, as 
three of the possible points of intersection of its circle of curvature 
with the curve. The circle of curvature at a point of a curve 
is sometimes referred to as the osculating circle of the curve at 
that point. a: 

We have already called attention to the fact that at a flex 
the curvature is zero. The osculating circle in the case of a 
flex is the flex tangent. Correspondingly the flex point counts, 
in general, as three of the possible intersections of its tangent with 
the curve. In the case of an ordinary tangent, the point of 
contact counts as two of the possible intersections of the tan- 
gent with the curve. 

It will be left as an exercise for the student to show that, 
corresponding to the point (2, 2) on wy = 4, the equation of the 
osculating circle is 

e+ty—8ue—8y+24=0, 
and that the point (2, 2) counts as four points of intersection 
of this circle with the hyperbola. 

A sketch of the osculating circles of wzy=4 at (1, 4) and 
(2, 2) will show that the former crosses the hyperbola at (1, 4) 
while the latter lies entirely on one side of the hyperbola, 
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EXERCISES 
1. Find the center of curvature of 6 y = 2? at © 8). 
2. Find the radius of curvature of y = - (es +e > at (a, y). 
What is it at the vertex (0, a)? 


3. Find the radius of curvature of a + ys =a at (a, y). 
Compare this with the length of the perpendicular from the 
origin to the tangent at (a, y). 


4. Find the curvature of ay? = a at (a, y). 

5. Find the curvature of ay = 2 at (a, y). 

6. Find the radius of curvature of y = log see x at (x, y). 
7. Find the radius of curvature of a? + y? =2c? at (x, y). 


8. Find the radius of curvature oA “ =+4 == 1 at (2, 9). 
What is it at (a, 0) and at (0, bd)? 

9. Find the radius of curvature of y = e* at (a, y). Where 
is it a minimum ? 
10. Show that the radius of curvature of the cycloid 
x =a(t —sint), y=a(l—cost) at any point is twice the 
length of the normal at that point. 


11. Find the radius of curvature of the epicycloid 


% = (a + 0) cos 6 — b cos “t%6, 
y= (a+) sind —bsin wy 


at any point. 


Find the radius of curvature of the following curves at the 


point (p, 6) : 
12. pie. 14. p=a sect. 16. p? =a’ sin26. 


iS: p= asin’. 15. p? cos 2 6 = a, 


CHAPTER IX 


OTHER APPLICATIONS 


76. Simple harmonic motion. A particle is free to move in 
a straight line subject to an attracting force which is always 
directed toward a fixed point O on the line of motion and is 
proportional to the distance of the particle from O. If, at the 
instant t= 0, the particle is at w= and its velocity v= 0, 
determine the motion of the particle. 

Let the line of motion be the axis of x and O the origin. If 
x denotes the position of the particle at any instant, 


“ = v, the velocity at that instant, 


Zn 
de _ @® _ 4 the acceleration at that instant. 
dv? dt 
If m is the mass of the particle, we have, from elementary 
mechanics, force = ma. Hence the given law of force may be 


expressed ma = — kx, 


where the factor — k? indicates that the force is directed nega- 
tively when « is positive, and positively when @ is negative, as 
it should be, since the force is an attractive one. 

Since m is constant throughout the motion, we may divide 


by it. Replacing the negative constant alt by — pw? and 
m 


2, 
noting that a ==, we have, for the differential equation of 
motion, 
—— = — pe, (1) 
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Our problem consists in finding x as a function of ¢ which 
satisfies the equation (1), subject to the conditions that a = a 
and v=0 when t= 0. 


Recalling that = ~ equation (1) may ‘be replaced by 
d 2 
= Se bls (2) 


which is simpler, in so far as it involves a derivative of the 
first order instead of the second, but it is more complicated in 
that it involves three variables 2, v,t. Butif we take « as 
the independent variable, we have 

dy _dyda_ dv, 

dt dxdt dx 


Our differential equation then takes the form 


—=— per 3 

ae ru) ( ) 

which involves two variables only. Multiplying by da, we 
have the equation vdv =— px da, (4) 


in which the variables are said to be separated. 
Integrating each member, after having multiplied both by 2, 
y= — parte. (5) 
The constant of integration can be evaluated, recalling that 
v=0whenzw=a. Using this fact in (5), 
O=— pg te; te. c= paz. 
UF = p?(ag — 2). (6) 


1Jn general, when a differential equation, involving two variables, has 
the form M(x)da + N(a)dy = 0, 
where M is a function of w only and WN is a function of y only, the 
variables are said to be separated. The solution of such an equation is 
obtained by integrating each term, and equating their sum to a constant 
of integration. 
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This determines the velocity at each point of the path. 
Solving for v, we have » = pV a2 — x. 


7 “ = pve — @. (7) 
Separating the variables, 
dx 
—_——— = pd. 
Vea 
Integrating, we have 
sin =pt +c. (8) 


0 
To evaluate c, we recall that «=a whent=0. Hence (8) 
tells us that 


Sills L—=<¢, 7.6. ¢ = 


bwla 


a sin = pt cha (9) 


Taking the sine of each side, 
ales T 
— = sin{ pt +— |= cos pt. 
Xp in( z 2) Z 
-, A ay COS fil (10) 
Equation (10) enables one to tell all about the motion. 
Differentiating it, we have 


da 
dt 


Y= — %p Sin pt, (11) 


which gives the velocity of the particle as a function of the 
time, while (6) gives the velocity as a function of the position 
of the particle. [Show that equations (6), (10), and (11) are 
consistent, by obtaining (6) from (10) and (11).] 

Using (10) and (11), we see that when ¢= 0, x has its maxi- 
mum value a andv=0. Asé¢ grows v becomes negative and 


x diminishes. When a v has its minimum value and 
fog 
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«=0. From then until t=", v continues to grow algebrai- 
Bb 


cally and x is negative; when t=", v=0 and x=— 2%. 
fag 

After that v is positive, acquiring its maximum value when 

t= 2 , «in the meanwhile growing algebraically and arriving 


at 0 when t = ae From then until t= ee v diminishes end- 


pi be 
ing by being zero, while x grows, arriving at xv at the end. 
As t grows, the process is repeated in precisely the order de- 
scribed. The motion of the particle is backward and forward 
over the strip from x = % to « =— 4, an indefinite number of 
times. Motion of the sort described is said to be stmple har- 
monic. By the period of the motion is meant the time that 
has elapsed between two consecutive passages of the particle 
over the same point in its path in the same direction. In the 

Qa 


present case the period is 7’ = — 
BB 


The values % and % respectively which v and x assume at a 
given instant f) are known as the tnztial conditions of the prob- 
lem. The constants of integration arising in the course of 
solving the differential equation of the motion have their 
values determined by these initial conditions. 


Ex.1. If when t=0, v= and « =0, show that 


i "0 sin pt. 
Be 


Ex. 2. In the general. case, where v = % and «=a when 
t =t,, find the equation of motion. 
As before, starting with 
vdv =— p’? xd, (4) 
we have 
vo pete, (5) 


e 
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Since c is equal to the sum of two squares and is, therefore, 
positive, let it be 2A Then 
v2 = p?(A? — 2”), or 


dx eee 
=—_— => A? — x, 
eet 
Separating the variables, 
dx 
————. = pdt. 
V/A? — x? 


Integrating, 
sin = = pt + ¢. 
“. ©= A sin(ut + ¢). (12) 


Here A and ¢ are the constants of integration. They can 
be determined by the initial conditions thus: 


From (12) and the result of differentiating it, 


v= Ap cos (pt + 9), (13) 
we have 


% = Asin(ufy+¢) and “= Acos (p+). (14) 
p 
Squaring both of these and adding, we have 
ap Ca or ae, Moet (15) 
pe p. 
Taking the quotients of corresponding members of (14), 
pao tan(ut,+¢). .. po t+o= tanra(), or 
Uo Vo 
= tan-(H a (16) 
Vo 


The values of A and ¢ in terms of 4, %, %, given in (15) 
and (16), are not of great importance. But the physical sig- 
nificance of A and ¢ should be emphasized. 

It is easy to show, and will be left as an exercise, that A 
is the maximum value assumed by x throughout the motion. 
A is known as the amplitude, 
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- Upon the value of ¢ will depend the time when « reaches 
any point. @ 1s known as the phase. 

Equation (12) may be taken as the general anaen of 
simple harmonic motion. It will be left as a simple exercise 


to show that in this case also the period 7'= 2a 
& 


It should be noted that the period depends upon the force 
acting in any particular case, and is independent of the initial 
conditions, while A and ¢ do depend upon the initial conditions. 


Ex. 3. Show that by taking 6= w+ A for the constant of 


integration in (12), the general equation of simple harmonic 
motion assumes the form 


2% = A cos (pt + 2), (17) 


Ex. 4. Noting that 
A cos pt + Bsin pt 

=v A? + eae COS pt + Tare sin Ht), 
show that «= Acospt+ Bsinpt may be made to take form 
(12) or (17), and thus also defines simple harmonic motion. 
What is the amplitude in this case? 


Ex. 5. If the force is a repulsive one, the differential equa- 
tion of motion is ie ity 
d@ da 
If vy =0 and «=a when t= 0, show that 


v=pVer—a and «= se + eH") = a cosh pt. 
Whence 0= ae (en! — em) = Xp sinh pt. 


Of course, the motion in this case is not simple harmonic. 
What is its nature? 
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77. Uniform circular motion. If the motion of a particle is 

given by the equations 
C=Prcoset, y=rsin at, (1) 
where 7 and w are constants, the path is 
the eircle 
a = y — 7, 

as may be ascertained by eliminating ¢ 
between equations (1). 

For the velocity we have (§ 25) 


/ 


V,=2 =—rTrwsinot, v,=y' =o COs at. 
. speed =|v| = Vv? + v? = ra, a constant. (2) 
If 7 is the angle of inclination of the velocity at any instant, 
COs sinewt, sint =v = cos wt. 
|| || 
T= ot + a (3) 


The motion is at right angles to the line joining the moving 
point with the origin, as it must be since the path is a circle. 
Motion in a circle with constant speed is known as uniform 
circular motion. Equations (1) are the equations of such 
motion. 
For the acceleration we have (§ 26) 


a,=2=—re cost, a,=y" =— re? sin ot. 
Using formulas (5) and (6) of § 26, viz., 
eae!’ a yy” 
Var py? 
ay! — yy’! 


VP ey 


tangential acceleration =a, = 


-normal acceleration = a,= 


we find 


a, = 0, as it should be since the speed is constant, (4) 
Oy = Tw, (5) 
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The entire acceleration, in this case, is in the direction of 
the normal. 
Using the fact that |v| = rw, we see that 


alot 
a, = 2 6) 


This interesting fact is a special case of what can be said in 
general of the normal acceleration for a body moving along a 
curve. Thus, in § 75 we saw that the radius of curvature of a 
curve «=f (t), y= $(¢) at any point ¢ is 

je eas ip 
acy! = ya!" 
Comparing this with the expression for a,, we see that 


a Bie ye vf? . 


Ser Ee, @ 


i.e. the normal acceleration at any point along the path of a par- 
ticle is equal to the square of the speed divided by the radius of 
curvature of the path at that point. P 

An. interesting fact in connection with yp s 
uniform circular motion is that the pro- Sm \ 
jection of the instantaneous position of - 
the particle upon any diameter of the path A 
oscillates back and forth along this diame- 
ter with simple harmonic motion. For, if Be 


AB is a diameter making an angle @ with OX, the distance 
from O to M, the projection of P upon AB, is 


OM = s =r cos(wt — ¢). 
Ex.1. Find the path, speed, tangential, and normal acceler- 
ation of a particle whose equations of motion are 
x=acoset, y=bsin oat. 


If a>b>0, at what points do the speed and normal accelera- 
tion assume maximum and minimum values ? 
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Ex. 2. Find the equation of the path of a particle whose 
equations of motion are 
zx=acoswet, y=asin2 of. 
Sketch it. At what points is the speed a maximum or a 
minimum ? 


Ez. 3. <A particle moves with constant speed around the 


ellipse mt+Ee1. Discuss the tangential and normal com- 
a 


ponents of the acceleration. 

Ex. 4. Ifa wheel rolls along a straight line with constant 
angular velocity , find the vertical and horizontal components 
of the velocity of a point of the rim of the wheel, as it traces 
the cycloid « = a(@ — sin 6), y=a(1—cos @). [Here @ is used 


as the parameter, ¢ being reserved for the time. Then 17) | 


What is the speed? Where is this a maximum ? 


78. Simple pendulum. Simple harmonic motion is approxi- 
mately the motion of many objects in nature, such as the 
C swing of a simple pendulum or of an 
undamped galvanometer needle through 
a small are, the oscillation of a point 
on the prong of a tuning fork, or the 
vibration up and down of a weighted 
U particle suspended by an elastic cord or 
coiled spring. We shall consider the 
case of the simple pendulum. 
Let P be a particle of mass m sus- 
O pended by a massless thread, / in length, 
Fie. 75 from a point C so that it will oscillate 
freely in a vacuum without friction in 
a vertical plane. P moves along a circle. If s is the length 
of arc measured from the lowest point O to P, s = 16, where 6 is 
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the angle which CP makes with CO. Therefore the acceleration 
in the direction of the tangent to the path at Pis - = om . 
t 

The only force acting is gravity. It is directed vertically 

downward and is equal to — mg in amount. Its component 

along the direction of the tangent at Pis — mgsin@. Hence 

the equation of motion is 

a6 _ 


ml— = — mg sin or 
dt? 


= A sin 6. (1) 
If 6 remains small throughout the motion, we may replace 
sin 6 by @ as a first approximation. The equation of motion 


then takes the form 26 
ees : 6, (2) 


which has the form, (1) § 76, of the differential equation of 
simple harmonic motion. 

The solution of this equation gives 6 as a function of t. But 
since we are supposing all values of 6 throughout the motion 
to be very small, we are interested in s, the displacement of 
the particle, rather than in the angle 6; for, if/is large, s 
may be appreciable while 6 is small. Multiplying both mem- 
bers of (2) by / and remembering that /@ = s, our differential 
equation of motion is s 

s 
a : s. (3) 

If we start the pendulum swinging by pulling it aside a dis- 
tance s), and then, without imparting to it any initial velocity, 
we let go and allow it to swing, we have the initial conditions 


$= Sp; <= v= 0 when t=O. 


The student should show that, with these initial conditions, 


$ = 8) COS ie 
Y 
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On the other hand, if the pendulum is started by giving it a 
sharp blow when at rest in the position CO, causing it to have 
an initial velocity vp, the student should show that the equa- 


tion of motion is 
s= oa)! sing |e, 
g d 


also that, no matter what be the initial conditions, the period 


of the pendulum is 7’= 2 mall. 
g 


79. Motion of body attracted by the earth at a distance. Only 
for relatively small distances above the earth’s surface, com- 
pared with R, the radius of the earth, is the ac- 
celeration due to gravity even approximately 
the constant —g. For a body at a distance s 


from the center of the earth where s> R, the 


2 


s acceleration due to the earth’s attraction is — i 3 
8 


be 


where —k? is the factor of: proportionality. To 
determine it, we note that, when s= R, the 


2 
acceleration is —g; te. See g. Whence 
RR? 


—k’=—gR?. The differential equation of mo- 
tion is then 


Fra. 76 rag ae (1) 


Here the resistance of the air and the existence of any at- 
tracting body, except the earth, are ignored. The earth is 
assumed to be a sphere. 

We shall study the case where the motion is in the direction 
of the line joining the initial position of the body with the 
center of the earth, As was done in § 76, we note that 
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ds d’s dv 
—_ = v, ees 
dt dt? dt 
able, thus Ps_dv_dvds__ dv 
d@ dt dsdt ds 


, and then introduce s as the independent vari- 


Equation (1) may then be written 


or, separating the variables, 
ds 
vdv=— gR? cs (2) 


Multiplying the members by 2 and integrating, 
oe = 29 Lg. (3) 


$s 


If the body starts at a distance sy from the center of the 
earth and with zero velocity, we have 


on 79. or peg 2 29R'(; — =), or 
So S Ses, 
ae Rv2 4) ae (4) 
Ss. 


This determines the velocity of the attracted body at any 
point of its path. Here the negative sign is used on the right- 
hand side because the body is falling and we are measuring 
distances positively upward. 

In particular if s= R and s, = R+A, the body reaches the 
earth’s surface with the velocity 


Spl ale 
y=—V2 ix ae . 5 
| TNR (5) 
Comparing this with (9), § 39, we see that the latter formula 
is approximately true only for such distances h above the 


earth’s surface for which rer may be taken as unity. 
t 
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To find the time at which the body arrives at any distance 
s, we write (4) in the form 


S=—RV2g p28, or 


S08 


AES i =— Ry l24 at. (6) 


Sy — § So 


To integrate the left-hand member let s=s)sin?u. Then 
ds = 2s, sin u cos udu and Vs) — s = V3, cos u. 


“fy : ds = 2 (sin? udu = % (1 — cos 2 u)du 
Sy — 8 


Sy:Sin 2 u See |S pase 
= Sou — SS §) Sin Re V 8,8 — 8%, 
2 So 


Hence, integrating both members of (6) and equating results, 


§, sin 2 Vag Ba— Byl2t +o 


When ¢ = 0, s='s,. “. ssint 1 =3)5 =e. 
29 3 ately’ 
ae t= V's, — s? +45 —sin ve), 0 
So 
ye 294 —Vs3—8+ 5, cos" a (7) 
So 8) 


Ex.1. Show that it will take about 47.5 minutes for a 
body starting with zero initial velocity from a distance of 
4000 miles above the earth’s surface, to reach the earth. The 
radius of the earth is here taken as 4000 miles. 

If, instead of starting with zero initial velocity, it starts 
with velocity v, the value of the constant of integration in (3) 
is 320 Hence the velocity at any point s along the 

0 


path is given by we —R=29 a vm =) (8) 
s 
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If we ask, what is the least velocity with which a projectile 
may be fired vertically from the earth’s surface so that it shall 
never return, that is, for what value of v, will v=0 when 
s=oo and s,= R, we see from (8) 

a ep 64 x 4000 
—y=—2gRh or v= VIGE =| x 500 
= 6.96 miles approximately. 


Ex. 2. Assuming that the radius of the moon is 1000 miles 
and that the acceleration of gravity towards its center is 
5.3 ft./sec.?, with what velocity would a body have to be pro- 
jected orthogonally away from the surface of the moon so 
that it would never return? Here the existence of the earth | 
and all heavenly bodies is ignored. 


Ex. 3. Assuming the earth and moon at rest and ignoring 
the existence of all other attracting bodies, at what point be- 
tween the earth and moon would an object have no weight, 
because the force of attraction of the two bodies is equal in 
amount and directed oppositely ? [Assume distance 240,000 mi.] 


Ex. 4. With what least initial velocity would a body have 
to be projected vertically upward from a point on the earth’s 
surface on the line of centers of the moon and the earth so 
that it will pass the position of equilibrium mentioned in 
Ex. 3 and fall upon the moon ? 


80. Motion subject to resisting force proportional to the square 
of the velocity. Taking account of the presence of the air, a 
moving body meets with a resisting force which may be as- 
sumed proportional to the square of its velocity, if the velocity 
-is not very great. In the case of a falling body near the 
earth’s surface starting from rest at a distance sy above the 
earth’s surface, the equation of motion is 

d?s 


Tg + kev (t) 
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Here k*v?, the resisting force due to the air, is positive be- 
cause it is always directed oppositely to that of the motion of 
the body, and we are supposing the body to be falling. 


Noting that = ~, the differential equation of motion is 
q 
dv 
ee key? 
dt 2 : 
or, separating the variables, 
OS ie ore ee (2) 
k2y2 in. g ke2y2 a g 
Remembering that f= : oe log * u— v9 , we have, on 
W—g9 Wg utvV9 


integrating both members of (2) and multiplying by 2vV4, 
joe aves 2kVgt+C. (3) 
ku+~vVqg 


Taking the exponential’ of each member of (3), and noting 
the e%%4 = A, we have 


kv — VG gBeVarso = iV ite = ogthVat, (4) 
ku + V9 
where e©=c. To determine the value of c, we note that v=0 
whent=0. Hence, from (4), we have c=—1. 


kv — kv Vg =e e2kV at, 
ke + Vg 
Solving this for v, 
Vq A aes KV gt 


Serer © 


1The process of raising e to the power ¢ is referred to as “ taking the 
exponential of ¢,’’ and the result is sometimes written “exp ¢.’’ This 
process is employed frequently when a member of an equation is the 
logarithm of some expression, as in equation (3). Taking the expo- 
nential of a quantity is the process inverse to that of taking the logarithm. 
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This determines the velocity of the falling body at any in- 
stant. It will be noticed that v, which is negative, is always 
less than oe in absolute value. 


To find the distance passed over we replace v in (5) by S 
and integrate, obtaining 


2k 9 
V9 Se" errs 


ay 1 ers 


(6) 


To evaluate the integral on the right, multiply numerator 
and denominator of the integrand by e~*Y9', giving 


e-kVat KV gt = A 
va fe dt = — Flog ei" + I) + 


—KV Gt +4 ekVst 
since the numerator is — i times the derivative of the de- 
nominator. kvg 
1. x x 
a. aoa log(etV 9! ee, en WV aty 4 C. (7) 


Noting that s = s) when t = 0, we find that c= s) +3 z = log 2. 


Putting this in (7), and solving for s) — s, the eo trav- 


eled by the body, 
7 a ek st + e- kV at 


(8) 


ie 108 D} 


In terms of the hyperbolic cosine this takes the simple form 
1 23 
8) — 8 = 7, log cosh kv qt. (9) 


If the body is thrown upward, the resisting force is directed 
downward. Hence the differential equation of motion is 


Or ke, (10) 
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If v = v% when t = 0, show that 
= tan oe kt + as tan-1*% , 
Vg Vg v9 vg 


_Vg Sa ee 
v=—* tan (tan 1 Se kv it) (11) 


; whence 


This determines the velocity of the rising body. It holds 

while the body is rising only, that is, until ¢= Eee tan-1 0. 
vg Vg 

Call it t. After that, the equation of motion of the falling 
body considered in the first place, begins to hold with the 
understanding that in (5) we supposed v=0 when ¢t=0, 
while now v = 0 whent=%. Show that in this case (5) must 
be replaced by 
vol — e2kV ot - D 


K14 eVoe— wo) 


v= 


0) 
To find the distance passed over, we replace v by “ invCLy), 
and integrate, obtaining 
1 kv 
= [log cos (tan —~kvVq¢q ) +c. (12) 
k? Vg g 
ey, 
vg 


If s='s, when? =0,c=3s, - log cos tan 


kv = 
cos { tan! —= — kv. t) 
( Vg : 


$ — S =— log 
Ins cos tan". 
B g 
ai 
=i log( cos kV gt fee Va sin kvgt). (13) 


This determines the position of the rising body until 
1 Le Show that the height reached by the 


=-—— tan + 
iG V9 ‘ F 
ky 

1 

2h? & i - 
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81. Resisting force is proportional to the velocity. Here the 
same differential equation of motion holds for a falling and a 
rising body ; namely, 


ds dv 
ia eae (1) 


If v=, s=s, when ¢ = 0, show that 


v =({ + va) oe e (2) 
af! \ — 14 k? 
5-4 = (pt rl(t—e (ieee (3) 


In this case also, the velocity of a falling body is restricted 
to be less than a certain amount in absolute value. What is 
this limiting value? Does it depend upon v,? 

If the resisting force is proportional to the velocity and 
there is no other force acting, the differential equation of motion 
is 

ds dv 

—S= = —_— k2 . 4 

de dt ‘ (4) 
If v=, s =0 when ¢t = 0, show that 


Pie nen et, (5) 
$= ml — e-#*), (6) 


The resistance offered by water to a body moving through 
it at a moderate velocity is approximately proportional to the 


velocity. 


Ex. 1. A man in a boat stops rowing when moving 
6 miles/hour. One minute later the velocity of the boat is 
three miles/hour. What is the velocity 2 minutes after the 
rowing ceased? 5 minutes after? How far did the boat go 
during 1, 2, 5 minutes respectively after the rowing ceased? 


260 CALCULUS [§§ 81, 82 


Since 6 miles/hour = 528 ft./min. and 3 miles/hour = 
264 ft./ min., we have, on putting v, = 528, v = 264, t =1 in (5), 


e¥=1, ».e¥=2 and k=log2=0.693. 


2 


For ¢ = 2, v = 528(4)? = 132 ft./min. 
To find s, use is made of (6). 
528 


OF a peed I 0.695 (1 — 4)= 381 ft. approximately. 


Ex. 2. If the resisting force is proportional to the cube of 
the velocity, and there is no other force acting, show that if a 
body is given an initial velocity v, the distance traveled by it 
faite tine nas 9 

kv, 

82. Flexible homogeneous wire. Let AOB be a flexible homo- 

geneous wire fastened at A and B, and acted upon by gravity 
Y, only. What is the equation of the curve 
7 B assumed by it, when in equilibrium ? 

We shall take O, the lowest point on 
the curve, as origin, and the tangent at O, 
as the axis of a. 

Let P be a second point on the curve at 

ee a distance s from O, measured along the 
O x 
Fia. 77 


curve. Let its coordinates be (a, y). 

' When the wire is in equilibrium, there 
is a tension at each point directed along the tangent to the 
curve at that point. Imagine the portion OP cut free from 
the rest of the wire. To keep it in 7 
equilibrium, we must supply at O and 
P the tangential forces H and T re- 
spectively, equal to the tensions that 
existed at those points before cutting 
and directed as in Fig. 78. The re- Fic. 78 
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leased portion OP is now in equilibrium, subject to the forces 
H, T, and the weight of the portion. If w is the weight of 
unit length of the wire, the weight of the portion is ws. 

Let the horizontal and vertical components of 7 be T, and 
T, respectively. Then, since there is equilibrium, 


Dea 
T,=—-H, T,=-ws. .«. -*=—s. 
z p) y Te Veh 
Noting that w and H are constants, we shall write wat. 
a 


Moreover, eeu the slope of the curve at P. Hence the 
Ay 


Zz 


differential of the equation of the curve is 


Gy 
—=-e al 
Che (1) 


This involves three variables, x, y, and s. We can get rid of 
s by differentiating both members of (1) and remembering that 


ds _ 1 eae Doing this, we have 
x 


dz 
@y 1 (dy\? 
ee) eae) alls ERE, 2 

da a a eo) 


In this differential equation, the dependent variable does 


not appear, its derivatives only appearing. Letting oe Pp, 
ae 


one Tap gk (3) 
dz a 
Separating the variables, and integrating, 
f- * f az, or 
V1+p? & 


log (p+-VI +P) =" +6. (4) 
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Since p =0 when ~=0,c=0 in (4). Taking exponentials, 


ptvitp=e, or Vi+p'=e*—p. 
Squaring both sides and solving for p, 


payer), (6) 


Remembering that p = ou, we have on integrating (5), 
Ay 


y =5et+ e*)+¢. 


Since y=0 when «=0,c=—a. Hence equation of the 


curve is jttale- mag . 
Yt — 5 (Casi MAIN (6) 


which is the equation of a catenary, when the origin is at 
the vertex. A flexible chain also assumes this shape, approxi- 
mately, when suspended from two points. The name “ cate- 
nary” is derived from the Latin word “ catena,” a chain. 


83. Parabolic cable. In the case considered in the previous 
section the weight of any portion, OP, of the wire was propor- 
Y tional to s, the length of OP. 
Suppose now there is sus- 
pended from the wire or cable 
a weight, for example a bridge 
CD, and in such a way that the 
total weight carried by any por- 
tion OP is proportional to OM, 
the horizontal projection of 
OP. What is the equation 
of the curve assumed by the 
wire or cable in this case? 
Proceeding as in the previous case, the detached portion OP 
will be in equilibrium under the forces H at O, T at P, and 
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the weight carried by OP. If the weight carried per unit of 
projection of OP on OX is W, the weight carried by OP is 
Wea, the coordinates of P being (a, y). 


T, 

If, as before, T, and 7, are the : r 
horizontal and vertical projections H 
of as /P Ty 

Sis Jal, T,=— We. s 
DOW. Ba 
. Te ee Fra. 80 
where y= k is constant. Hence the differential equation of 
the curve assumed by the wire or cable is 
dy 
— = ke. iL 
eee (@) 
Multiplying both sides by 2 and integrating, 
2y=ke*+e. 

Since y= 0 when x=0,c=0. Hence the equation of the 

curve is 2y = ka, (2) 


which is the equation of a parabola with the vertex at the 
origin. 


84. Chemical applications. It is known that sugar, in the 
presence of certain chemicals, is converted into other sub- 
stances. If x is the quantity of sugar that has been con- 
verted during any time ¢, then - is the rate of conversion at 
the instant ¢. It is found that this rate is proportional to 
the quantity of unconverted sugar at that instant. Ifa is the 
quantity of sugar started with, the differential equation to 
determine x as a function of ¢ is 

da 
—=k(a—«x 
dt ( ); 
where k is the factor of proportionality. 
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To solve, separate the variables 
dx 
a—x 
log (a —#)=— kt+ C=—ikt+e’. 
Taking exponentials of both sides, 


= kdt. 


integrating, 


C= cee. 
Since « = 0 when t= 0, c=a, and we have finally 
ea (l— ery. 
Ex. In some chemical reactions, the rate of conversion of 
a substance at any instant is found to be proportional to the 
square of the quantity of the substance untransformed at that 
instant. Show that the amount of the substance that is trans- 
a? kt 
akt +1 
proportionality and a is the amount of the substance started 
with. 


formed in the time? is r= , where & is the factor of 


85. Growth function. Experiments with colonies of animals, 
such as fruit flies, and other considerations have led to an 
hypothesis, giving at least a first approximation for the rate 
of normal growth of the population of a stable aggregate of 
beings, such as in the case of a nation over a period of years. 
Since the number of persons that could possibly people such a 
country is limited, let the largest possible number of inhab- 
itants be NV. If at any time ¢ the number of inhabitants is a, 
the hypothesis is that the rate of growth of the population is 
proportional to the product of x and N — 2, that is, 


S = ka(N— 2), (1) 


where k is the factor of proportionality. Separating the vari- 
ables in (1), de 


—_—— =kdt. 
x (N — 2) 


§§ 85, 86] OTHER APPLICATIONS 265 


Breaking up the left-hand member into a sum of partial 
fractions, we have, after multiplying both members by W and 
integrating, 


log — Nkt+e° or ee cere, 
Or, solving for 2, 
cN 
0 op ene @) 


The fraction « is known as the growth function. The values 
of the constants c, N, k, can be determined from census data 
at three periods of time. 

It is interesting to note that the growth function (2) con- 
forms very well as a first approximation to facts observed in 
the case of the population of colonies of animals or of nations. 

If, instead of using the constant factor k in (1), a variable 
factor f(t) is introduced, a more general type of growth func- 
tion is obtained, which for proper choices of f(t) is found to 
fit observed facts even better. It will be left as an exercise to 
show that in this case the growth function has the form 


cN 
—N\f(t) dt 
be 


c+ 


hy —— 


For further information on this subject see the following 
article by Raymond Pearl and Lowell J. Reed: 

On the rate of growth of the population of the United 
States since 1790 and its mathematical representation, Pro- 
ceedings of the National Academy of Sciences, pp. 275-288, 
Vol. 6, 1920. 


86. Electrical application. We shall conclude the list of illus- 
trative exercises leading to the solution of simple differential 
equations with one on the subject of electricity. In an electric 
circuit containing a cell producing a constant electromotive 
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force E and a coil of constant self-inductance ZL, the total re- 
sistance is 7, also a constant. As soon as the circuit is closed, 
the current begins to rise. 

If 7 is the value of the current at any time ¢ (i= 0 when 


t= 0), the induced electromotive force is LS. This opposes 
a 


EH. The net electromotive force is thus H — Le. 
. HH es ri, OY 
dt 
di ; 
Pe =H il! 
qt tn” (1) 


which is the differential equation determining 7 as a function 
of t. Separating the variables 


tat =— dt, or rdt ah 
ri — E ru— E L 
Integrating, we have 
log(ri — E)=— + &. 
AU eat aoe 
Taking exponentials, 
_ 
ri— H=ce *. 
Since i= 0 when ¢=0, c=— E. 
_t 
ey 8) (2) 
te 


The current approaches ue as a limit. 
ie 


CHAPTER X 


DEFINITE INTEGRAL 


87. Limit of a sum. Heretofore we have considered inte- 
gration as the process inverse to that of differentiation. His- 
torically the integral calculus had its imitial development from 
a different point of view. We shall endeavor to present in an 
elementary manner, without insisting upon the proofs of im- 
portant steps, the notion of a definite 
integral as the limit of a sum. 

We shall start out with the geo- 
metrical problem: Given the parabola 
y= «?+1, what is the area under the 
are of this curve from «= 0 to x=3? 
In Fig. 81, this area is that included 
between the are AC, the axis of a, 
and the ordinates OA and BC. 

As a first approximation, we can 
take the area of the trapezoid OACB. 


This is ace) = 16,5, which is evi- 
dently too large. 

Now divide OB into three equal 
parts, each one unit in length, and at 
the points of subdivision D and £ erect 
ordinates to the curve. The upper 
extremities of these are #’= (1, 2) and 
G =(2, 5), respectively. Draw the chords AF, FG,GC. The 
area under the broken line made up of these chords may be 

267 
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taken as a second approximation of the desired area. It is 
made up of three trapezoids, the sum of whose areas is 12.5. 

If we halve each of the unit segments of line OB, and at 
all the points of subdivision erect ordinates to the curve and 
join the adjacent upper extremities of these with straight 

fol lines, the area under this new broken 
line is easily found to be 12.125. 

If we halve each of these smaller 
segments of OB and proceed as before, 
the area under the new broken line is 
readily calculated to be 12.03125. 

If we divide each of the unit seg- 
ments of OB into ten equal parts, the 
area under the corresponding broken 
line is found to be 12.0070. 

The successive numbers 


16.5, 12.5, 12.125, 12.03125, 12.0070 


suggest the number 12 as a limit. 
We know for a fact that the area 
under AC is equal to 12 (§ 38). 

As a second method of approxima- 
tion, consider the sum of the rectangles 
DA, EF, BG in Fig. 82, each of which 
has for base the corresponding seg- 
ment of OB, and for altitude the ordinate at the left-hand end 
of the segment. 

This sum is14+2+4+5=8. 

As before, halve each of the three segments OD, DEH, and 
EB, and consider the sum of the resulting rectangles obtained 
by the method just described, viz., 


KA, DN, LF, ER, MG, BH. 
This turns out to be 9.875. 


Fic. 82 
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If we halve each of these smaller segments of OB and con- 
sider the sum of the rectangles obtained in the prescribed 
manner, this turns out to be 11.21876. 

If we divide each of the unit segments of OB into ten 
equal parts and consider the sum of the rectangles obtained 
in the prescribed manner, this turns out to be 11.555. 

If each of the unit segments of OB is divided into a hun- 
dred equal parts, the sum of the corresponding rectangles is 
11.955050. 

By taking a larger and still larger number of subdivisions 
of OB, the successive numbers obtained for the sums of the 
rectangles 

8, 9.875, 11.21876, 11.555, 11.955050, -.- 

are found to approximate more and more closely to 12. In- 
spection of Figs. 81 and 82 will show why the sum of the 
trapezoids gives a better approximation than the sum of the 
rectangles, for the same number of subdivisions of OB. But 
the point to be emphasized is that while we have only indi- 
cated it, it can be proved that, in.each case, the approximat- 
ing sum can be made as near 12 as may be desired, by taking 
the number of subdivisions of OB large enough. 

Since the area of a trapezoid is equal to the product of its 
altitude by half the sum of its bases, each of the trapezoids in 
Fig. 81 may be replaced by a rectangle having for altitude 
half the sum of the parallel sides of the trapezoid and for base 
the segment of OB on which the trapezoid stands. Thus, in 
Fig. 81, 

the trapezoid DFAO may be replaced by the rectangle 
having HK=1(04A+ DF) for altitude and OD for 
base ; 

the trapezoid HGFD may be replaced by the rectangle 
having IL = }(DF'+ EG) for altitude and DE for base ; 

and so on. 


270 CALCULUS [§ 87 


Here the ordinate HK corresponds to the abscissa V0.5, 
which is >0.5 but lies between 0 and 1; the ordinate JZ cor- 
responds to the abscissa V2.5 which is >1.5 but lies between 
1 and 2; the ordinate JM corresponds to the abscissa V6.5 
which is >2.5 but lies between 2 and 3. 

A third type of approximation for the area under the are of 
the curve is to consider the rectangles each having a segment 
of OB for base and for altitude the 
ordinate of the curve corresponding 
to the point at the right-hand ex- 
tremity of the segment. Fig. 83 
illustrates it. Comparing this with 
Fig. 82, it will be seen that at each 
stage the rectangles in the two 
figures are precisely the same, ex- 
cept that the one to the extreme 
left in Fig. 82 is missing in Fig. 83, 
while a compensating rectangle at 
the extreme right appears in Fig. 83 
which is missing in Fig. 82. Cor- 
responding to the successive stages 
of approximation considered in the 
second case, the values of the sum 
of the areas of the rectangles in the 
third case are readily found to be 

17, 14.375, 13.46875, 12.455, 12.045050. 

Here again the sum of the rectangles is seen to approximate 
12 as the number of rectangles is increased. 

This simple exercise carried through with considerable de- 
tail is intended to illustrate the following fact : 

Let f(x) be a continuous function in the interval (a, 6); i.e. 
a<a<b. In Fig. 84, CD represents the part of the curve 
y = f(x) corresponding to the values of « in the interval (a, 6). 


Fig. 83 
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Let A be the point on the axis of x whose abscissa is a, and 
B the point on this axis whose abscissa is 6. Let AB be 
divided into n equal parts, the points of subdivision being X, 
Xo, +++, X,-1 At each of these points, and at A and B, which 


take the place of X) and X, respectively, draw the correspond- 
ing ordinate to the curve, obtaining 
AC, X,P,, X_Po; a) Baatt nats BD. 

Changing the order adopted in the illustrative exercise, we 
shall consider 
(a) the rectangles, each having a segment of AB for base, 
and the ordinate corresponding to the left-hand extremity of 
the segment for altitude; in Fig. 84 these are the rectangles 


XC, X2Pi, +, Xe Piy +, BPs 5 
(0) the rectangles, each having a segment of AB for base and 


the ordinate corresponding to the right-hand extremity of the 
segment for altitude; in Fig. 84 these are the rectangles 


AP,, XP», ae) X Pitty oor XD; 


(c) the trapezoids, each having a segment of AB for base and 
the ordinates at the extremities of the segment for parallel 
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sides ; as noted in the illustrative exercise, such a trapezoid is 
equal in area to a rectangle which has the segment of AB for 
base and the ordinate- corresponding to some point along the 
segment for altitude. 

The fact we wish to emphasize is that it can be proved that, 
by making n sufficiently large, we can make the sum of the areas 
of each set of rectangles (a), (b), and (c) differ from the area under 
CD by as small a quantity as desired. Or using the language 
of limits, it can be proved that as n approaches « the limit of 
the sum of the areas of each set of rectangles (a), (b), and (c) ts 
the area under CD. 


88. Fundamental theorem of the integral calculus. Definite 
integral The geometrical theorem stated at the close of the 
previous section suggests a most important algebraic one. 

Let the abscissas of X,, Xo, --, X;,,-+-, X,-1 in Fig. 84 be 
Hy, Uo, +++, Lj +++, L,y Yespectively, and besides let a= and 
b=, Then the sum of the areas of the rectangles (a) of 
§ 87 is equal to 


SF (®o) (@1 — Wo) + (1) (@2 = Bi) + ++ +f (@;) (Win — Bi) oe 
+f (Gn1)(®q a G4) 


It is convenient to represent the sum of a set of terms by 
the following symbol : 


§ 
Dd a; = do +. + Gy + G3 + Oy + a, 
1=0 


Seta tte teh by 


k=3 


S p(n) = fam) +f (+S (ea) + +S Cy) 
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Here is the capital Greek sigma, corresponding to our S. 
The sum of the areas of the rectangles ‘(a) of § 87 can then be 
expressed in the compact form 


n-1 


pa (2;)(i41 — %)- (1) 


Similarly the sum of the areas of the rectangles (6) of § 87 
can be expressed as 


> (%;)(@;— 2,4) or DF (541) (@i41 — %) 5 (2) 


and the sum of the areas of the trapezoids or rectangles (c) of 
§ 87 can be expressed as 


LIE — 20) 3) 


where %,; is a value of x intermediate between x, and ,,,, de- 
termined by the relation 2 f(a,;) = f (@,) + f (2,41). 

The theorem at the close of § 87 states that each of the 
sums (1), (2), (3) has the same limit as n approaches  , and 
this common limit is the numerical value of the area under 
the curve CD, Fig. 84. 

While we have introduced the subject of the existence of 
the limit for the sums (1), (2), (3), and the evaluation of the 
limit in a geometrical way, they are fundamentally arithmetic 
or algebraic. We shall therefore give a purely algebraic 
statement of the 


FUNDAMENTAL THEOREM OF THE INTEGRAL CaLcuLus: Let 
S(a@) be a continuous function of x throughout the interval (a, b). 
Divide this interval into n equal subintervals, the extremities of 
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which are the various pairs of adjacent numbers in the set 
Ly =A, Ly Voy 20%, Lis Virty °** 5 Un-ty Vy = 0, and form the sum 
n—1 
D f(x )(@ias — %) = Fo) (@1 — Wo) + F(%1)(@2 — M1) + 
feet), ne (4) 


As n increases without limit this swum approaches a definite limit. 
b 
It is customary to designate this limit by i} J (a) dw, where 


” 
the Greek sigma > is replaced by the Latin long s . » which 


style of type was in use at the time when this symbol was in- 
troduced, and the increment w,,,; —#,, which may be written 
Az,, 1s replaced by “daw”; a and b, the limits of the interval 
over which «2 is taken, are also brought into evidence in 
the symbol. So the fundamental theorem may be expressed 
symbolically eer 


5. Brae = (A(x) ax (5) 


This is known as the definite integral of f (x) taken between the 
limits a and b; a is said to be the lower limit and b the upper 
limit of the integral. The definite integral defined here as 
the limit of a sum can be shown to be identical with the defi- 
nite integral defined in § 38. 

The statement of the fundamental theorem given above is 
not as general as it can be made. Generalizations in two 
respects should be noted here. 

1. It is not necessary to have all the subintervals of the 
interval (a, b) of equal size. It can be shown that the limit of 
(4) is the same for any law of division of the interval (a, b) by 
which each of the subintervals ultimately becomes as small as 
one pleases, that is, by which it is possible to name an n such 
that each of the corresponding subintervals will be less than 
any previously named amount, no matter how small, 
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2. In f(a,;), w; may be replaced by any value of 2 in the ith 
interval (#;, #;,,) and the value of the limit is left unaltered. 
Thus the limits of (2) and (3) are the same as that of (1). 

This second generalization suggests a very important theorem 
on the limit of a sum, to which attention will be called here. 
Aw, is an infinitesimal in the definite integral, since it ap- 
proaches zero as n increases indefinitely. Hence f(x;)Aw, also 
is an infinitesimal in (5). The definite integral (5) is thus the 
limit of the sum of infinitesimals whose number grows indefi- 
nitely as each of the infinitesimals approaches zero. The fact 
we wish to emphasize is that if 


ee 000 Gp U3, 


t=1 


is the sum of a set of positive infinitesimals which approaches a 
limit as n increases indefinitely, and if 


Y= +h + Sooctais, 


is the sum of a second set of infinitesimals, such that 


L B: 1, for all values of i, (6) 
mo X; 
then : 
L Se es 
os > Dra p> 


This is known as Duhamel’s theorem. Frequent use will be 
made of it. 


89. Value of definite integral. As defined in § 88, the definite 
integral is the limit of asum. While, as illustrated in § 87, it 
may be possible to approximate this fairly closely in the case 
of a given function f(«), by taking n sufficiently large, we can 
frequently evaluate a definite integral by making use of the 
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} 
fact that f J (x) dz is numerically equal to the area under the 


curve y= f(x) between the ordinates e=a and x=b. In 
§ 38, we saw that if F(x) is any indefinite integral or anti- 
derivative of f(x), then 


if * f(a) de = F(b) — F(a). 


Hence this also must be the value of the definite integral de- 
fined as the limit of a sum. 


90. Properties of definite integral. The definition of a definite 
integral as the limit of a sum leads to many important facts 
and applications. 

The following properties follow readily from the definition 
of a definite integral : 


f f(x) dx = — f F(x) dex. (1) 


If b>a, then Aw; =~,,; — x, is positive, for all values of i, 
in the sum of which the integral on the left is the limit, and’ 
Az, is negative in the sum of which the integral on the right is 
the limit. Hence (1) follows. 


Sear t fF a)ar= "sae. (2) 


If 6 lies between a and ¢, the interval (a, c) is equal to the 
sum of the intervals (a, 6) and (6, c), and (2) follows from 
the definition of a definite integral. 

If c lies between a and 3, the interval (a, b)=(a, c)+(ce, b). 


<s Hi * f(e) dae = Ai " F(«) dee + rf " #() de = if * f(a) de — Sf “fla den 


Hence (2) follows in this case. 
If a lies between b and ¢, the interval (6, c)=(0, a)+(a, ¢), 
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a fs@ da ee) da + fF) da 
eae f " F(a) dae + in “¢(w) de. 


Adding if : J(a)dz to each member of this relation, (2) 
follows. " 

Making use of (1), formula (2) can be put in the more sym- 
metrical form, 


f £@ dx + fF) dx + {F@) ey (2") 


Remark 1.—The value of the definite integral {/ J (x) dz evidently 


depends upon the form of the function f(x) and the values of a and }, 
but is independent of the choice of the letter used to represent the va- 


riable. Thus 
b 6 
§,F@) de = (UF au. 


Remark 2.—If b>a and f(«) has the same algebraic sign for all 
values of x in the interval, f : S(«) da has the same algebraic sign as f(«). 
a 


Geometrically this means that when f(x) is positive in an interval, the 
corresponding area under the curve is given as positive by the definite 
integral ; while when f(z) is negative in the interval, the corresponding 
area under the curve (which is actually above the curve, but below the 
axis of x) is given as negative. Thus 


wT wT 


{,'sin cae =~ cosa |? =0 —(-1)=1, 
0 


0 0 
f ;sinede =— cos | =—1-0=-—1. 


rola 


2 
Hence we are not surprised to have 
is us 
if2 sind =— cose |? =0—0=0. 
7 


T 


2 2 


This suggests the important fact that whenever the curve 
y=f(x) is symmetrical with respect to the origin, that is, 
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whenever f(— x)=— f(a) [in which case f(#) is said to be an 
odd function |, 


F J (w)dx = 0, for a any number. 


For letting « = — u, whence dz = — du 


Ex.—In an analogous manner prove that if f(— «)=/(@) 
[in which case f(@) is said to be an even function], 


f_f@ae=2 [7 eae. 


91. Theorem of themean. As all possible values in the inter- 
val (a, b) are assigned to x, f(#) assumes a set of values among 
which there is a smallest one, m, and a largest one, M. Evi- 


6 
dently the value of the integral tt J (a)dx, which is equal to 


the area under the curve y= f(x) from «=a to x =), lies be- 
tween the values 
(6—a)m and (b—a)M. 


But this area under the curve has a definite value A. If 

@oa7* the value of the integral is (6 —a)k, where 
—a 

m<k< M. Since f(x) is continuous, it can be proved that 

corresponding to k, intermediate between m and M, there is at 

least one value of a, say x, such that f(%)=k. So we may 

write 


ff Fajax = (b— a) F(8), 
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where % is some number intermediate between a and b. This 
formula is known as the theorem of the mean for integration. 

It may not be practicable to determine the value of % In 
the particular case 
illustrated in Fig. 
85, may have any 
one of three values. 
But this theorem 
is of great impor- 
tance for theoreti- 
cal purposes. 

If @ is a positive 
number less than 
unity; te. 0<6<1, we can write X=a-+ 6(b—a), and the 
theorem takes the form 


tf "f(w)dex =(b — a) f[a + 6(b —a)]. 


If now we write b—a=h, whence b=a+h, we have the 
convenient form 


ih on" f(x)dx = hf(a + Oh). 


92. Improper integrals. In the definition of a definite inte- 
gral as the limit of the sum, it was assumed that f(@) is con- 
tinuous throughout the interval (a, >) and that both a and b 
are finite. If either of these assumptions does not hold, 
further definition of what shall be understood by the definite 
integral is necessary. In either case, the integral is said to be 
an improper one. s 


A. If ZL f(at+h)=o, 
h—>0 


b 
ie J (a)dax is defined as equal to L ST (w)da. 
a L—>07 a+-h 
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If L fo—h)=~a, 

h—>0 

—h 

J " fle)dex is defined as equal to ZL i S (a) da. 

a h—>0/% 4 
If L f(ic+ h)=o, where acc<d, 

h—>0 
iE J («)dx is defined as equal to 


LS IO) ie J) + ee 


The following exercises will illustrate. 


Ll dx 1 
Ex. 1 : Hete: = 23000) 
° V1—2# r—>o0- V1 —(1 — hy? 


= 1-h - 
f ON inte | sin — A sint0 
9 V1i-# 
= sin“(1 — h). 


1 de = 


L sin(1—h)=sin11=7 .., 
h—>0 2 OL n/t asa 2 


He? (92) Vere ee 
0 2 r—>oh 


cia log | = log 1 — logh =— logh. 
a 


h h 


Since log h does not approach a definite finite value as h ap- 
1 
proaches zero, we cannot evaluate f, ue : 
0 


If we admit infinite values and note that then Z logh 
h—>0 


1 
=— oo, we may say that ‘fi Lede 
x 
1 
Ex. 3. i as If we evaluate this blindly, we find 
-1% 


1 1 
(3 ae] =—1—1=—2, a result obviously in con- 
=e ay |ben 
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flict with Remark 2 of § 90; for 2 is always positive. The 
a 


: 1 
reason is that — approaches 0 as # approaches zero. So we 
- ss 


must examine -hq. 
Ay ‘da. 
L =sernil Jb) 
A—>0eJ—-1 2? h—>0hn ro 


Each of these is infinite. 


B. If either of the limits of the definite integral is infinite, 
we shall define 


f J («)dx as equal to me eal I (a) da, 
a : S(a)dx asequalto L : : S (x)da, 
A) ai—>—wnea 


o c b 
a; f(a)dxasequalto L ar S(ajda+ L i) I (x)da, 
—2 I—>—-nd/ a b—p we’ c 
where c is a convenient finite number. 
The following exercises will illustrate. 
ae > dz a i alee dL b 
ele f C [soit Glens =_t ae 
ieee hb eae al beak 


oe b Oke T 
ZL tantla=- —_ =—. 
Since ie any a ewes ay 


; , A 
Ex. 2. fi ae SG v82 | = logd. 
ay Le 1 


Since L logd= 00, f ie 
b—> 0 17> 2 


0 0 0 
He. 3. At sin x da. f sin «da = — cos =| = cosa — 1. 
bard - 


0 

Since JZ cos @ does not exist, of sin xdx cannot be 
—>—o —-2 

evaluated. 
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EXERCISES 


Evaluate the following improper definite integrals. 


* de iE da {7 
. "Ne . WPA See eet 5 
A; lie ig ee tea 
2. pe. Sk ee ea ile ns OO SN 
-14/% ‘ —a(a? — 2)? 1 eV a —1 
1 ad 4 d co 
Ce f — 9. nt —. 14. af; e* da. 
=1-\/ 34 ° @—2)8 0 
a 4 bed 
a ii date RGA J, ee 15. i dx 
0 Va—2 0/4 — 2? = Da 


a 4 be 
5. J, Be TET, eH if eae 16. ie 
0 V(a—a) 0 4— gy _o 9 
-a&t+ ae 
*_d Consider separately the cases n<1,n =1, 
b (a—ay 
n>1. 
oe Consider separately the casesn<1,n =1, 
2a (a = a)” 


n>1. 


CHAPTER XI 


APPLICATIONS 


93. Area; rectangular codrdinates. As noted before, §§ 38 
and 89, the area under the curve y = f(a), from «=a to x= 8, 


, = af "Ff (@) de. (1) 


Similarly the area bounded by the curve # = ¢(y), the axis 
of y, and the lines y= a and y = b is 


A= f$(y) &. (1’) 


Ex.1. Find the total area of the curve 
r= y— 7}. 
It will be left as an exercise for the student 
to show that the curve is as represented in 
Fig. 86. 
Owing to symmetry, the area of the curve is 0 


evidently ies of” A a— yi Ay woie 
0 
To integrate this let y=sin? 6; then dy=2 sin 0 cos 6d6, and 
A= 4? sin‘ 6 cos? 6d0 = = 
0 


Ex. 2. Find the area common to the 
parabola y?=4 and the circle a?+y? = 5. 
The curves intersect in the points P= 
(1,2) and Q=(1, — 2), Fig. 87. Owing 
to symmetry, the required area is twice 
Fic. 87 that of OPR. 
283 


284 CALCULUS [§ 93 


Using formula (1), we find the area of OPR by making use 
of the fact that itis equal to the sum of the areas of OPS and 
fed ad ty 
Area OPS = { vixas = af va dat = 42! |= 4. 


Sie ae 
Area SPR = (V5 — #de 
1 
eee vi 
a! 5 eee sin-teS : 
2 fase iy 


1 


=—1 aos sin7! vi). 


. Area OPR aoe sat) 
Required area _? regs aha pepe : 
es v5 


We can also solve the problem by using formula (1’). In 
this case we must find twice the area of TPRO and subtract 
from it twice the area of TPO. 


: GO ae OE 2 . 2 
.. Required area = 2° V5 — yx —= \dy == + 5sin7—. 
0 4 3 V5 


The two answers are equal. In order to substantiate this 
statement, it must be shown that 
gin-t_2_ a sin-ta é 
v5 4 v5 


This will be left as an exercise. 


Ex. 3. Find the area of the loop of the folium of Descartes 
(§ 23) whose equations are 


3 
Pies La pe ee 
1+¢28 1+ 2 


a 3 
Here dx =a = dt. The loop extends from t=0 to 


t=«. Hence, using formula (1), 
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Area of loop = 9a? ee ea, 


(1 + ¢)8 
To evaluate this let 1 + # = uw; then # =u — 1,and3 dt = du. 
~. Area = 3a? “3 —2uq, 90 6 a? “Se 
1 us 2 uw 2 


The reason for the negative sign of the 
result is that as ¢ grows from 0 to o the loop 
is traced in the direction of the arrows, 
Fig. 88. Formula (1) gives us the area under 
OAB minus the area under OCB. 

Tf formula (1') is used, the area turns out 


to be positive, as an inspection of Fig. 88 suggests. 
The student should find the area, using formula (1'). 


EXERCISES 
: : , ey? 
1. Find the entire area of the ellipse oa oe 
7 a 


Also use the parametric equations x = a cos 6, y= a sin 0. 


2. Find the area between the hyperbola 2? —y? =a? and 
the line « = x, where x, >a. 


3. Find the entire area of the hypocycloid os 4 ys = al, 
Also use the parametric equations «=a cos’ t, y= a sin’ t. 


2 
4. Find the entire area of the curve («) ae Gl = 1. 
a 


and its 


5. Find the area between the cissoid ars S 
asymptote w= 2a. ae 


6. Find the area under one arch of y = sinw from 7 = 0 to 


C= TT. 


7. Find the area under the catenary y= AG +e) from 2 | 
=— 2, tox = 2g. 
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8. Find the area between the witch Fe ae a: 

asymptote. e e 


9. Find the area under the witch from 7 = 0 to x= 2a. 


10. Find the area between the witch and the parabola 
v= 4 ay. 


11. Prove that the area under the parabola y? = 4ax from 
the origin to the point (2, y,) on the curve is equal to 2 xy. 


12. Find the area in the first quadrant between the circle 
a? + y? — Zax = 0 and the parabola 7? = aw. 


13. Find the area between y = sinw, y = cos 2, and the axis 
of y. 


i 


14. Find the area under one arch of x = at, y = a(1 — cost). 


15. Find the area of one loop of a’y? = aat — a, 


94. Area; polar codrdinates. Let p= (6) be the equation 
of a curve in polar coérdinates. We desire to find an expres- 
sion for the area bounded by the curve and the radii corre- 

g Sponding to the values 6 = 6, and 
O=6,. In Fig. 89, this “area is 
bounded by the arc PQ and the 
radii OP and OQ. It will be re- 
ferred to as the sector POQ. 

Divide the angle POQ into n 
equal parts, calling each subdi- 
vision A@ and the corresponding 
; small sector AA. The required 

area equals SAA, the sum of the n small sectors. Correspond- 
_ ing to each of these small sectors, construct a circular sector 
by drawing the arc of a circle with O as a center and the 
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radius at the right-hand extremity of the sector as radius. 
Thus corresponding to the sector ROS we have the circular 
sector ROT, whose area is }p?A0, where p= OR. It can be 
h that 
shown tha Rae 
n—>o +p" A 

Hence, by Duhamel’s theorem (§ 88), we have the following 

expression for the area 


A cP) 
a dA=4f p26. 
0 01 


The differential of area in polar coordinates is dA = }p?dé. 
It differs from AA by an infinitesimal of higher order than A6é 
(§ 30). It is known also as the element of area in polar co- 
ordinates. 


EHx.1. Find the area of the loop of the lemniscate p?= 
a’ sin 2 6. 
As a loop of the curve is obtained when 6 runs through the ' 


range of values from 0 to s we have 


A=f {sina =—L 00826 are 
2Jo 4 B 


0 


Ex. 2. Find the area bounded by the circle p=2acos6 
and the cardioid p = 2a (1 — cos @). 
The points of intersection of these 


3 


curves are evidently (« z) and 
(4 — 5) From Fig. 90 we see that 


the area consists of two equal parts, 
of which one is OAPBO. Moreover 
it will be convenient to divide OAPBO 
into two parts, OAPO and OPBO. Fig. 90 
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Area OAPO = 2a? { (1 — cos 6)2d6 
0 
== 2 a? = — 2 cos 6 + cos’ @)dé 
0 


= 20 bee — 2 cos 6 + cos 26)dd 
=20(7— v3 +33) = a(«— 193), 


7 


Area OPBO = 2a? {* cos? 6d6é = a ae + cos 2 6)d6 


T 


he zt 4S )- {x NS) 
a(z S0 afijle tte mine 
Area OAPBO = a(S es 2v3). 


Required area = a(F —4V 3). 


EXERCISES 
* 1. Find the area of the circle p = a. 
2. Find the area of the part of the circle p = a sin 6 lying in 
the first quadrant. 
3. Find the total area of the lemniscate p? = a? cos 2 6. 
4. Find the total area of the cardioid p = a (1 + cos 6). 


a0. 


6. Find the area of the part of the parabola p are 
cos 


lying in the first quadrant. 


6. Find the area swept over by the radius vector of the 


parabola p = a sects as 6 varies from 0 to a from 3 toa. 


7. Find the area of one loop of the curve p=a sin3 6. 


8. Find the area of one loop of the curve p = a sin né. 
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9. Find the total area of the curve p = a sin? 6. 
10. Find the total area of the curve p = a sin? 9. 
11. Find the area swept over by the radius vector of the 
spiral p = e® in one revolution, starting with 6 = 0. 
12. Show that the area of a sector of the hyperbolic spiral 
p9 =a is proportional to the difference of the lengths of the 
bounding radii of the sector. 


95. Length of arc. Let y= f(a), or v= ¢(y), be the equation 
of a curve in rectangular coordinates. We desire to find an 
expression for the length of arc of 
the curve from the point (a, 4) 
to the point (a, y). 

In Fig. 91 thisarcis AB. Draw 
the ordinates at A and B, and 
divide the interval CD on the axis 
of a into n equal parts. At each 
of the points of subdivision draw 
the ordinate to the curve. This divides the arc into n parts, 
not equal in general. Call each of the parts As. The required 
length is SAs. 

In § 71 we saw that the differential of arc is 


ds = Vda fap =i + (Gh) ae 
oe 


which says that 
As 


G 5 pee oi 
n—>o 2 
i+ (Bae 
dx 
Hence by Duhamel’s theorem (§ 88) we see, as in § 72, that 
the expression for the length of arc from (a, ¥,) to (a2, yy) is 


oe [ Se de. (1) 
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At times it is more convenient to use y as the independent 
variable. Then, in an analogous manner, the expression for 
the length of arc is seen to be 


he ib a lege 1 dy. (2) 


If the equation of the curve is given in parametric form 
w= f(t), y= (t), we replace dx and dy in Vda? + dy? by their 
values dx = a dt and dy = y’ dt, where a = f’(t) and y’ = ¢’(t). 
Thus aes 

ds =Va'? + y’? dt. 
Be =p + y’ dt, (3) 
4 


where ¢, and ¢, are the values of the parameter ¢ at A and B 
respectively. 

If the equation of the curve is given in polar cooérdinates, 
the differential of arc is ds = -Vp? d@ + dp, as we saw in § 73; 
and the length of are along the curve p= (6) from (, 6;) to 


(p2, 4) is given by 0, adp\? 
Si ti \ prt ~ dé, (4) 
, dé 


when @ is taken as the independent variable, and by 


when p is taken as the independent variable. 


EXERCISES 
1. Find the length of the circumference of the circle 
ae + y® — ax = 0. 
2. Find the length of the arc of x = log secy between y = 0 


we 


ane 
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3. Find the length of the are of the curve 
*=a(cost+tsint), y=a(sint —t cost) 
from t=Otot=27. 


4. Find the length of the are of the curve 


w= 6 COS, Yaaie * Sin ut 


fromt=0Otot=27. 


5. Find the length of the epicycloid 
a+b 


x =(a + b) cos6 — a cos 
from cusp to cusp. 


6, y=(a+b)sin#g Ee eine oe 
a 
6. Find the length of the circumference of the circle p = a. 


7. Find the length of that part of the circumference of the 
circle p = a cos @ which lies in the first quadrant. 


8. Find the length of a loop of the curve p= a sin? 6. 


2a 


9. Find the length of the arc of the parabola p = are 


from the vertex to one end of the Jatus rectum. 


10. Find the length of the cardioid p = a(1 + cos 6). 


11. Find the length of the entire curve p=a sin'(3)) 
12. Find the length of the entire curve p=a sin?) 


13. Find the length of the entire curve p=a sin(" for n 
a positive integer. 


14. Find the length of the cissoid p= 2a tané@ sin@ from 
d=0to d=". 
ene 
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96. Volume of a solid of revolution. Let AB be anare of the 
curve y = f(x) which lies entirely on one side of the axis of 
«; and let A =(a, b;), B =(de, be). 

If AB is revolved about the axis of x, it generates a surface 
of revolution, and the area under it, CABD, generates a solid of 
revolution. In the next section we shall find an expression for 

zp. the area of the surface of 
revolution. We shall con- 
sider here the problem of 
finding the volume of the 
solid of revolution. 

Divide the interval CD 
into n equal parts, calling 


0 C A x D each part Ax. At each 
Fig. 92 


point of subdivision erect 
the ordinate to the curve, thus dividing the area under AB 
into n parts. Each of these generates a solid of revolution 
which we shall call AV. The required volume is SAV, the 
sum of these n partial volumes. 

Instead of each of the m partial areas under the curve, con- 
sider the rectangle which has Aw for base and the ordinate at 
its left-hand extremity for altitude. The solid generated by 
each of these rectangles is a cylinder, the radius of whose base 
is y, the altitude of the rectangle, and whose altitude is Aa. 
Hence the volume of this cylinder is zy? Az. 


It can be shown that 
eS Ae 
no ry AD 


Hence, by Duhamel’s theorem (§ 88), we have for the required 
volume Vv a, 
Va{ arf “yao. (1) 


The differential of volume of revolution is dV=ry?da. It is 
known also as the element of volume of revolution. 
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If the curve generating the surface of revolution is such that 
a vertical line cuts it in two points, in general, the volume 
generated by the area of the curve is evidently 


V= AKC: — y})da, (2) 


where y, is the larger of the two values of y corresponding to 
x, and y; is the smaller of the two. This volume is evidently 
the difference be- B 
tween the volumes 
generated by the 
areas CAEBD and 
CAFGD, Fig. 93. 

If the curve gen- 
erating the surface 
of revolution is such 
that some or all the 
ordinates corre- 
sponding to the va- 
rious values of x in 
the interval (a, a) meet it in more than two points, a cor- 
responding more or less obvious modification of the formula 
for each case, must be made. 

If the curve is revolved about the axis of y, the volume of 
the solid generated is 


V= 7 {'e dy, (3) 
if all the lines y = b, where b;<b<b,, cut the curve in one 
point, and De 

Varf (a3 — a8) dy, (4) 


if the curve is cut twice by a horizontal line. Here x and a 
are respectively the larger and smaller abscissas of the twa 
points of the curve having the same ordinate. 
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The formulas of this section are also applicable when the 
equation of the revolving curve is given in parametric form or 
in polar coérdinates. 

These cases will be considered in some of the illustrative 
exercises. 


Ex. 1. Find the volume of a sphere considered as generated 
by revolving a semicircle about its diameter. 

If the equation of the circle is # + y? = a?, that of the semi- 
circle is y =+-Va? — a. Hence the volume generated is 


Van f(t 2) dem x(a — 3) cs 


=> 3 7a’, 
Ex. 2. Find the volume generated by revolving a circle of 


—a 


radius a about a line in its plane at a distance b from its 
center. 

If the line is taken as the axis of a, the equation of the 
circle is #@ + (y—b6)?=a?. Solving for y, we have the two 
values y, = b — Va? — 2, yo» =b+Va?—a?. Hence the volume 
generated is 


Varf{ Gi-wde=4 7 [Var aan = 2 wa’, 


When b> a, the solid generated is a ring, known as a 
torus ; 
when b= a, the volume generated equals 2 7a’. 


It will be left as an exercise to show that when b <a, the 
line about which the circle revolves is a chord of the circle, 
and the value of V obtained is the difference between the 
volumes generated by the larger and smaller segments of the 
circle. What happens when b= 0? 


Ex. 3. Find the volume generated by revolving the right- 
hand half of the ellipse «=acost, y=6sint about the y- 
axis. 


§ 96] APPLICATIONS 295 


Using formula (3), 


(Ob aa e 
V=z| way=n | a’® cos*t - b costdt=2 rat f cos? tdt=4 rab. 
—b vw 0 


Ex. 4, Find the volume generated by revolving the circle 
p =2a cos 6 about the y-axis. 
Using the relations between rectangular and polar codrdi- 
nates, x =p cos 6, y = p sin 6, 
for the given circle 
x = 2a cos? 6, y=2a sin 6 cos 6. 


Putting these in formula (3), 
V= [ea = [ie cos* 6d (2a sin 6 cos 6) 
2 
= 8 raf cos* 6 (2 cos? @ — 1) dé 
3 


de 
2 


= 16 ra® |} (2 cos® 6 — cos‘ 6) dé. 
0 


Using Wallis’ formula, we have at once 


V=16 rail BOS iy 38 5 = 27a. [Compare case b =a, 


Bx. 2.] 6-4-2 4.2/2 
It is not necessary to use formula (4) g 
in this case. For as 6 grows from 5 
to — - the are OA, Fig. 94, is generated, O B 
and for it dy is negative. As @ grows 
from a7 to fe the are ABC is gener- ss 
Fig. 94 


ated, and for it dy is positive. Finally 


as 6 grows from = to o the are CO is generated and for it dy 
is negative. 
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Thus the use of formula (3) supplies the proper algebraic 
signs to the various elements of volume making up the re- 
quired solid. 


EXERCISES 
1. Find the volume generated by revolving the ellipse 


a = le ae about a line in its plane parallel to the major axis 
2 62 , 


and at a distance ¢ from it. 

2. Find the volume of a right circular cone by integration. 

3. Find the volumes generated by revolving the area under 
the upper half of the part of the parabola y? = 4a to the left 
of the latus rectum about the v-axis and about the y-axis. 

4. Find the volumes generated by revolving the area under 
cubical parabola y = a from «=0 to «= 2 about the xaxis 
and about the y-axis. 

5. Find the volume generated by revolving about the 
y-axis the area between the parabola aot ye =a? and the 
coordinate axes. 

6. Find the volume generated by revolving about the 
x-axis the area under the upper half of as 4 ys =a, 

7. Find the volume generated by revolving about the 
w-axis the area under an arch of the cycloid 

x= a(t—sint), y= a(1 —cost?). 

8. Find the volume generated by revolving about the 
y-axis the area under an arch of the cycloid passing through 
the origin. 

9. Find the volume generated by revolving the area under 
one half an arch of the cycloid about the normal at its highest 
point (its vertex). 

10. Find the volume generated by revolving the area under 
an arch of the cycloid about the tangent at its vertex. 
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11. Find the volume generated by revolving about the z-axis 
the area under the catenary y= 5 (es + a from «=— a to 
c~T=a. 

12. Find the volume generated by revolving about the 2- 
axis the area under the hyperbola ay = 2 lying to the right of 
om 2. 

13. Find the volume generated by revolving about the 
x-axis the area under the sine curve y= sin x from « = 0 to 
t= TT. 

14. Find the volume generated by revolving about the 
x-axis the area under the upper half of the cardioid 

p=2a(1 — cos 6). 

15. Find the volume generated by revolving about the 
g-axis the area of a loop of the curve p =a sin 290. 

16. Find the volume generated by revolving a loop of the 
curve p = a cos 2 6 about the y-axis. 

17. Find the volume generated by revolving about the 
g-axis the area under the arc of the curve p=a sin from 
6=0tobd=7. 

18. Find the volume generated by revolving about the 
ea 
e+4a? 

19. Find the volumes generated by the revolution of the 
area of the part of (=) +(f) = 1 lying in the first quadrant, 


w-axis the entire area under y = 


about the w-axis and the y-axis. 


20. Find the volume generated by revolving the cissoid 


Gas 9 about its asymptote « = 2 a. 
a—% 


21. Deduce the formula for the volume of the segment of 
a sphere, (a) of one base; (2) of two bases. 
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97. Area of surface of revolution. Let AB be an arc of the 
curve y= f(a), where A = (a, ;) and B=(de, be). We shall 
be interested in finding an expression for the area of the sur- 

face of revolution obtained by re- 


- : B volving AB about the vaxis. We 
shall suppose that AB lies entirely 
on one side of the axis. 

Divide the interval CD into n 
: equal parts, calling each part Az. 
G EF pre ee g p 


At each point of subdivision erect 

the ordinate to the curve, thus di- 
viding the arc AB into n parts. Each of these generates a 
surface of revolution, which we shall call AS. The required 
surface is SAS, the sum of these n partial surfaces. 

Instead of each of the partial arcs of AB, consider the corre- 
sponding chord. In Fig. 95, corresponding to the partial are 
PQ we have the chord PQ. As AB revolves about the axis 
of x, PQ generates the frustum of a circular cone, whose alti- 
tude is HF'= Az, and the radii of whose bases are PH = y and 
QF = y + Ay respectively. 


Fia. 95 


The lateral area of this frustum is 
AF, =7(PE + QF) PQ=7(2y + Ay) VAa? + Ay’. 


Since Aa? + Az? differs from ds by an infinitesimal of higher 
order than Aw, AF’, differs likewise from 2zyds. Hence, by 
Duhamel’s theorem (§ 88), 


Veena nes f "2 ny ds. (1) 
—o Ss 


~ 


This will be taken-as the definition of the area of the surface 
of revolution. The differential of area of surface of revolution 
is dS = 2-yds. The expression 2 zy ds is known also as the 
element of surface of revolution. 
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In formula (1) there still remains the choice of taking x 
or y as the independent variable. This choice will be deter- 
mined by the relative difficulty in evaluating the definite 
integrals 


a2 2 be 2 
anf yt ae is, anf WN (2) 4+1dy. (1° 


If a vertical line-~=a cuts the curve in two or more points 
(a, y), (4, 41); +**) (4; Ym), the area of the surface generated is 
evidently 2 

S=2r$ (Yt Yot os + Yn) as. (2) 


If the curve is revolved about the axis of y, we have, in an 
analogous manner, 


ies nf “wds, (3) 


where the choice of the independent variable is still at our 
disposal; and if a horizontal line cuts the curve in two or 
more points, 


Sea | Geb ee nt a dss (4) 


The formulas of this section are applicable also when 
the equation of the curve is given parametrically or in polar 
coordinates. 


Ex.1. Find the area of the surface generated by revolving a 
circle of radius a about a line in its plane at a distance 6 from 
its center. 

If the line is taken as the axis of 2, the equation of the 
circle is #+(y—b)?=a% Solving for y, we have the two 
values y, = b —Va? — a, y, =b +-Va?— 2. Hence the area 
of the surface generated is given by 


Sa2n( "(Kn +y)ds=2rf “2ods=4ndf "ds. (6) 
8} S1 8) 
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From the equation of the circle, OE et a 2 
da y—b 
| dy\? Cia adx 
5 El = 1 —— C6). — ih, SS 
: Sey y—b Ng ae 


where the positive sign is to be taken with the radical since 


ds is positive. 


“. S=4r7ab petals > 


-« \/q?2 — g? 


= 47a sin =| =47' ab. 
a 
Making use of the fact that the length of a semicircle is za, 
the value of S as given by (5) may be obtained at once by 
noting that s, = 0 and s, = za. 


Ex. 2. Find the area of the surface generated by the revolu- 
tion of the astroid «= a cost, y= a sin’t about the y-axis. 


Here ds =V da? + dy? = 3a sint cost dt. 
Using formula (3) and noting that the entire surface is ob- 
tained by letting ¢ vary from a to at we have 


Tr 


¥ ¥ 
S=2nf a cosst - Sasint costdt=6 raf cos‘ t sint dt. 


—§ - 
Since cos‘¢ sin¢ is an odd function, this definite integral has 


the value zero. The reason is that the expression we have 


used for ds is negative for ae t< 0 and in our formula for 


area of surface ds is supposed to be positive. So we must 
write 


0 ¥ 
S=-6ratf costysint dt + 6x a? cos! t sin ¢ dt. 
0 


T 
eh 


1 Because ds? = 9 a? cos*t sin? t dt? is a perfect square, we are not jus- 
tified in taking ds = 8acostsintdt for all values of t. For t in the 
fourth quadrant, — 3a costsint is positive, 
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Letting 


= rT 
. 0 . 2 . 
—t be anew variable u, — Jp cos‘t sin t dt =\i cos! u sin u du. 
0 


7 


2 
rT 


ty Sa 12 at {" costesin edt = — FS wosts | = SES. 
0 


0 


The fact that the area generated by the part of the curve 
determined by — = <t<0 is equal to the area generated by 


the part determined by 0<t< > is obvious geometrically also. 


Ex. 3. Find the area generated by revolving one half of 


the loop of the lemniscate p? = a? sin 26 about the line 0 =F 
Taking the line 7 for initial line, we introduce a new 


set of polar coordinates determined by the equations of trans- 
formation 
P=P, g6=40' + ic 


In the new codrdinates (p, 6’), the equation of the lemniscate 
takes the form p? = a2 cos 2 6', 


Dropping accents, our problem is now to find the area gen- 
erated by one half of the loop of the lemniscate p? = a? cos 2 6 
revolved about the initial line. 

Using formula (1) we must express the quantities entering 
there in terms of p and @, and then finally in terms of one of 
these, making use of the equation of the lemniscate. Thus we 
have 


p = avcos 2 6, dp___ asin2@ | 
ag cos 2 6 


“. ¥ =p sind = asin V cos 26, 


dp\2 adé 
ds = 2 see = 
. dé cos 2 6 
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Putting these in (1), 


§ =200" {sin 6d6 =— 2narcos0 | = 3 a2(2 — V2). 
0 


0 


EXERCISES 


1. Find the area of the surface of a sphere of radius a. 
Use rectangular equation #+ y?=a? and parametric equa- 
tions «= acosé, y=asin6, for the generating circle. 


2. Find the area of a zone of altitude h on a sphere of 
radius a. 


3. Find the area generated by revolving one half of the 
ellipse z+e = 1 about its major axis; also about its minor 
a 
axis. 


4. Find the areas required in Ex. 3, when the ellipse is 
given by its parametric equations «=a cost, y=bsint. 


5. Find the lateral area of a right circular cone whose 
altitude is h and the radius of whose base is a. 


6. Find the area generated by revolving the part of the 
parabola y?=4aza to the left of its latus rectum about the 
latus rectum. 


7. Find the area generated by revolving about the z-axis 
the arc of the cubic parabola 3 y = 23, between « = Oanda=3. 


8. Find the area generated by revolving about the g-axis 
one arch of the cycloid «= a(¢—sin¢), y= a(1 — cost). 


9. Find the area generated by revolving about the y-axis 
an arch of the cycloid passing through the origin. 


10. Find the area generated by revolving one half of an 
arch of the cycloid about the normal at its vertex. 
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11. Find the area generated by revolving an arch of the 
eycloid about the tangent at its vertex. 


12. Find the area generated by revolving about the w-axis 
the are of the catenary 
= a (c: at a) 
Ae 


from «=—a toxv=a4. 


13. Find the area generated by revolving about the s#-axis 
the upper half of the arc of the parabola y? = 4a extending 
from the origin to v= b. 


14. Find the area of the reflecting surface of a parabolic 
mirror (a paraboloid of revolution) 16 inches deep and 48 inches 
wide. 


15. Find the area generated by revolving about the a-axis 
the arc of the sine curve y=sing from x=0 to w=7. 


16. Find the area generated by revolving about the z-axis 
the arc of the cardioid p = 2a(1 —cos6) from 6=0 to 6=r7. 


17. Find the area generated by revolving a loop of the 
lemniscate p? = a? cos 26 about the y-axis. 


18. Find the area generated by revolving the part of the 
CUEV© e=efcost, y=e sint, 


from t=0 tot=% 


5 about the a-axis; also about the y-axis. 


98. Volume of a solid with section of known area. If a solid 
is of such a shape that sections of it by planes parallel to one 
of the codrdinate planes have known areas, the volume of the 
solid may be obtained by the following considerations. To 
fix the ideas, suppose that planes parallel to the yz-plane cut 
out sections of the solid, whose areas are known, and that the 
solid lies between the planes = a, and w= ay. 
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Divide the segment AB of the a-axis into n equal parts, 
letting each part be Aw. At each point of subdivision pass a 
plane perpendicular to the waxis. Each plane cuts out a sec- 

tion, whose area 


A(a) is known in 
terms of a, the 
distance of the 
cutting plane 
from the origin. 
If the slice of the 


* solid between 
two consecutive 
cutting planes 


has the volume 
re AV, the volume 
of the solid is equal to SAV, the sum of all the slices. Con- 
sider now the set of cylinders, each having a section A(x) 
for base and Az for altitude. The volume of such a cylinder 
is A(a) Av. It can be proved that 

| epee Ae Ss 
r—> oO A(«) Aa 


Hence, by Duhamel’s theorem (§ 88), we have for the volume 


of the solid v oe 
Vel av=f A(x) dex. (1) 


The differential of volume is dV = A(x)du; A(x) dx being the 
element of volume. 

The method of § 96 is a special case of that given here. 
For in the case of a solid of revolution about the z-axis, the 
curve cut out by a plane perpendicular to the wv-axis is a circle 
whose area is 7y?. 

In an analogous manner if the areas of sections of the solid 
by planes perpendicular to the y-axis have the known areas 
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A(y), the volume between the planes y=}, and y=by is 


given b 2 
: v=" Ayay, @) 


And similarly, if planes perpendicular to the z-axis cut out 
known areas A(z), the volume between the planes z=c, and 


ga, 16 o 
rel A(z) dz. 


Ex. 1. Find the volume of the ellipsoid 


ae ease 
62 


A plane perpendicular to the a-axis at the distance x from the 
origin cuts out the ellipse 


2 a2 
aa) 
a a 


Remembering that the area of the ellipse % ee ao = 1 is 7eB, we 


or 


see that the area of the section is A(x) = ee x). Hence 
vate @ — x) dx= 7 abe. 


Ex. 2. Find the volume of a wedge cut 
from the base of a right circular cylinder of 
base radius a by a plane through the diame- 
ter of the base and making an angle a with 
the plane of the base. 

Let the axis of the cylinder be the axis of 
z and the diameter of the base lying in the 
cutting plane be the axis of y. A section 
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by a plane perpendicular to the axis of x at a distance a 
from the origin is a rectangle whose altitude is «tana and 
whose base is 2Va?—a% Hence A(x) =22Va?— 2? tana, 


a eo tS a 
and V=2tan wf aVa? — ada = — 2 tan a (a? — = 
0 0 
= 2a' tan a. 


EXERCISES 
1. Remembering that the area between the parabola 
at +yi = a? and the codrdinate axes equals ., find the 
volume between the surface x? + yt +22=a? and the codrdi- 


nate planes. 


2 2 


2. Remembering that the area of the astroid x 1 ie 
equals 3 7a’, find the volume of the solid as yi +2= 


2 
a> 


3. Derive the formula for the volume of a cone whose alti- 
tude is 2 and the area of whose base is B. 


4, Find the volume cut from e+b=2: by the plane 
Z=C. : 

5. Find the volume of at+h+" $7 a1 

6. Find the volume of the portion of the paraboloid of 
revolution 2?+y2?=8z? lying inside the sphere 2+ 7? 
+ 22 = 9. 


7. Find the volume of the conoid 2? — ba? + ay? = 0 in- 
cluded between the planes x = 0 and x=c. 


8. Two wedges are cut from a right circular cylinder of 
base radius a and altitude h by planes through a diameter of 
one base and tangent to the other. Find the volume of the 
solid remaining. 
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9. Find the volume common to the two cylinders a+ y2=a? 
and a+ z2=a?. [The solid common to the two cylinders is 
such that a section of it by the plane x = a, is a square whose 
side equals 2Va? — a,2.] 

10. The cap of a gate post is the solid pictured in Fig. 98. 
CAE and DAB are two equal semicircles with their respective 
diameters CH and DB mutually perpendicular. The surfaces 
of the cap are right circular 
cylinders meeting in the 
semicircles CAH and DAB. 
Find the volume of the cap 
if OD=a. 

11. Find the volume of 
the cap in Ex. 10 if the 
curves CAH and DAB are 
equal parabolas with OD=a p O 
and OA =0. Fic. 98 


12. Find the volume of the cap in Ex. 10 if the curves CAE 
and DAB are equal semi-ellipses with OD =a and OA=b. 


99. Work done by a force. A force is said to do work if the 
body acted upon by it changes its position. In the simplest 
case we have a constant force # with the point of application 
moving in the direction of the force. If the distance moved 
in this case is s, the work is given by the formula 


W= Fs. 


Thus the force required to raise a mass of 10 pounds being 
10 pounds, if the body is raised 5 feet the work done by the 
force is 50 foot-pounds. 

If the line of motion of the point of application does not 
coincide with the line of action of the force, only that com- 
ponent of the force which acts in the direction of the line of 
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motion does work. If the angle between the two lines is a, 
the component of the force doing work is F'cosa@, and the 
work done is 
W = F's cos a. 
Thus the work done in drawing a mass of 10 pounds up an 
inclined plane 5 feet long and making an angle of 60° with the 
vertical, neglecting friction, is 


W = 50 cos 60° = 25 foot-pounds. 


If the mass is moved horizontally, no work is done at all, 
since now 
W = 50 cos 90° = 0. 
If the force is not constant, but varies continuously along 
the path of motion, the work done can be expressed as a defi- 


Pe) . nite integral. Let AB be the 
as B path of motion of the point 
A of application, and let each 


S 


point on this curve be deter- 
mined by the value of s, its 
distance along the curve from some definite point O on it. 
Thus let A be the point s, and B the point s». 

Divide the path into n equal parts, each being designated by 
As. If the work done by the force over one of these parts of 
the path is designated by AW, the entire work is SAW, the 
sum of all of these. When v is large the value of AW for the 
part PQ of AB, extending from s to s + As, is approximately 
FcosaAs, where F' is the value of the force at P and @ is the 
angle between the tangent to the curve at P and the line of 
action of the force at that point; for F and « are nearly 
constant along PQ. We shall define LZ > Fcos a As as the 

: n—> 


work done. Hence 
Ww s. 
aae\' aW = { "Fos ads, 
0 8y 


Fic. 99 
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The differential of work is dW = F cosads; and F'cos « ds is 
known also as the element of work. To evaluate the integral 
both F’ and cos « must be expressed as functions of s; or these, 
together with s, may be expressed as functions of some other 
convenient variable. 

The following exercises will illustrate : 


Ex. 1. Find the work done in stretching a helical spring 
from a length of 15 inches to 18 inches, if the length of the 
spring is 14 inches when no force is acting upon it, and if a 
force of 40 pounds is necessary to stretch it from 14 to 
16 inches. | 

By Hooke’s law, the amount of stretching of a helical spring 
is proportional to the force applied. If s is the number of 
inches it is stretched beyond its length when no force is acting, 
the force required is given by the formula 


Lis ks, 
where k is aconstant. In our exercise we have given 
40 =2k. -..k=20, and #= 20s. 


Moreover the line of action is in the direction of the force. 
Hence cos a = 1, and 


W= fP ds = 20's ds = 150 inch-pounds 
1 1 
= 12.5 foot-pounds. 


Ex. 2. A quantity of gas is confined in a cylinder with a 
movable piston. Assuming that the law connecting p, the 
pressure of the gas on a unit area of the piston, and v, the 
volume of the gas, is pu =c, where c and k are constants, find 
the work done by the gas in pushing the piston, so that the 
altitude of the containing cylinder increases from s, to 8». 

If A is the cross section of the cylinder or the area of the 
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piston, the force acting at any stage is Ap, and is in the direc- 
tion of the motion. Hence 


Ve ip Ap ds. 


In order to evaluate this, it is convenient to use v, the vol- 
ume, as the variable. Evidently 


As=v. «. Ads= dv. 


Hence we can write 
aa 
W= Jf pdr, 
VY 


where p= and the initial and final volumes are v, = As, 
v 


lo = AsS>». 


stay) 2 = c bo Le Epis 
un UF k—-1\v,F1 vk | eos eat 


since ¢ = 9,0," = povo*. 


If the expansion takes place adiabatically, that is, without 
loss of heat, k = 1.41 approximately, in the case of air. 

If the temperature is kept constant during the expansion, 
and the gas is approximately a perfect one,k =1. In this case 
pv =c, and 


W= ¢{ = c (log v, — log 11) = ¢ log 22. 
ny «=6U Vy 
Ex. 3. Two masses m, and mz are supposed concentrated at 


the points P,; and P, respectively. The distance r, from P, to 
P;, will be spoken of as the dis- 


b tance between the masses m, and 

my. If it is a initially, find the 

é a P, work done against the force of at- 
: Fic. 100 ° traction in moving m, away from 


M, along some path, not necessarily the line P,P, until its 
distance from mz, is b. 
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The force of attraction between the two masses at any in- 


stant is a hmaymg 


2 


: : dr , 
where k is a constant. Since fe = cos « the work done is 


s 
So b bdr 
Wa Feos ads = f Far =kmyn; { 
Sy a 5 Ye 


= kmyma( | — a 
a 


The work done in this case ts independent of the path. 


Ex. 4. Find the work done in pumping out the water filling 
a hemispherical reservoir 20 feet deep. 


Fia. 101 


Take the axes of coérdinates as indicated in Fig. 101. An 
element of volume of water at a distance y below the surface is 
wa? dy = 7(400 — 7°) dy. If wis the weight of a cubic foot of 
water, the weight of this element of volume is w7(400 — y?)dy, 
and the work done in raising this a height y is 

wry(400 — x’) dy. 
Hence the work done in emptying the reservoir is 
We ates f "(400 — 4%) dy = we | 200 pe AN = 40,000 wr. 
0 


Taking w = 62.5 pounds, .W = 2,500,000 x foot-pounds, 
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EXERCISES 


1. Find the work required to stretch a helical spring from 
a length of 8 inches to one of 12 inches if the spring when not 
acted upon is 6 inches long, and stretches 3 inches when acted 
upon by a force of 36 ounces. 


2. Find the work necessary to compress a spring normally 
12 inches long, from a length of 10 inches to one of 7 inches, 
if it requires a force of 56 pounds to compress it one inch. 
(Hooke’s law applies in this case.also.) 


3. The force with which a spherical conductor, charged 
with a quantity e, of positive electricity, attracts a second 
spherical conductor, charged with a quantity e, of negative 


electricity, is re kee, 


pe? 
where k is a constant and r is the distance between the centers 
of the two conductors. If the force is 20 dynes when the 
centers are 50 centimeters apart, find the work done by the 
force of attraction when the distance between the centers 
changes from 100 centimeters to 75 centimeters. 


4. A meteorite, 1,000,000 miles from the earth’s center, falls 
upon the earth. The force of gravity varying inversely as the 
square of the distance of a body from the earth’s center, find 
the work done by gravity, if the meteorite weighs w pounds at 
the earth’s surface. Take the radius of the earth as 4000 miles. 


5. When a body of weight w pounds falls s feet (a short 
distance, compared with the radius of the earth) near the 
earth’s surface, the work done by gravity is ws foot-pounds. If 
a cubic foot of water weighs 62.5 pounds, how much work is 
done by gravity when the water in a cylindrical reservoir 
60 feet in diameter and 16 feet high is drawn off through a pipe 
at the bottom ? 

Hint. The weight of an elementary slice is 900 7 62.5 ds pounds. 
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6. If the reservoir is the frustum of a right circular cone 
16 feet high, with the diameter of the upper base 200 feet and 
that of the lower base 144 feet, how much work is done by gravity 
when the water is discharged through a pipe at the bottom? 


7. Van der Waal’s equation for the expansion of a gas 
without change of temperature is 

c a, 
v—b 
where a, b, c are constants. Find the work done when the 
gas expands from a volume 2 to vp. 


p= 


8. The force required to stretch a bar of length Z by an 
amount s is given by Hooke’s law 


where £ is the coefficient of elasticity of the material of which 
the bar is made and A is the area of a cross section of the bar. 
Both are taken as constant. Hence the work of stretching the 
bar by an amount a is 


Ha [CF (gs Be ORS 
Sy L 0 


In the case of wrought iron, H = 30,000,000 pounds per 
square inch. What work is done in stretching a wrought iron 
bar having a cross section of 2.5 square inches from a length 
of 100 inches to 101 inches. 


9. A conical reservoir 12 feet deep and 8 feet in diameter 
across the top is filled with oil weighing 50 pounds per cubic 
foot. Find the work done in pumping out the oil, if the pipe, 
through which the oil is pumped, is at the top of the reservoir. 

10. Find the work done in pumping the water out of a 
cylindrical tank of base radius 4 feet and altitude 10 feet, if the 
pipe through which the water is pumped rises to a height of 
10 feet above the tank. 
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11. Find the work done if in Ex. 10 the cylindrical tank is 
horizontal instead of standing on end. 


12. Find the work done in dragging a body weighing 50 
pounds along 60 degrees of are of a vertical great circle on a 
sphere of radius 100 feet to the top of the sphere. 


The force due to friction is proportional to the component of the force 
normal to the surface over which the body is being moved. 


100. Liquid pressure. The pressure of a liquid upon a hori- 
zontal surface S of area A is equal to the weight of a column 
0 of the liquid having the area A for base 
and the distance from S to the top of 
the liquid for altitude. Thus if w is the 
weight of a unit volume of water and 
h is the depth at S, the pressure on S 
equals whA. 

At any point P in the liquid there is a 
pressure exerted in every direction due 
to the action of gravity; and the pres- 
sure at P is numerically equal to the 
pressure of the liquid upon a unit hori- 
zontal area passing through P. Thus 
there is a pressure on the sides of a ves- 
sel containing a liquid. Suppose one of the sides of the vessel 
is vertical and plane. What is the pressure upon this vertical 
plane area? 

Divide its greatest vertical length PQ into n equal parts, 
each equal to Ahk. Through each point of subdivision draw a 
horizontal chord of the curve bounding the area. This divides 
the area into n parts. If Ap is the pressure on one of the 
parts, say the shaded part in Fig. 102, SAP equals the total 
pressure on the area. 

If we replace the shaded area by AA = JAR, where 1 is the 


ES 
Se ey, 


Fia. 102 
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length of the chord forming the upper boundary of the shaded 
area, and f is the distance of this chord below the surface of 
the water, it can be shown that 


ei af 


Hence, by Duhamel’s theorem (§ 88), we have for the pres- 
sure on the vertical side 
2 he 
p=wf- hdA=wf| hidh, (1) 
hy hy, 
where / is the known function of h. 


As before we shall take w = 62.5 pounds per cubic foot, in 
the case of water. 

This method can be extended to determine the pressure upon 
surfaces which are neither plane nor vertical. 


Ex. 1. One end of a water main, 6 feet in diameter, is closed 
by a vertical gate. Find the pressure on this gate-if its center 
is 20 feet below the surface of the water. 

Taking the center of the circular gate as the origin, the 
equation of the circle is 2 + y?=9. In formula (1), 
l=2e=2V9—y', h= 20+, if y like h is measured verti- 
cally downward. .°. dkh=dy, and y ranges from — 3 to 3. 
Hence we have for the pressure on the gate 


ie 2w f (20 +) V9 = ¥ dy = 180 rw =11,250 7 pounds. 
-3 


Ex. 2. A hemispherical bowl 2a feet in diameter is full of 
water. What is the total pressure on the inner surface of the 
bowl? j 

In this case the formula for pressure is still 


p=wf “nad, 
hy 


where dA is a horizontal elementary slice of surface and h 
is the distance of some point of this element below the sur- 
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face of the water. Here we can take for element of area a 
zone of the surface of altitude dh. Then 


dA = 2 wadh. 


ae ae aww { hdh = 62.5 wa’ pounds. 
0 


EXERCISES 


1. Find the pressure on the side of a vertical rectangular 
floodgate 6 feet wide and 8 feet deep, 

(a) if the upper edge lies in the surface of the water ; 

(b) if the upper edge is 10 feet below the surface of the 
water. 


2. Find the pressure on the side of a vertical floodgate in ~ 
the shape of an isosceles triangle whose base is 6 feet and 
whose altitude is 4 feet, 

(a) if its. base, the uppermost part of the eres is in the 
surface of the water ; 

(0) if its vertex is 12 feet below the surface of the water. 


8. Find the pressure on a vertical circular gate, 

(a) if its diameter, 12 feet long, lies in the surface of the 
water ; 

(d) if its diameter is 16 feet below the surface of the water. 


4. Find the pressure on a vertical semi-elliptical gate whose 
major and minor axes are 8 feet and 6 feet respectively, if the 
minor axis lies in the surface of the water. 


5. Find the pressure on the side and the bottom of a cylin- 
drical tank filled with water, if the radius of the base is 6 and 
the altitude is a. 


6. Find the pressure on the side and the bottom of a cylin- 
drical tank filled with half water and half oil which do not 
mix, if a cubic foot of oil weighs one half as much as a cubic 
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foot of water. Let the radius of the base of the tank be 6 and 
its altitude a. 


7. Find the pressure on an inverted conical tank full of 
water, the altitude of the tank being a and the radius of the 
top 6. 


8. Find the pressure on the inverted conical tank if it is 
filled with one part (in bulk) of water and seven parts of oil 


which do not mix; the weight of the cubic foot of oil being “. 


101. Mean value. Let y= f(a) be a continuous function in 
the interval a <«<b. Divide this interval into n sub-inter- 


vals, each equal to Ax ze), 
n 


If yp =f (4), Yr, Yo °°) Yn—1 are the values of y corresponding 
to the values of w at the left-hand extremities of the successive 
subintervals, beginning to count at the left, the quotient 


York 1 Yee 22) Yn 
n 


is the arithmetic mean of these n values of y. On replacing n 
eas (b — a) 3 ; 2 
y its value ae the arithmetic mean may be written 
Yo AX + Yi AX + Yo AX + ++» +Y,_1 AX 
b—a : 


The value of this expression depends upon n. As n ap- 
proaches infinity, Aw approaches zero, and the arithmetic mean 
approaches the limit (§ 88) 


p= f[ saar, (1) 


which is known as the mean value of y= f(x) for the interval 
(a, 6). Compare theorem of the mean for integration, § 91. 
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The geometrical interpretation of the mean value of a func- 
tion is very simple. Writing (1) in the form 


f S@ dz =70- 0, (2) 


we note that the left-hand member of (2) is equal to the area 
under the curve from w=atox=b. The right-hand member 
is equal to the area of a rectangle whose base is 6 —a and 
whose altitude is the mean value y, which may also be called 
the mean ordinate of the curve. 


Ex. 1. Find the mean ordinate in the first quadrant for the 
circle x? + y*? = a’, taking w as the independent variable. 


Here : ae — ede ™. 
Ae 4 


Ex. 2. Find the mean ordinate in the first quadrant of the 
circle #? + y? = a?, taking s, the length of are of the circum- 
ference, as the independent variable. 


- § 
Here y=asin-- 


Ex, 3. Find the mean velocity of a falling body, starting 
from rest, near the earth’s surface, taking the time ¢ as the in- 
dependent variable; also the distance s as the independent 
variable. 


5 (Ga : : 
Taking 0 = gt, v= =f gt dt = +9t; = 4%, where t, is the in- 
1 


terval of time during which the body falls, and », is its final 
velocity. 


Taking v = V2 gs, 0 =* (" Vigsds=3V29s =%v, Here 
1 


8, is the distance the body falls in the time ¢,. 
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EXERCISES 


1. Find the mean ordinate of the parabola y2=12@ from 
x=Q0toxe=3; also from «=3 to x =12. . 

2. Find the mean ordinate of y= «(4 — 2’) from x=0 to 
%=2; also from x=— 2 toxr=2. 

3. Find the mean length of all the chords drawn from a 
point on the circumference of a circle of radius a, taking for 
independent variable the angle which each chord makes with 
the diameter through the common point. 

Hint. Take the polar equation p=2 a cos @ and find the mean value of p. 

4. In the motion of a simple pendulum s= 4a cos of, a com- 
plete period is 2. What are the mean distance and the mean 


@ 


velocity in the interval of time t=0 tot aoe Also in the 


@ 
interval t= 0 tot=7? Explain. 
(0) 


5. Find the mean velocity of the simple pendulum during 
the first quarter period when the distance s is taken as the 
independent variable. 

6. Find the mean velocity of a falling body near the earth’s 
surface between the time ¢t = 2 seconds and t = 4 seconds. 

7. Ifit requires a force of 40 pounds to stretch a spring from 
its normal length of 10 inches to 12 inches, what is the average 
or mean force required to stretch it from 11 inches to 13 inches? 

8. Since by Hooke’s law the force required to stretch a 
spring a length s beyond its normal length is 

= ks, 
show that the average or mean force required to stretch it from 
a length a beyond its normal length to a length 6 beyond its 
normal length is F=tk(a+6); 
that is, the arithmetic mean of the forces required to stretch it 
the lengths a and b, respectively, beyond its normal length, 
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9. Show that if y is any linear function of a, the mean 
value of y is the arithmetic mean of the initial and final values 
of y. 

10. The range of a projectile fired with an initial speed v 


Pee 
and an angle of elevation « is ee [(9), § 40]. Find the 
g 


: Tr 
mean range as @ varies from 0 Mor 


102. Supplementary exercises. For purposes of review of 
this chapter, the following exercises are added, their order 
bearing no relation to that in which the topics, illustrated by 
them, were treated. 


EXERCISES 
1. Find the area under an arch of y= cosa from x=— 5 
tow =. 
2 


2. Find the volume generated by revolving half an arch of 


y = cosa, from a=0 to oa about the a-axis; about the 


y-axis. 
3. Find the area of the surface generated by revolving an 
arch of y = cos w about the a-axis. 


4. Find the area swept over by the radius vector of the 
spiral of Archimedes p= a6 as @ varies from 0 to 27; from 
2m to4a7; from 2(n —1)z to 2nz. 


5. Find the length of the spiral of Archimedes p= ad 
from 6=0tod=4,. 

6. Find the area of the loop of 2 =(y — 1)(y — 2)?. 

7. Find the length of the arc of y = log sec # from 4 = 0 


t ee 
0# 3 
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8. Find the area under y=e* from x=0tor=o. 
9. Find the volume generated by revolving about the 
v-axis the area under y =e* from x=0tow=o. 
10. Find the area of the surface generated by revolving about 
the w-axis the are of y= e* from wv=0tow=o0. 
11. Find the volume generated by revolving about the 


x-axis the area under the arc of y = secxv from x =0 tor = re 


12. By integration find the volume of the tetrahedron 
formed by the coérdinate planes and the plane = + : eS 
a c 


13. Find the area of the cardioid p = a(1 — cos 6). 

14. Find the area of the cardioid «=a(2 cost — cos 2t), 
y = a(2 sin ¢ — sin 21). 

15. Find the area of the surface generated by revolving 
about the waxis half the cardioid «= a(2cost— cos 21), 
y =a(2 sint — sin 22). 

16. A circular cone with its vertex in the surface of a 
sphere of radius a has a diameter of the sphere for axis. Find 
the volume common to the two solids. Let the vertical angle 
of the cone be 2 «. 

17. Two cylinders of equal altitude h have a common lower 
base of radius a. Their upper bases are tangent to each other. 
What is the volume common to the two cylinders ? 

18. Find the area of the entire curve p = a(sin 2 6 + cos 2 6). 
Sketch the curve. 

19. Find the length of the entire curve p=a sin 0 + bcos 6. 
Sketch the curve. In particular leta=b=1. 

20. Find the area swept over by the radius vector of 


p =asin 6+ bcos @ as 6 varies from 0 to 5 . Find the area of 
the entire curve, ‘ 
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21. Find the area of the loop of 3 ay? = a(a — 2)?. 

22. Find the volume generated by revolving half the loop of 
3 ay? = «(a — x)? about the a-axis. i 

23. Find the area of the surface generated by revolving half 
the loop of 3 ay? = x(a — x)? about the z-axis. 


24. Find the volume common to y2+22=4 aw and a + ¥? 
= 2 aw. 


25. Find the area under y = log # from x=1 tow=a. 
26. Find the area between y = loga, x= 0, y= 0, and y= 1. 
27. Find the area of one loop of p= a sin3 6. 
28. Find the entire length of the epicycloid 
w=5(3 cost — cos 3t), ¥ =5 Bsint — sin 32). 
29. Find the area of the surface generated by revolving the 
are of the epicycloid 
w= 5(3 cost —cos3t), ¥ =5(8 sin t — sin 3 ¢) 
from t=0 to t =7, about the z-axis. 


30. Find the area of the loop of p? = a? cos 26 cos 6 which is 
bisected by the initial line. 


31. Find the area of the surface generated by revolving the 
upper half of the hypocycloid as ys = a? about the a-axis. 


2 2 
32. Find the length of the entire curve e + (5) =1. 
a 


33. Find the area of a loop of 8 a’? = az? — xt, 


34. The plane of a moving circle is perpendicular to that of 


2 2 
the ellipse eat : = 1, and the radius of the circle is an ordi- 


nate of the ellipse. Find the volume generated when the 
circle moves from one vertex of the ellipse to the other. 
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35. Find the area generated by the revolution, about its © 
chord, of an arc of a circle subtending an angle 2 a, the radius 
of the circle being a. 


36. Find the area between the parabolas y? = aw and a’=by. 


37. Find the length of p = acos' / from 6=0 to 6=27. 


38. Find the area of the surface generated by revolving about 
the y-axis the arc of the catenary y= oles + ea) from «= 0 to 
r=a. 

39. Find the volume generated by revolving a loop of the 
lemniscate p? = a? cos 2 6 about the y-axis. 


40. Find the length of x=e-‘cost, y= e‘sint froomt=0 


We) ip ces 
2 


41. Find the area between the two circles p=acos 6 and 
p =a sin 6. 

42. Show that the length of arc of the logarithmic spiral 
p = e* between any two points is proportional to the difference 
of the radius vectors of the points. , 

43. Find the area of the loop of the folium of Descartes 


_ 3a tan 6 seco 
~ 1+ tan’6 


er 
e” 


44. Find the length of y = log = ; from «=1 tox =2. 


45. Show that the area under an are of ay = a? from (a, 4) 
to (a, y,) is equal to the area bounded by that are of the 
curve and the lines «=0, y= y, and y= y. 


46. Find the volume generated by revolving about the 
y-axis the area in the first quadrant bounded by the witch 
3 


e440 the y-axis, and the line y= a. 
x a 


Y= 
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47. Find the total area of p= 3 + 2 cos 4 0. 

48. Find the volume cut froma sphere of radius a by a right 
circular cylinder with base radius } < a, whose axis passes 
through the center of the sphere. 

49. Find the volume cut from a sphere of radius a by a 
right circular cylinder with base radius . and an element 
through the center of the sphere. 

50. Find the length of the are of «= a(cost +¢sindé), 
y =a(sint —tcost) fromt=0tot=47. 


51. Find the area between a? + y? = a? anda+y=a. 


‘2 


52. Find the length of y = a log — Es - from z=0tor= = 
a — a 
53. Find the area between the parabolas p = ee and 
1 — cos 6 
eee 
ers) + cos 6 


54. A segment of a circle is revolved about a diameter 
parallel to its chord. Show that the volume generated is 
equal to that of a sphere whose diameter is equal to the chord. 

‘55. Find the area of the surface generated by revolving the 
are of 6a’y=2'+3a' from x=a to «=2a about the 
x-axis ; about the y-axis. 


56. Find the volume of the portion of the paraboloid 
2 2 
eee 2 c(z +h) below the plane z = 0. 


57. Find the mean value of the ordinates of an arch of 
y = sin a, x being the independent variable. 


58. A horizontal cylindrical tank is half full of oil, weighing 
50 pounds per cubic foot. The diameter of each end of the 
tank is 6 feet. Find the pressure on each end, and on the 
cylindrical part. What are the respective pressures when 
the tank is full of oil? [Let h be length of tank.] 


§ 102] APPLICATIONS 325 
59. A positive charge e of electricity is fixed at a point O. 
The repulsion of a unit positive charge at a distance x from O 
is = Find the work done in bringing up a unit positive 
charge from o to a point P distant a from 0. 
60. When an electric current flows a distance x through a 


homogeneous conductor of cross section A, the resistance is A 


where k is a constant depending upon the material of which 
the conductor is made. Find the resistance when the current 
flows from the inner to the outer surface of a hollow sphere, 
the respective radii being a and 0. [Taking as an element of 
the conductor a spherical shell of thickness dr and inner radius 


r, the element of resistance is hdr : 
: 4 are 


61. Find the resistance when the current flows from the 
inner to the outer surface of a hollow cylinder of length J, the 
radii of the two surfaces being a and b respectively. 


62. Find the resistance when the current flows through a 
frustum of a cone of height h, the areas of the two bases being 
b, and b, respectively. 

63. The kinetic energy of a body of mass m moving with a 
speed v is ue If a body describes the simple harmonic mo- 
tion s=a cos kt, show that the mean kinetic energy during a 
complete vibration is one half the maximum kinetic energy if 
t is taken as the independent variable, and is two thirds the 
maximum kinetic energy if s is taken as the independent * 
variable. 


64. Find the pressure on a sphere two feet in diameter 
immersed in water, its center being 20 feet below the surface. 
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65. A spherical bag of radius 10 inches contains gas at a 
pressure of 18 pounds per square inch. Find the work done 
in compressing it into a sphere of radius 5 inches, the gas 
obeying the law pv = constant. 

The element of work done in compressing the bag at any stage when 
its radius is r to a neighboring eae when its radius is r— dr is pAdr, 
where A = 477”. 

66. Find the mean pressure per square inch in Ex. 65 when 
» is the independent variable; when r is the independent 
variable. 


67. Find the mean area of the plane sections of a right 
circular cone of altitude a and base radius 6 made by planes 
parallel to the base, the altitude being the independent 
variable. 


68. ea the mean area of the plane sections of the ellipsoid 


2 2 
nis ei = : te — = 1 made by planes perpendicular to the v-axis. 


CHAPTER @XII 


FUNCTIONS OF TWO OR MORE VARIABLES 


103. Functions of several variables. Several variables are 
said to be independent if arbitrary independent values (or in 
certain cases arbitrary independent values within certain 
limits) may be assigned to each of them. A quantity is said 
to be a function of these independent variables, if it is deter- 
mined whenever any set of values (within certain limits pos- 
sibly) is assigned to the variables. If a single definite value 
of the function corresponds to each given set of values of the 
variables, the function is said to be single-valued. If any one 
of several values of the function corresponds to each given set 
of values of the variables, the function is said to be many- 
valued. 

Thus if v is the radius of the base of a cylinder and h is its 
altitude, its volume is expressed by the formula V = ar°h. 
Here 7 and h may have any positive values whatever, and 
may therefore be taken as two independent variables. The 
quantity Vis known when 7 and h are assigned. It is a func- 
tion of the two variables 7 and h. 

Again, in the equation of a sphere of radius a and with its 
center at the origin 

e+ y? +2 = a, (1) 
we have three variables x, y, z connected by a single relation. 
Any two of them may be considered as independent, then the 
third will be a function of the other two. Thus, letting x and 
y be the independent variables, 

2=4+Va? — a — yp. (2) 
327 
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Here, in general, z may have one of two values, corresponding 
to a given pair of values of wand y. It is not a single-valued 
function as defined by (2). But if we restrict ourselves to the 
upper hemisphere by the definition 

p= 4+ VE BH, (3) 
then z is a single-valued function of w and y. 

It should also be noted that if we restrict the values of the 
variables to correspond to real points on the sphere, w and y 
must be so chosen that 

e+ yr< a. 

But this restriction still allows a wide range of choice of in- 
dependent values for x and y. 

At times we have occasion to consider functions of several 
variables, all of which are not independent. Thus in the 
formula for the area of a triangle in terms of its sides a, b, c, 


S =Vs(s — a)(s — b)(s — 0), 
S is given as a function of the four variables s, a, b,c. But 
these are not independent, being connected by the relation 
a+b+c=2s. 


104: Partial derivative. Let the function! 


u=f(a, y, 2) 
be single-valued. Corresponding to a given set of values of 
x, y, z, the function assumes a definite value wu. Corresponding 
to a set of neighboring values «+ Az, y+ Ay, z+ Az, the 
function assumes a value which, in general, is different from 
u; let it be designated by 


u+Au=f(e+ Ax, y + Ay, 2+ Az). (2) 


1A function of three independent variables has been selected as illus- 
trative of the general case. What is given here can be applied readily 
to functions of two or more independent variables. 
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Thus, corresponding to the increments Aw, Ay, Az of the vari- 
ables, we have the increment of the function 


Au=f(@+ Ax, y+ Ay, 2+ Az)—f(%, y, 2). (3) 


Here Az, Ay, Az are independent of one another, because 
x, y, 2 are supposed to be independent variables. Making each 
two of them zero in turn, we have the three partial increments 


ake Ajwu=f(x + Aa, y, 2) —f(a, y, 2), 
Ajw=f(@, y+Ay, z)—f(@, y %), (4) 

Au =f (&, Yy, # + Xz) — f(x, Y; Z). 
Dividing each of these in turn by the increment of the cor- 
responding variable, and passing to the limit indicated, we 


have 
ig, ES Be or u}, L Se rat) 
Ac—>0 Ax Ox sy—>0 Ay oy 
eee or u}.! (5) 


These are known as the partial derivatives of wu with respect 
to x, y, and z respectively. Evidently, the partial derivative of 
a function of several variables, with respect to one of them, is the 
derivative, with respect to that variable, of the function arising 
when all the other variables are assumed to be constant. 

Thus if v= 2+ y+ 2 — 6 ayz, 

du Ou du 

— = 3(a% — 2yz), — = 3(y?—2 az), — = 3(2? — 2 ay). 

aa Yr 3, C) Vea, Ol wy) 
sate ies Tk Pea) {ree ey 

RE tac OF a > aap 
Ifvaa*®, ul=aaityz, ul=xzlogx, ul=2y loge. 


1JIt is customary to represent partial differentiation by using a round 
‘¢9,°’ or by affecting the symbol for the function with a prime to indicate 
differentiation and adding a subscript to indicate the variable with re- 
spect to which the derivative is taken. 
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Using the formula for the derivative of a function of a 
function of one variable (§ 11), it follows readily that if 
u=f(v), where v = $(&, y, 2), 


du Ov Ou tien OD Ou Aye 0) 
ee fh — —_ = —- —— — 6 
See ae ay f 5) rege che etn) 


where f'(v) is the ordinary derivative a J(v) being a function 
of the single variable v. 

Of course, whenever the function f(v) is known, the student 
naturally carries out the steps indicated in (6). But at times 
it is necessary to use the partial derivatives of functions of 


several variables, which are given symbolically. In such cases, 
formulas (6) will be found valuable. Thus if w= f(«y) + (2) 
xe 
Ou _ i] wei: / y ou Ss Wns iL ! ¥y 
a fe), ay = CS) ane: ‘). 
EXERCISES 


Find the partial derivatives of the following ten functions: 


poh Ree Deis 6. j= log eee 
2. U= x yz+ ay’2z + vy2?. vy 

3. w= asin (y + 2). 76 

4. u=Vaert yt 2. aD 

5. w= sinxcos y+ cos x sin y. | 8. w= sit 


9. u=fle+y +2) — (mp). 
10. w= f(a? + 9?) (ay). 


ll. Ifu=ar+ y’ — 3ay, show that Pre Or 2u. 
Ox Oy oO 
12. Ifu=sin™ nah show that eel - yp tity Ot 2 0. 
z hy oy 0z 
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Ou Ou 


ase [ft y= tan*f, show that y— —a—=—1. 
Ox oy 
14. Ifu= pe show that yu, + wu} =2u. 
15. Ifu= a show that wu? + w+ v2 =u'. 
Ai of oer 


16. If u=log (a+ ay+ y2?+2'), show that wu) + yu} +zu} =3. 


Remark. Extending the notion of a continuous function of a single 
variable (§ 5), we say that a function of several variables u = f(a, y, 2) 
is continuous at a set of values =a, y= b, z=c [or to use a geomet- 
rical form of expression we shall say it is continuous at the point 


(a, b, c) if 
Ih id mat Oe Cc). 
L—Pa, Y— >>), z—e 


This amounts to saying that u=/f(a, y, 2) is continuous at any point 
(a, y, 2), if the increment Aw is an infinitesimal whenever Ax, Ay, and Az 


are. 


105. Higher partial derivatives. The partial derivatives of a 
function of several variables are also functions of the variables. 
Differentiating these partially, we obtain what are known as 
higher partial derivatives of the original function. Convenient 
notations for these are the following : 


eu) eee or ut ei) ae or ul! 0 fou ot or ut! 
da\dx) da? “dy\da) dydu ™” dz es azdz 
ea or ul! 1 al a igi OU =O or ul! 
da\ dy) dxdy ” ay\ dy) dy  ” dze\dy)/ dzdy tg 
8 (du ae or a! 0 / du ou or ul! 9 (du nee or ul! 
da\dz) dxdz ~ dy\dz) dyds ™” dz\dz) ox an 


These are known as second partial derivatives of u, while 


du ou ou are known as first partial derivatives. 


dx” dy’ dz 
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Partial derivatives of the second partial derivatives are 


known as third partial derivatives; and soon. Thus 
(SUN Oe ft ON) Cats am ee Wee, 
dx\ da?) dat dy \ da?) — dy da® 
Of du \_ ” 0) f Ou Va eu eae 
dx\dyda) dadyda ” dy\dyda) dy? da Cer 
fi) Ou ‘ee Ou my 
da\dz dy) dx dz dy gee 


Starting with the three partial derivatives of the first order 
in the case of a function of three independent variables, we 


see there are 


32?= 9 partial derivatives of the second order, 


3° = 27 part 


and so on. 


But these are not all distinct. 


ial derivatives of the third order, 


It can be proved (the proof 


is beyond the scope of this book) that under certain conditions 
of continuity of the functions involved, the value of a higher 
partial derivative is independent of the order in which the 
successive differentiations with respect to the several vari- 
ables are effected. Thus in the case of the types of function 
we are apt to meet, the following equalities hold: 


and so on. 


Ou i Ou 
dady dy da’ 
Ou Ou OFu 


Ox Oy Ox ~ a2 oy dy da?’ 


Pu wl ede es 
dxdydz dydudz dzdydu ” 
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For example, if vu = ay? — ay, 


Ou Ou 
A ayes Le poe 2 
a yy, By 2 arty — 3 ay’, 
Ou Ou 
eS ty 8a? Be — 342 
ae Eker se 8 ay — 3, 
oy eu 
= 24 a = 24 a 
Ox Oy Ox ae Ox? dy ae 
It will be left as an exercise to show that ve = 24 wy. 
Oy Ox? 
Again, if u= Va? + y? 4 22, 
Ou = x Ou y 
00 W/gr ¥ ee ay Var + y+ 2 
Ou _ Zz Ou — 2X2 
0z Va? + yt 2 0z 02 (a2 +y + ye 
Ou — Y% Ou — yz 
Oz ay (02 + y? + yh Oy Oz (0? + y? + ye 
Ot 3 yz Ou 3 Uv yZ 
Oy 0z Ox (a? + y2 + yh Ox dz OY (a? + y? + aye 
Bu 3 © yz 


Ox dy dz (a? + y2 + ai 


Analogous to what was given in § 104 concerning first partial 
derivatives of a function of a function of several variables, the 
higher partial derivatives of such a function can. be expressed 
as follows: 


Given u = f(v), where v = $(2, : 4 we have, as before 
au du Ow pt, Ov 
St = f'(v) 52 holy Meghan MG) Ee 


where f'(v) is the derivative 4 a J(v) being a function of the 
single variable v. 
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vas Soe each of these as a product 


Ole ee 


Oy _ f" oege 
dy Ox cake Die 


aia 


tO] rd Or oe LOE = 


Ov em Ov\? OV Len gov du | udu 
ma, 7 Ga) oy +P") ee oy 


+ flv aes aE a, Dd? 
ay 117,.\ OV Ov Ov i dv Ov , dv 0% . dv d%v 
Oz Oy Ox yrs Oy oy OF +H) On fos aur es Oz Oy Ox 
A a Ox 
and so on. 


Thus if u= ¢(a@ + ay) + y(w — ay), 


= = ¢'(a + ay) +y'(a — ay), % agpl(e + ay) — ap'(x — ay), 


02 
sa He + ay) + y"@—ay), “4 = ag"(w+ay) +ay"(e—ay). 
Hence in particular 
20u Pu 0 
dx? dye 
EXERCISES 
Ou Ou 
1. If w=sin(« —y), verify Be ay oud by aa and Ff eau aa 
dtu Otu Otu 


2. It w= ev**, verif = =I . 
(e+) OS ea ree 2dyda Oydz2dx dy dx dz? 
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Bel ee CM VORILY, Wes te, Ul el ea ae ge 
4. If u=sin(ay), show that «? — Deen ae 0. 
Ox? oy? 

5. if y= tan rf, show that — RU 

Ox? oy? 
6. ip oe ee show that ul, + uj) + ull =0. 

Vee 

7. If u=e™ (a — y), show that ce ne aE oY 


Ox? dy dx ax 
Ou eeu 


8. lf v= 7 (“\+@ —1)ylog a, show that «? — ie oy? 


=(x + 1)y. 
9. If u=2(2 — y?)+ xyz, show that yu! — auf! + ull 
+ YUine + Wy, — GUL, + Yt, = 2 + y?. 
tor Iie = 26 Ge (") show that aul! + 2 ayul, + y?ul! 
ae x 

==). 

11. Ifu=a2d(@+y)t+ yw(e+y), show that ul, —2 uff + uf, 
== (), 


12. If w= 27"¢/ = ee , show that oo vt ay oa) 
Ox? Y by Ou 
» Ou Ou thes 5 
Seer 0, 


106. Total differential. In the case of a function of a single 
variable, y =f(x), we defined the differential of the function 
(§ 30) as the product of the derivative of the function and the 
increment of the variable, thus 


dy = f'(x)Aa; 
and then, from the special case when y = 2, we found 
de = Ae: 


So we had finally dy = fiw 
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In a similar manner, if in w= f(a, y, 2),! we consider all the 
variables excepting one as constant, we have the partial differ- 
entials Ou on Bs 

v= oe dz, dju= ay dy, du= ae dz. (1) 
Here the subscript indicates the only variable appearing in 
each case, the others being taken as constants. 

For reasons which will be given later (§ 153), we shall 
define the total differential of wu as 


__ Ou Ou Ou 


du = — dx + — dy + — dk. 2 
Oe EES, oe ae @) 
Thus if U= ya + yrz, 
Ou Ou 
du =—dy+—d 
“t oy OP ee i 


= (2 yz + 3 y2*)dy +(3 y'2? + 2 y8)dz. 
Again, if w=Vat+ y+ 22, 
Ou du ou 
0, =! = 6 
a Ox eee guhine ; 
ede + ydy +2dz 
Vepy ee 

Even if x, y, z are not independent variables, the form (2) is 
still retained as the differential of wu. 

Possible changes in the form of the total differential of a 
function of several variables depend upon whether all the 
variables entering are independent or not, and upon the way 
in which the variables appear in the expression of the func- 
tion. In what follows, some of the more important cases are 
considered in order to familiarize the student with the meth- 
ods of finding the corresponding forms of the total differential. 


1 Here also a function of three variables is selected as illustrative of 
the general case. 
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It is not intended, nor is it desirable, that the results be mem- 
orized. In each case we start with the form (2) and then 
replace the differentials of the dependent variables or auxili- 
ary functions by their values in terms of the differentials of 
the independent variables and simplify the result by collect- 
ing the terms involving each of the differentials of the inde- 
pendent variables. 
If z is a function of x and y, we have, as before, 


du = — dx + — dy + — dz. 
m= Bae sige oy oS Oz $ (2) 
Oz Oz : ae 
But now, dz= ae + By y. Putting this in (2), we have 
an alternative value for du, 
| Ou , Ou Oz Ou , Ou dz 
du =| — +— — \dxe +| —+——)|\d 
‘ Gs + a a) po & az A 4 @) 


in which the differentials of the independent variables only 


appear. 
If y and z are functions of x, so that x is the only independ- 
ent variable, we have, from (2), 


du, Oudy , dudz 
Oi d. 
i & a dy da ee | . (4) 


since dy = wy dw and dz= & de. Here the letter “d” is used 


in the derivatives of y and 2, because yand z are functions of a 
single variable. 

If x,y, 2 are functions of a single variable or parameter t, we 
have from (2) 


FI I 
sats = dt af dy dt y Oz a) (6) 
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Let u=f(v, w),1 where v and w are functions of a, y, z. 
Then, considering u and v as the variables, 


_ du Ou 


aot 20: 
du Aa ela Ww 
But Geir es ey eae. 
Ox oy Oz 
Ow dw Ow 
Ox ae oy vet 0z i 
dudv , du dw dOudv , du dw 
CMe a Yee | wast alls ele Ne NG See dh Se a 
i Ga tae a see 
dudv du dw 
See ab SS dk 
i e 0z ar Ow dz )e (6) 


If in addition a, y, z are not independent variables, the form 
of (6) may be modified. Thus if z is a function of # and y, 
Sdn y. Incorporating this in (6) and rearranging 

a y 


the terms, 
_[ du/dv , dv dz du/dw , dw dz ‘ 
eo =|. & 5 Oz a i ae na 0z 4H 
du/dv , dv dz du/dw , dw dz 
dy. 
. Bees i 0z = ii ee au: Oz «a _ (7) 


Ex. 1. u=logVe+y? +2, where z=2?—y?. Find du. 


az = 


ir as Ou _ ay Ou _ y Ou _ z 
Ox wt+yte dy w@+y+te’ dz w&+yr+ 22’ 
dy a= ee ty dy tee 

ee ee 


1 Here a function of two auxiliary functions is selected as illustrative 
of the general case. What is given here can be applied to functions of a 
single auxiliary function or of any number of them, 
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But de = 2 dn + Z2 dy = 2a du —2y dy. 
x y 
Ee ene +2 wz) dx + (y — 2 yz) dy. 
YP+y+2 


Here z may be replaced by its value in terms of x and y; but 
frequently this is not desirable. 
Ex. 2. u= f(a? +202 —2 yz), where z= Voe+y. Find du. 
Let v= 0? 4+ 2a2—2 yz. Then u=f(v), and 


du = f'(v)dv = PO Ge 2s dy + 2 a) 


= f'(v)[2(a + 2)du — 22dy + 2(a — y)dz]. 
Here f'(v) =2 , the ordinary derivative of f(v) with respect 
v 
to v, since f(v) is a function of the single variable v. 
ae _vde+ydy «du +ydy, 
V2? oe y z 
Putting this in the expression for du, we have, after simple 


Moreover 


reductions, 
du =f) [22(a +2) +22(e—y)]de £) [22 — 2y(x —y) jay. 


When desired, 2 may be replaced, wherever it occurs, by its 
value in terms of x and y. 


Hx. 3. u=f (% oy) Find du. 
a 
Let v=4,w=ayz. Then u=/(v, w), and 
x 
du = ie + We dw 
dv dw 


Of (dv dv dv 
ae Dae y+ 5.) 


Of (dw dw dw . 
Baa esceegy EOL == OF |} 
yale Bid dt ao) 
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Replacing the partial derivatives of v and w by their values 
in terms of a, y, and z, and rearranging the terms, we have 


dum(—2 OF yz 5.)aa +Gote jul +056 F ate, 
x2 Ov 0 


EXERCISES 
Find du in the following cases : 
l. u=e8+ 3y2 — 6 wz? + 12 ayz. 
2, u=sint. 
x 


3. v= tan714 == tan—”. 
« y 


. w= or, 


4 

5. US wY’R*, 
6. u=e*log yz, where z= sin wy. 
7 


_ v= OB—12y2 + 6ayz+3y?, where y = sin a, z= Cos 2. 
8. u =s(# +7, =e > 


9. u=f[sin(@ + y), cos(y —2z), log(a@+y+42)]. 
10. If (a, y) are the rectangular codrdinates of a point and 
(p, 9) are the polar codrdinates of the same point, show that 
(a) «dx + ydy = pdp, 
(b) xdy — ydx = p* dé, 
(c) da® + dy? = dp? + p? dé’. 


107. Approximate value of Au. Relative error. As in the case 
of a function of a single variable, the total differential du of 
the function u = f(#, y, 2) is not the same, in general, as its 
actual increment Aw, corresponding to Aw, Ay, Az, the incre- 
ments of the variables (or dx, dy, dz, which are the same things 
when the variables are independent). The differential du is 
known as the principal part of Au; and if all the first partial 
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derivatives of the function are continuous, du differs from Au 
by as small a quantity as one pleases when each of the incre- 
ments of the variables is made sufficiently small, as we shall 
see in §153. In other words, for small values of the incre- 
ments of the variables, the value of du is a good approximation 
of the corresponding value of Aw. 

Thus if x, y, z are the three dimensions of a rectangular box, 
its volume is u= yz. If each of the dimensions is changed 
slightly, by the amounts da, dy, dz respectively, 

Au=yz da+zx dy + ay dz+a dy dz+ydzdx+z2 dx dy+dz dy dz. 
When da, dy, dz are very small, powers and products of these 
are neglible, in a first approximation, in comparison with the 
increments themselves. Hence the differential 


du = yz dau + zady + xy dz 
is a good approximation of Aw, for sufficiently small values of 
dx, dy, dz. 


To take a concrete case, let x = 3, y= 4,2 = 5; and dx = 0.1, 
dy = — 0.05, dz = 0.08. Then 


Au = 2.2046, while du = 2.21. 


The principal part of the increment of the function is a good 
first approximation in estimating the error in the function due 
to errors in the measured or estimated values of the variable. 


Moreover, we shall be interested in the relative error ae [of 
U 


which © will be a convenient approximation], corresponding 


dx poy dz 

Rae 

In the case of ol rectangular box, this is very easy to 
calculate ; for 


to the relative errors — in the variables. 


du _ de, dy de 
Ue 2 ye 
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Here the relative error in the calculated value of the volume 
of the box, using the given dimensions, is approximately the 
sum of the relative errors in these dimensions. 


Aw _ 0.03674, while “= 0.03683. 
U U 
EXERCISES 


1. Find the change in volume of a cylindrical bar 3 feet 
long and 1 inch in diameter, if it is elongated 1 inch, and at 
the same time the diameter increases 0.03 inch. What is 
the principal part of the change ? 

2. A cigar box is made of wood } of an inch thick. If it is 
9 inches long, 5 inches wide, and 2} inches deep, interior meas- 
urement, what is the approximate amount of material used ? 
What, approximately, is the relative error of your answer ? 

3. A cylindrical coffee canister is made of tin 0.03 inch 
thick. If it is 6 inches high and 4 inches in diameter, what 
is the approximate amount of tin used? What, approxi- 
mately, is the relative error of your answer? 


4. The period of a simple pendulum is 


T =2n/-. 
g 


What, approximately, is the error in 7’ due to small errors in 
Land g? 
5. The range of a projectile on a horizontal plane is 
ne vp Sin 2 a 
g 
What, approximately, is the error in R due to small errors in 
Up, &, and g? 
6. The area of a triangle in terms of its sides is 
S = Vs(s — a)(s — 6)(s —c), 
where 2s=a+b+c. What, approximately, is the error in 
S due to small errors in a, b, ¢? What is this in particular 
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when a, b, and ¢ are taken respectively as 5, 6, and 7, the first 
two being 1 % too large, and the last 1.5% too small? 


7. Find the approximate erorr and relative error in the 
case of a triangle calculated from the given parts a=5, 

=10 C= 30°, if da=0.1, db= 0.2, dC=1' of are. Show 
that the combined error in S may be as great as 2.8 % if a, b, 
C are liable to errors of 1% each. 


8. In determining the volume of a cylindrical wire, do the 
errors of measurement of the length and the diameter of the 
wire contribute equally to the relative error of the volume? 


108. Various types of derivatives of a function of several 
variables. If u=f(2, 2) 


and #, y, and z are independent variables, the only derivatives of 
u of the first order to be considered are the partial derivatives 
oe ; uae di already presented in § 104. 
Ox Oy oz 
If all the variables are not independent, then other deriva- 
tives of the first order may arise. Thus, suppose that 
z= $(2, y), then u=/f[a, y, $(@, y)], and its partial derivative 
with respect to x, that is, its derivative with respect to x con- 


sidering y as a constant, is evidently not the same as st, the 
x 


derivative of u= f(a, y, 2) with respect to vw, when y and z are 
both constant. The same may be said of the respective partial 
derivatives of u=f[a, y, $(%, y)] and w= f(a, y, 2) with re- 
spect to y. 

In § 30 we emphasized the fact that when wu is a function of 
a single variable, say u=/f(a), its derivative, f'(x) =%, is 

AY 

the quotient of the differential of the function and that of 


the variable. Considering now the partial derivative a of 
xe 
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u=f (a, y, 2), it should be emphasized just as clearly that this 
is not the quotient of du and dv As a matter of fact the 
symbols du and 0% have no meaning separately. But if we 
recall (§ 106) that the partial differential d,u is defined as 


du = ™ de, 
Ox 
we have 
Ou du 
FPASE LP (1) 


which enables us to say that the partial derivative of wu wih 
respect to x is equal to the quotient of the partial differential 
of wu with respect to x and the differential of «. 

An analogous statement can be made for the partial deriva- 
tive of w with respect to each of the other variables. 

Use may be made of this fact in finding the partial deriva- 
tive with respect to a variable if the function is not given 
directly in terms of the variables, but by means of one or 
several auxiliary functions. Thus if 


u=f(v, w), (2) 
we have from (6), § 106, 


elesrasa nc 


dv dx ' dw da dv dy | dw dy 
of dv , of dw 
i e Oz re Ow 7) 


Hence, using (1) and its analogues, 


du _ Of dv | Af dw du _ Of dv , Of dw 
da Ovda dwdx’ dy dvdy dwody’ 


du _ af dv , of dw 


dz Ovdz | Qwoz (3) 
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Similarly if u = fv, w, p), (4) 


| du _ Of dv | Of dw , Of Op 
da dvdx dwdx <dpda 
Ou __oOfdv , Of dw , Of Op 
dy dvdy  dwdy ° dp dy’ 
du _ Of dv , Of dw , Of Op. 
dz dvdz dwdz  dpdz 


(5) 


Of course, if an auxiliary function is independent of any of 
the variables, its partial derivatives with respect to each of 
these is zero and does not appear in (8) or (5). For example, 
suppose that in (4) v=a, w=y, p=z= (a, y). 

Then corresponding to 


u=f(a, y, z) where z= ¢(2, y), (6) 


we have the two variables # and y only to consider, and from 
(5) above, or from (3), § 106, 


ou _ of Hs since Ow 4 and CuO: 

0x On d020x Ox Ox (7) 
Bo SUR Re , since DP handel ts 

Oy dy odzd0y oy oy 


Heretofore we have used me and oF interchangeably. But 
© x 


in (7) this is evidently not the case. Here a is the partial 
a 


derivative of u or of f when all the variables appearing are 


considered independent temporarily; while se is the partial 
x 


derivative of w with respect to « when the only variables con- 
sidered independent are 2 and y, and z is supposed to have 
been replaced by its value in terms of these. 

This dual use of the partial derivative symbol is not un- 
common. In what follows, an attempt is made to avoid this 
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dual use by the introduction of suitable nomenclature and 
symbols. 
We shall reserve the name “partial derivative of uw with 
(74 ” 
respect to 7” and me , the usual symbol for it, for the case 
a 

when all the variables in f(a, y, 2), the functional representa- 
tion of u, are taken as independent. If not all the variables 
are independent, we shall speak of intermediate partial deriva- 
tives which arise when an auxiliary variable (or more of them) 
is replaced in f by its value in terms of the remaining varia- 
bles and partial derivatives of the resulting form of the function 
are taken with respect to one or another of these remaining 
variables. Thus in (7) we shall call the left-hand members 
intermediate partial derivatives with respect to x and y, respec- 
tively. Indicating by subscripts the variables which are not 

considered constant, we shall write these 

du Of , Of dz Ou Of , Of dz 
ONY ie BE GSA Oe Nit 7 
EE oe dx’ ey ape oy s 
As another illustration of importance consider 


U = f(a, Y, % Py q): : (8) 

If z is a function of # and y, and p and q are taken as con- 
stants, we have (7') as before. But if, in addition, we con- 
sider p and q as functions of w, y, and z, we have 

du _. Of, Of oz , OF (Op, Opiez Of/dq , Oq dz 

selicdie et wae Ca oes eee ea 
oy i= Of ae Of dz re ne t Op sae ee oq a @) 
OY)y,2.r.¢ Oy Ozdy Op\dy dzdy)/ dg\dy dzdy/’ 

Of course, the right-hand members of (7') and (9) cannot be 
written until the nature of the variables is known. But, when 
this is known, the left-hand members of these equations are 
convenient symbols for the expressions in the corresponding 
right-hand members. 
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Finally, if all the variables appearing in f are functions of 
one of them, or of some other variable (or parameter), w is 
actually a function of a single variable, and its derivative with 
respect to that variable is known as its total derivative. Thus, 
if in 4) 9=4,w=y = y(%), p =2= a(x), u is a function of 
the single variable x; and in writing its derivative as given by 
(5) the form “d” may be used in the expressions for the de- 
rivatives of u, y, z Doing this, we obtain 

du__ Of , Ofdy , Ofdz 
da dx eS Oy da z Oz dx ey) 
as the total derivative of u = f(a, y, 2), where y = y(@), 2 = 2(@). 

Or, if in (4), v=2= a(t) w=y = (6), p = 2 = 2(f), we have 

from (5) du _afdx , ofdy , afde (11) 
dt od«dt doydt dzdt 

as the total derivative of u= f(x, y, 2) where a, y, and z are 

functions of the parameter ¢. 

In what has been given here, the values of intermediate 
partial derivatives and of total derivatives have been found by 
means of (5). They can be obtained also from the differential 


of wu as follows: 
n § 106 attention was called to the fact that whether 
x, y, and z are independent variables or not, the total differ- 
ential of w= f(a, y, 2) age be written 
_ Ou Ou 
du = — dx + — af — dz, 
ae o+8 UPS az 


which is the sum of the Eee differentials 
0 0 0 
du= = da, du= os CN, C= dz. 


And, as pointed out in (1) of the present section, the partial 
derivatives of uw are thus expressible as the quotients of these 
partial differentials and the corresponding differentials of the 
variables, 


348 CALCULUS . [§ 108 


In § 106 it was also shown that when the variables are not 
independent, other forms for dw are possible; for example, 
formulas (3), (4), (5), (7) of that section. In such a case we 
shall call the aggregate of the terms involving the differential 
of one of the variables, in the expression for du, an interme- 
diate differential of the function with respect to that variable 
and the others connected with it, and shall indicate it by 
affecting the “d” by a set of subscripts of which the first is 
the variable of reference and the following ones are the other 
variables associated with it. Thus in (3), § 106, 


du . du-dz Ou , Ou dz 
=| — ae st eS Sal 
x G Oz a) : ls 0z a Me 


we have the intermediate differentials 


Ou , Oudz Ou , Ou dz 
cs S = dz ae sits va & dz = . 


Comparing this with (7'), it is seen readily that 


OWN Gat Uf ONT Ew, 
OL). da’ OY  y,2 dy 


In general it may be stated that whenever the differential 


of a function is expressed as a sum of intermediate differ- 
entials, the quotient of any of the intermediate differentials 
and the differential of the corresponding variable is equal to 
the corresponding intermediate partial derivative of the func- 
tion with respect to that variable. Thus from (7), § 106, we 
see at once that for u=/(v, w), where v and w are functions 
of aw, y, and z, and z is a function of a and y, 


Ou du/dv . dvoz Ou [dw . Ow dz 
ee a) G * be = i ae + be =, 


Ou\ _ du/fdv , dv dz du (dw , dw dz 
oo ~ dy io Y 8g 3 ee se ay a 
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If all the variables involved are functions of one of them, 
or of some other variable (or parameter), it is obvious that 
the total derivative of the function with respect to the 
single independent variable is the quotient of its total differ- 
ential and the differential of that variable. Thus compare 
formulas (4) and (5) of § 106 and (10) and (11) of the present 
section. 

To find the second and higher partial derivatives of a func- 
tion of several variables or of a function of one or more functions 
of those variables, the principles of this section may be em- 
ployed, remembering that a second derivative is a first deriva- 
tive of a first derivative, and so on. 

As an illustration of the use of formulas (5) let it be required 
to find the effect of the transformation of variables x = p cos 6, 
y =p sin @ upon CT - el and a _ - uf where uw is a 
given function of x and y, and after transformation becomes a 
function of p and 6. 

We shall have occasion to use the transformation of variables 


in the form p = V2? + y¥’, 6= tan14. 
xe 
Using (5), we have 


du __Owdp , Ou0d du & du 


y 
dx dp dx | 00 0x pVepy Ory’ 


du __Owdp , Oud _ du y Ou « 


oy Op dy 00 dy Op Var + 06 x? + x? 


Squaring and adding, we have the important formula 


Gi (OUN2 = (OUN™,, Lou? 
(35) +(5) aie i (a0) 
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Differentiating again 


Ou (0?u dp Ou 06 x du O x 
Op? 0a 00 Op 0%) V/a? + x Op Ox Var + 


Ox? 
_({ Pu dp , ude Y Ouro 
00 Op 0x OP Ox) a? + y% 06 Ox + ¥? 


Salis Pylon os Ou ee ay Cy 
Op? x? + 9? 00 Op (0? + yy? O6? (a? + y?)? 


Ou y? du 2ay | 
dp (02 + ya 06 (a? + y?)? 


It will be left as an exercise to show that 


Pu _ uy i Ou vy Cu 
Oy? Op? a? + ¥? 00 Op (a? ne yi 06? (x? + 0)? 


4 ou Ve usa aya 
Op (a? + yy 06 (a? + y?)? 


Adding these and making obvious reductions, we arrive at 
the important formula 
Ou, 1 Pu _ Ou, lou 1 Ou 
Ox? oy? Op? p? 08? p Op 


EXERCISES 


ik If w= a —y? and # = 9 cost, y= rsing, find $Y and Se. 
r 


2. Ifwee*ande=vr+s, y= tan 5 | find o and ue 
r is s 


3. If «=a! cosa —y' sine and y=2' sina + y' cosa, show 


that 
of\? (a) =(45) of, 
(Ge) a) 5a) 3 oo 
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4. Show that the differential equation 
Se + Baye St 4 2¢y— ys St 4 aaa = 0) 
Z 
is left unaltered in form by the transformation of variables 


1 
r=ty,s=—-: 


5. Show that the change of variables w = e? cos 6, y = e sin 6 
Ou, OU Ou a 


transforms Fe Biseecas yp into ee a an 


109. Derivatives of implicit functions. If y is defined as a 
function of x by the relation 


S (a, y) = 9, (1) 
we have, on taking the derivative with respect to a, 
of , Of dy _ 
da ay dx 
Hence 
of 
ey eee (2) 
dx of 
oy 


This is an important formula. Similar formulas for the 
partial derivatives of implicit functions of several variables 
may be found. Thus if z is defined as a function of # and y by 


the relation f (a, y, 2) =0, (3) 
we have, on taking derivatives with respect to x and y respec- 
tively, of , Of dz _ ee a ¥ fy Of dz _ 
Ox dz dx Oz oy 
Hence 
of of 
dz ___ ox and dz ___ oy, (4) 
Ox of oy of 


oz Oz 
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Ex. 1. Given (2? + 9”)? — a(x? — y’) = 0, find ot. Writing 
a 
the given equation as f(x, y) = 0, we have 
of = 4x(2? + y?)— 2 aa, a = 4 y(a? + y”) + 2 ary. 
% y 


dy af 2 (a? + y*)— a?] 
Hence, from (2), i y[2(@® + y+ a2] 


Ex. 2. Given aa? + by? + cz? + Zhay + 2 gaz + 2 fyz = 0, 


find oe and a 
chy oy 
Writing the given equation F(a, y, z) = 0, we have 
or oF 


ap = Ula + hy + 92); ae Oe Te), 


= 2 (gx + fy + cz). 


_ 02 _ ae + by t+ x 02 _ ha + by + fe, 
da get fytoa’ dy ght fytcz 


EXERCISES 


1. Obtain a from the following relations: 
da 


(a) ax + 2 bay + cy? = 1. 
(b) e+ e& = 2 ay. 

(c) # + y?— 3 aay = 0. 

(d) V2? + y*— a tan v= 0. 


2. Obtain ge and we from the following relations: 
hy oy 
aes Oi ee ae 
—+24—=1. d) —-+4+4+-==1. 
(4) jeu apl ee: (Daley ae 
(0) ab + y$ + 28 = ad, (e) @+ e+ e=3 ayz. 


(c) ey + ye +20 =1, 
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3. Given f(a, y, 2) =0, show that oe Oy dz _ 
Oy 02 Ox 
4. Given f(a, y, z, t) =0, sho that 22 0d oe ob 
I (@, y, % t) =0, show tha By de at aa 


110. Geometrical application. Let the equation of a surface be 


S(@, Y; z) =0. (1) 


Taking the differential of both members, we have 
of of of 
~d“a+—dy+tdz=0. 
aun ay dy s e 0 (2) 


If P, a point on the surface, moves along a curve PQ in the 
surface, the direction cosines of the tangent PT are propor- 
tional to (see Section II of the 
Appendix) 

da: dy : dz. (3) 

The direction cosines of the 
tangent line of any curve on 
the surface at Pare thus con- 
nected by the relation (2). But 
for the values of the coodrdi- 
a, is of assume 
definite values. These may be 
considered proportional to the direction cosines of a definite 
line PN through P. The relation (2) shows that the lines PT 
and PN are mutually perpendicular. We thus see that the 
tangent lines to all curves on the surface at P are perpendicu- 
lar to the same line PN. These tangent lines therefore lie in 
a plane, which is known as the tangent plane to the surface at 
P, and their common perpendicular PN is known as the normal 
to the surface at P, We have thus arrived at the following 


nates at P, 
Fic. 103 
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geometrical significance of the partial derivatives of a function 
of three variables : 

If P =(a, y, 2) is a point on the surface f(a, y, z)= 0, the 
direction cosines of the normal to the surface at P are propor- 


tional to ie : os : , where De is the value of on 
Ox i oy 1 Oz 1 hy 1 Ox 


when x= 2%, y=%, 2=%3 and similarily for the other two. 


The equations of the normal at P are then 


cbaenct a Maes ie 2 (4) 
(a). Gi, Ge) 


and the equation of the tangent plane at P is 


& f) @- a)+(3r) ow +(F) @—a)= 0. (5) 


Thus to find the equations of the normal line and the tan- 
gent plane to 2a?—-3y+2yz=3z2—1 at (3, —2, 1), we 
write 

Sa, y, 2) = 202 —3y+ 2yz2—3241=0. 


Then 
te Gata @) =(—6y+22)=14 
(Z) = = Oyo 


Hence the equations of the normal are 


e—-3 yt2_ 2-1, 


iC. ae ee’ 


and the equation of the tangent plane is 
-12(@ — 3) + 14(y¥ + 2) —T@—-1)=0 
or 12e¢+14y—-—Tz=1. 


At the point (0, 1, — 2) on the surface the direction cosines 
of the normal are proportional to 0: —10: — 1, or to 0: 10:1. 
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Hence the equations of the normal in the symmetrical form 
oy Aaa as ey aa 

0 = one! 
The normal is thus the line in the plane x = 0 cut out by the 


plane Y=* = 242 or y—10z2= 21. 


The equation of the tangent plane is 
10(yy¥—1)+2+2=0 or 107y+z2-8=0. 


EXERCISES 

Find the equations of the normal line and tangent plane to 
each of the following surfaces at the points given: 

1. Sphere (# + 1)? + 7? + (2 — 3)? = 36, at (3, 4, 5). 

2. Ellipsoid 22+4+37+4+2—42+ 6y—8z2+20=0, at 
(1,.=.1,-3). 

3. Hyperboloid 3a?—2y?+2—5x2+2z=0 at (0, 0, 0); 
also at (2, 1, — 1). 

4, Elliptic paraboloid 3224+2=4y at (0, 0, 0); also at 


(1, 3, — 3). 
5. Cylinder 2 —3ay4+2y—2%+4+3y—1=0 at 
(i, —1, 1). 

6. Cone 2 — 72+ 222+ 2ay+3az+4+ yz =0 at (1,1, —1). 
7. The cubic surface wyz=1 at ; Q 
(1, —1, — 1); also at (4, 2, 1). Ms 
111. Directional derivative. Let a 

u=f (x, y) (1) 


be a single-valued function of x and y. 
The relation (1) assigns to w a definite 
value at each point P of the plane. 
As P moves along a curve PQ, the value of wu will change, as a 
rule. The rate of change of u with respect to the arc s of the 


Fia. 104 
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curve PQ, that is, the derivative “, is known as the directional 
z 


derivative of u. The analytic expression for it is readily 
obtained by assuming the equation of the curve PQ given in 
the parametric form 
a= «(s), y= Y(8). 
The function uw then takes the form 


U = f[a(s), y(s)], 


du _ dudu , dudy (2) 
ds Oxds dyds 


is the directional derivative. 


and 


The directional derivative of a function at a point is evi- 
dently the same whether taken along a curve through the point 
or along the tangent to the curve at that point. Itis a function 
of the direction at the point. 

In particular, if the direction is that of the w-axis, x= s and 
y = constant; whence 


du _ du, 

ds da 
Similarly along the direction of the y-axis 

du _ du. 

ds ay 


The partial derivatives of u are thus seen to be the direc- 
tional derivatives of u in the directions of the respective axes. 
If ¢ is the inclination of the tangent P7' to the curve at P, 
de _ cos ¢ and dy _ sin . Hence (2) may be written 
ds ds 
du du oo 
ds da 
which says that the directional en along a line is Stl to 
the sum of the projections upon this line of the directional deriva- 
tives in the direction of the codrdinate axes. 


0s ¢ + ha $, @) 


§ 111] FUNCTIONS OF VARIABLES 357 


Keeping the point P fixed, the directional derivative is a 
function of ¢ ae a it 
F($) = S4c0s $ + s sin ¢, (4) 


several facts in connection with it may < noted. 


I. The directional derivative of u= f(x, y) is zero along the 
curve f(a, y) = constant. 
This follows at once from the definition of the directional 
derivative. It may also be obtained from (4), as follows: 
Ou 
F(¢) = 0 if tang = — ee But this is the slope of the 
du 
ay 
tangent of f(x, y) = constant at a point on the curve [(2), 
§ 109]. 
Il. The directional derivative of u= f(a, y) is a maximum 
along the normal to the curve f (x, y) = constant. 


In order that F(¢) be a maximum or minimum 


F'(¢) =——— “sin d cos $ = 0 (5) 
or 
au 
tan d = Bae (6) 
dx 


This direction is evidently perpendicular to that of the tangent 
to the curve. 
Differentiating again, 


F'($) = — cos $ — 7 ind =— Fd) (7) 


From (4) it is obvious that the serch derivative of u changes 
sign when the direction along the curve is reversed, for 
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F(¢4+ 7) =—F(¢). Thus going along the normal in one 
direction, the directional derivative is positive, in the opposite 
direction it is negative. Evidently, from (7), in the former 
direction F(¢) is a maximum, in the latter direction it is an 
algebraic minimum. But numerically the two are the same. 
The statement II is intended to refer to the absolute value of 
the derivative. 

It is customary to speak of the derivative in that direction 
along the normal in which it is positive as the normal derivative 


of the function and to designate it by “. From (6) we see 
that along the normal e 


au du 
ee ne ‘ 00s be : 
du\? du\? \ du\? du\? 
VG) +) Cohicy 
Putting these in (3), the normal derivative is seen to be 
due _ (207 (80, 
an” V(3u) * Gy) 7 
Ill. The directional derivative along any direction is equal to 


the normal derivative multiplied by the cosine of the angle between 
that direction and the normal. 


In Fig. 105, wu =c is the curve along which w has the value 
it assumes at P= (a,y). As this point moves to Q= (a+ Ag, 
y + Ay) in the direction PS, the corresponding change in s is 
As = PQ and that in is An= PR, where RQ is the curve 
u=c-+ Ac passing through @. It can be proved that 


An _dn 
— = — = 608 
As—>0 As ds 
1 The term ‘‘ normal derivative of a function wu with respect to a curve”? 
is often used for the directional derivative of the function along the normal 
to the curve. We are using the term ‘‘ normal derivative of u’’ in the 
special sense where the curve is wu = constant. 
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We found that 
du _dudx , dudy 


ds dx ds dy ds 


(2) 


If, instead of having x and y expressed directly in terms of s, 
we have them given in terms of n which itself is a function of 
s, we have 


du __9udadn , dudydn 
ds dxdn ds dy dn ds 


_ (dudu , dudy 

= & dn ' oy =) ks 
du 
=—c 
on OS wy. 


All that has been given here’ can 
be extended to the function 
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u=f(a, Y, 2), 
where #, y, z are taken as the coérdinates of a point in space. 
But we shall simply mention here the following obvious 
facts : 

The directional derivative of wu along the curve «= 2(s), 
y = y(s), 2 = 2(8) is 


du _Oudu , dudy , dudz, (2!) 
ds odxds dyds dzds 


Or, noting that © = = COS «, a =a COS|G, 2 = cos y, the direc- 
s 8 


tion cosines of i curve at the point, we may write 


du du Ou 


Phin =F COs + Gu C8 B+ SF 008 (3') 
Evidently st, ot, “ are the directional derivatives of u 
y oz 


in the directions of the respective codrdinate axes. 
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EXERCISES 

1. Find the directional derivative of w=2?—y? in the 
direction ¢= 45° at (3, —1); also at (3, 3), and at (8, — 3). 
Also find the normal derivatives of the function at these 
points. 

2. Find the directional derivative of wu = xy in the direction 
@ = 150° at (1, 2); also at (2, —-V3), and at (0, —2). Also 
find the normal derivatives of the function at these points. 

3. Show that the sum of the squares of the directional de- 
rivatives of u along any two mutually perpendicular directions 
is equal to the square of the normal derivative of wu. 


4. Show that the normal derivative of u=/(a, y, z) is 
oe du \ du? du\? du? 
dn oa ts aa a5 ce : 


112. Maxima and minima of functions of several variables. 
Analogous to the case of a function of a single variable, a func- 


tion of several variables is said to have a maximum for a set of 
values of the variables if its value corresponding to them is 
greater than the values it assumes for all neighboring values of 
the variables. Thus if u=+ V1 —2?— 4’, it is evident that, 
corresponding to 7 = 0, y= 0, w = 1 is larger than any value u 
assumes for other values of x and y near zero. 

Again if w= (a + y?)(a + y2— 1), it is clear that, corre- 
sponding to 7=0, y=0, w=0 is larger than any values u 
assumes for values of # and y near zero. To be sure, for 
values of x and y making a? + y? — 1 positive, w assumes posi- 
tive and therefore larger values. But according to the defini- 
tion of a maximum, only neighboring values of the variables 
are to be taken into account. 

Analytically we may write: The function vu = f(a, y, z) will 
have a maximum at (a, 4, %) if f(a + Aw, y, + Ay, z + Az) 


§ 112] FUNCTIONS OF VARIABLES 361 


> f (@1, Yr» 21) for all sufficiently small values of Aw, Ay, Az. 
How small these must be restricted to be depends upon the 
nature of f(a, y, 2). 

In an analogous manner, u = f(a, y, 2) will have a minimum 
at (%, Yi, 2%) if f(a + Aw, y, + Ay, % + Az) < f(a, y, 2%) for 
all sufficiently small values of Aa, Ay, Az. 

In particular, if f (2, y,, 2) is to be a maximum or a mini- 
mum, it must be such for each of the functions f(a, y,, 2), 
IS (@y ¥, %), f (@y Y, 2), in which one variable alone appears. 
The necessary conditions for these are 


e (2; Yy )) =o 2 fae = =i) 


dx 


af (2, ry 2) abt a 
dz a=2Z1 ; 


or, in the notation introduced in § 110, a set of necessary con- 
ditions for a maximum or a minimum at (2, y, 2) is 


(35), = G5). (Ga), =9 2 


Since the total differential of u is 


yu 


du = fo an + hay + SF de, 


it follows that, whenever the See (1) hold, dw vanishes 
for x=%, y=Y1, 2=2%,. Hence the vanishing of the total dif- 
ferential of a function for a set of values of the variables is a 
necessary condition that the function should have a maximum or 
minimum for those values of the variables. 

This is a concise way of expressing conditions (1). Besides 
it should be noted that, while in (1) the variables a, y, z are 
supposed to be independent, in du =0 all the variables appear- 
ing need not be. 

These conditions are not always sufficient, just as the van- 
ishing of the derivative of a function of a single variable is 
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not always sufficient for the existence of a maximum or a 
minimum. The general discussion for a function of several 
variables is more complicated than that for a function of one 
variable and will not be given here. In the cases considered 
here, it will be possible to tell from the nature of the problem 
whether the conditions (1) lead to a set of values of the vari- 
ables corresponding to a maximum or minimum or not. The 
following exercises will illustrate. 

Ezx.1. Find the relative dimensions of an open rectangular 
box of maximum content requiring a given amount of material. 
If the dimensions of the base are wand y, and the depth is 
z, the content is V = ayz. (2) 


Neglecting the thickness of the material, the quantity re- 
quired is A=ay+2 22+ 2 yz. (3) 


This determines one of the variables as a function of the other 
two; so we have two independent variables. From (3) 


_ Ay 
°~ 2+ 9) % 
Putting this in (2), we have 
_ Aay — xy? 
— 2@+y) 


For a maximum content we must have 
OV Ay = Cy 2 oy 0; OME SEES I 2 wy _ 9, 
da 2@@ + y)? dy 2@+y) 
Since « = 0 and y = 0 are obviously not allowable values, these 
relations reduce to 
ve4+2ay= Aand y+ 2ay= A. (5) 
Hence, x? = y? is a required relation. But from the nature of 


the problem, the dimensions must be positive. 


‘A 
ee ayays. 
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Putting these values in (4), we have 


zai 4-2 cal 


Another method may be mentioned here, because it is often 
simpler in application. 
Using the fact that dV must vanish for a maximum, we have 


dV = yz du + wzdy+aydz=0. 
Moreover, from (3) we have, on differentiating, 
(y+2z)du+(e+22)dy+2(a+y)dz=0 
From these it follows that 


yt22_e+22_2(e+y) 
ye we ay <7 


or 


Ex. 2. Show that the line along which a maximum or a 
minimum distance from a point (a, 6, c) not on a surface 
I (a, y, 2) = 0 to the surface is measured is normal to the surface. 

If (a, y, 2) is the point where the line meets the surface, its 
distance from (a, 0, c) is 


1=V@= a FU FO 


There are two independent variables only because of the rela- 
tion f(x, y, )=0. Instead of /, consider the function 


2 = (a —a)? + (y—b) +(z— 0) 
Using the second method of Ex. 1, we have 


4d(?)=(a—a)dx+(y—b)dy+(z—c)dz=0, 
and 


ae Oe 
Diss Ca eens 
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whence 


This is the desired result. 


Ex. 3. Find the maximum value of u = 3 ary — 2 — y%. 
Here LO Fey en =) Ou ae ee Solving 
0x oy 


these, we have 
C= == 0, OP tims Watt, 

A little consideration assures one that «= 0, y =0 corre- 
sponds to neither a maximum nor a minimum: 

When s=y=0,4=0. 

When «= Aw and y= Ay, Au= 3a Aa Ay — Ax’ — Ay. 
For Aw and Ay sufficiently small, the term of lowest degree 
3aAaAy will determine the algebraic sign of Aw. Since this 
is positive when Aw and Ay have the same sign, and negative 
when they have opposite signs, it follows that w= 0 corre- 
sponding to « = y = 0 is neither a maximum nor a minimum. 

On the other hand, x= y=a determines a maximum value 
of the function. For when 

xe=a+Aevandy=a-+ Ay, 
Au = — 3a(Ax? — Ay? — Aw Ay) — Aa? — Ay’. 

Here the sign of — 3 a(Aa* + Ay? — Aw Ay) determines the sign 
of Au. But the sum of the squares of two real numbers is 
always greater than the product of those numbers.! Hence Au 
is negative for all small values of Aw and Ay, and u=a’, 
corresponding to x= y =a, isa maximum. 


1As a matter of fact it can be proved that the sum of the squares of 
two real numbers is greater than twice the product of the numbers 
if they are unequal. Thus, if ab, let a>b; then a—b>O and 
a?—2ab+ b?>0 or a&+b?>2ab. [If a=b, then a—b=0, and 
a —2ab+b?=0 or a + 0? = 2ab.] 
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EXERCISES 
1. Find the maximum value of 
(ax + by + ¢)? 
e’+y+til 
2. Find the minimum value of 
x? + vy + y? — ax — by. 

3. Show that the sum of the squares of the distances of a 
point P = (a, y), from three points (a, 1), (2, Y2), (a3, Y3) is a 
minimum when P is the center of gravity of the triangle hav- 
ing those points for vertices. 

4. Divide the number k& into three parts so that the 
product of the parts is a maximum. 

5. Divide the number # into three parts a, y, z such that 
xyes is a Maximum. 

6. Find the values of 2, y, 2 for which 

— YZ 
ax + by + cz 
is a maximum, if @, y,z are connected by the relation xyz =k, a 
constant. Find the maximum value of wu. 

7. Prove that the rectangular box of given content requir- 
ing a minimum amount of material is a cube. 

8. Find the shortest and the longest distance from the point 
(1, 2, —1) to the sphere a + y? + 2? = 24. 

9. Find the point in the plane 2a —3y+4+2+411=0 near- 
est to the point (2, 0, — 1). 

10. Find the volume of the greatest rectangular parallelo- 
y? 22 
be 

11. What is the minimum value of the sum of the squares 
of the distances of a variable point from the sides of a given 
triangle? [Let the lengths of the sides of the triangle be a, b, ¢, 
and the distances of the point from these a, y, z respectively. ] 


piped that can be inscribed in the ellipsoid © 4 
a? 
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12. What is the minimum value of the sum of the squares 
of the distances of a variable point from the sides of a given 
tetrahedron? [Let the areas of the faces of the tetrahedron 
be A, B, C, D, and the distances of the point from these a, y, 
z, t respectively. | 

13. Find the minimum value of 27+ 243+ 43+ +++ a2 sub- 
ject to the condition aya, + Aa + 3X3 + ++» +a, =k. 

14. Show that the triangle of maximum area inscribed in a 
circle is equilateral. 

15. Show that the polygon of m» sides inscribed in a circle 
must be regular if its area is to be a maximum. 

16. Show that of all polygons of a given number of sides 
circumscribed about a circle, the regular polygon has the mini- 
mum area. . 

17. Show that the directional derivative of u = f(a, y, 2) is 
a maximum along the normal to the surface f(a, y, z) = ¢. 


In (8/), § 111, let the variables cos @, cos B, cosy be represented by 
single letters, such as 1, m, n, respectively. 


113. Homogeneous function. Euler’s Theorem. A polynomial 
in several variables is the algebraic sum of terms involving 
positive integral powers of the variables. Thus, for example, 


ay, 24+ 3ay—y+a—8, ax+Vby +*, 
8 a%— Lay t+V2 yz+2—3 
are polynomials in the variables appearing in each case. The 
character of the coefficients plays no réle. 
The degree of a term of a polynomial in several variables is 
the sum of the exponents of the variables involved. 
If all the terms of a polynomial are of the same degree n, 
the polynomial is said to be homogeneous of the degree n. Thus 
oe + y8 — 6a*y and #+y—2+42ay—4yz 
are homogeneous of degree 3 and 2 respectively. 
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Evidently, if f(a, y, z) is a homogeneous polynomial of de- 


pa S (ta, ty, 2) = tf (a, y, 2), (1) 
where ¢ is any multiplier whatever. This follows at once 
from the definition of a homogeneous polynomial. For ex- 
ample, 
if f(#,y)=e8+y—-—6ay, f (tx, ty) = bx + By? — 6 Party 
=f (a, Y), 

iff@,y2)=ve+y— e+ 2 ay —4yz, 
S (ta, ty, 2) = Pat + Py? — Pe? + 2te ty—4ty =P f(a, y, 2). 

This property of homogeneous polynomials is an important 
one. But there is a more extended class of functions which 
have it. 

Any function in two or more variables satisfying the rela- 
tion (or identity for all multipliers ¢) 

S (ta, ty, tz) = Uf (@, y, 2) (1) 

is said to be a homogeneous function of degree n. 

The degree n need not be an integer nor need it be positive. 
The following are examples of homogeneous functions which 
are not polynomials : 


Vx? + y? + 22 is homogeneous of degree 1, for 
V ta? + Py +e = tvV2® + Pre. 


ii 
ee is homogeneous of degree — 1, for 
a2 + 22 


AES 1 lo+y +2 
£202 + BOP: Vt Qe? + g2 


tan-!¥ is homogeneous of degree 0, for 
x 


tan-1 4 = tan! Y = ¢° tan Y, 
tx au u% 
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In the same way the functions f 2) and f @ = are seen to 
be homogeneous of degree 0, ag gia 
The relation (1) is an identity, holding no matter what be 
if 


the form of the multiplier ¢. In particular, if in (1) t=-, 
x 
we have f(1 us zl = + F(e, Y, 2) 
Cre mee 
or 
Z 
Feme)=2s (1%, 2). 2) 
Similar forms can be obtained for y and z by letting t= 
and t= 1, 
z 


Property (2), which is obvious in the case of homogeneous 
polynomials, is an important one for certain purposes for any 
homogeneous function. It says that a homogeneous function of 
degree n in a set of variables may be expressed as the product of 
the nth power of one of the variables and a homogeneous function 
of zero degree. Moreover the form of this second factor is 
readily given by (2). 

Noting that (1) holds for all values of t, we may differentiate 
both members with respect to it. Doing this, we have! 

a Of (ta, ty, tz) a oe ty, tz) rs ol (tx, ty, t) 
(ta) (ty) (ta) 
= nt™"f (a, y, 2). 
In particular, when ¢ = 1, this leads to the important relation 


of Of iy Olas 
ae aos ae : 


which is known as Huler’s theorem for a homogeneous function. 


1 Here use is made of the general formula, analogous to (11), § 108, 


du _ af dv, af dw , af dp 
dt @vdt Qwdt = § pdt’ 


wherev=ta, w= ty, p= tz, and @, y, z are considered constant. 
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EXERCISES 


Verify that the following functions are homogeneous, and 
that Euler’s theorem holds for them. What is the degree of 
each ? 


1. aes 2. eee i se se ee A eee 
Co Ver typ+ 2 “VJ a? — ¥? v 
% + rae 
5. ee) 8. (2? + y? — 22) Vayz. 
6 logt 24-~ +”. one 
og (H+ E48 9. e(a—y). 
2 —— z 
7, © + (log 2— log y) VaF-+y7 10. «cos? — yez, 
Z 


114. Exact differential. Starting with a function of two 
variables u=f(x, ¥), 
we find its differential to be 
of 0 
du = T ax +5 dy. (1) 
This is of the form 
M(@, y)du + N(x, y)dy. (2) 
Conversely, starting with a differential expression like (2), 
it is often of importance to know whether it is the differential 
of some function u of x and y. When it is, it is said to be an 


exact differential. 
If wis a function of which Mdx + Ndy is the differential, 


we can write du = Mdx + N dy. (3) 
But we also have du Ou 
du = — dx + — dy. 
eee at ig (1) 


Since dx and dy are arbitrary increments in (1) and (3), in 


order that both of these relations can hold, we must have 
Ou Ou 
M =— and N=—- 4 
Oa dy (4) 
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Differentiating, we have 


OM du oN Ou 
oe — == : 5 
dy dyn dx dndy ©) 
Since ere , it follows that 
Oydu dx dy 
am _ aN - 
oy Ox 


is a necessary condition that Mda + N dy be an exact differential. 
For it resulted from the assumption that a function w exists 
such that equation (3) holds. 
Conversely, it can be shown! that the condition (6) is also 
sufficient that M dx + N dy be an exact differential. 
Correspondingly, the necessary and sufficient conditions that 


P (a, y, z) da + Q(x, y, z) dy + R(@, y, 2) dy 
be an exact differential, that is, that it be the differential of 
some function u(a, y, 2), are 


oP _9Q 0Q_0R OR_ OP. 
dy O% dz dy’ Ox a 


Ex. 1. Show that (8a°—3y)dx—(3x2+4+4y—1)dy is an 
exact differential. 


Here SGa—3y=—-3, 2(—8a—4y4+1)=—3. 


Hence the expression is an exact differential. 

Frequently, by a proper arrangement of the terms, one can 
find the function of which the given differential expression is 
the differential. Thus, writing it in the form 

du = 3 x dx — 3(ydx + ady)—(4y —1) dy, 
we have ; 
u=e8—d3ay—2yt+yte 


1A proof of this is given in the author’s Elementary Treatise on Differ- 
ential Equations, § 7. 
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Ex. 2. Show that (a+ y? + 22+1)du+ 2aydy + 2 azdzisan 
exact differential. 


Here 
Seka etd) ye ey) (2 wy) _ ¢ _ A(2 x2) 
oy og vee Opies Dei, We OU wee 


02 #z)_9,_9e@+yY+et is 
hy 0z 


Hence the expression is an exact differential. Rearranging 
the terms, 


du = (« + 1)dx + (y? dx + 2 xy dy)+(z* dx + 2 xz dz). 


oh. wae tet ay! + ae! +o. 


EXERCISES 


Which of the following differential expressions are exact dif- 
ferentials? If possible, find the functions of which they are 
the differentials. 


1. (Qa+y)de+(a+2y)dy 3, Ye= ay, 


2. (2% —y)dx + (x — 2 y)dy. 4, Yde + log ady. 
x 
5. (sin Y_Y cog 2 ae + cos Y dy. 
Ss £ @ x 
6. (y+z)da + (2 + x)dy + (x + y)dz. 
7. (0 + y*)du + aydy. 
8. (1+ ex) dee + ey (1 ~_ 5 ee 
¥y 
9. (eryz + ye?) dx + (e%% + me*)dy + (e7y + wye*)dz. 
ydx — xdy . 
11. (@+y? + wz)da + 2 aydy + x?dz. 


( -- a + (108 ev — 2 Nay. 
a ie 


10. 


12. 


ww 


ny, 


CHAPTER XIII 


ENVELOPES 


115. Envelope of a family of curves. Let f(x, y, a) be a con- 
tinuous, single-valued function of a, y, and a, having the par- 


tial derivatives ue ee If w and y are the rectangular 


dx’ dy’ da 
coordinates of a variable point in the plane, and a is a con- 
stant 
: O42.) =0 (1) 


is the equation of some curve, dependent in some manner, 
such as shape, size, or position, upon the value of a. As a 
varies continuously, equation (1) represents a whole family of 
‘ves. Th 

curves us Gaya ew (2) 
represents a family of circles of radius 7, the circle correspond- 
ing to an assigned value of a having its center at the point 
(a, 0). Again 


x 
Eel =i) 3 
a ee (3) 


represents a family of straight lines making with the coordi- 
nate axes a triangle whose area equals 4. 

The quantity a, which is constant for each curve of (1) but, 
in varying, determines the family of curves, is known as a 
parameter, and equation (1) is said to involve the parameter a. 

If each of the-curves of the family (1) is tangent? to a definite 


1 Two curves are said to be tangent to each other at a point if their 
tangents at that point coincide. 
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curve in the plane, the latter is known as the envelope of the 
family (or part of the envelope, if there are several such 
curves). Thus it is clear that each circle of (2) is tangent to 
each of the linesy=rand y=—vr. Hence each of these lines 
is part of the envelope of the family (2). Again, since the area 
of the triangle formed by every tangent to the equilateral 
hyperbola xy =k? with the codrdinate axes is equal to 2k, 
each of the lines of (38) is tangent to ey=4. This hyperbola 
is the envelope of the family (3). As a general fact it may be 
noted that any curve is the envelope of its tangents. 

Each point P on the envelope is a point of one of the curves 
C of the family (1) corresponding to a definite value of a. 


E 


Fia. 106 


The coordinates of a point on the envelope may thus be con- 
sidered as functions of a. We shall suppose the equation of 
the envelope, in parametric form, to be 


w=a(a), y=y(a). (4) 


As a varies, P moves along the envelope FZ, in turn being 
momentarily a point on one or another of the curves of the 


family. dy 
The slope of the envelope at P is the value of = for the 
value of a determining P. da 
of 
The slope of the curve C at P is the value of — ay for the 


dy 
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same value of a, after « and y have been replaced by their 
values (4). Since these slopes are to be the same, we have 


hay il 
da Oa : P 
ay aps OF after obvious reductions, 
da ay 
y _ Of dx , fdy _g (5) 


dada dyda  — 


Since P is on the curve C, the values of # and y given by 
(4) must satisfy equation (1), giving 


f{x(a), ya), aJ=09. (6) 
Differentiating (6) with respect to a, 
of dx , fdy , of _¢, (7) 


dxda odyda da 
Comparing this with (5), we see that 


of 
= 0. (8) 


Solving equations (1) and (8) for x and y, the equations (4) of 
the envelope are obtained. The equation of the envelope in x 
and y may then be obtained by eliminating a between the equa- 
tions (4); or more directly, eliminating a between f(a, y, a)= 0 


and of = 0 gives the equation of the envelope. The following 
a 
exercises will illustrate. 
Ex.1. Find the envelope of the family of circles 
(@—aP+y =r. 
Here 
=(e¢—a)?+y—r=0, 


he 
of = — (ea) = 0. 


Pump), OT Yor 7 
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Ex. 2. Find the envelope of the family of lines * + ay = 1. 
a 


Here fot+ay—1=0, 
ey = 0. 
a a 


Eliminating a, we have the equation of the envelope 
vy =H. 
At times, in actual practice, it is simpler to solve equations 
(1) and (8) for « and y, obtaining the equation of the envelope 


in the form (4). If desirable, the parameter may then be 
eliminated. The following exercise will illustrate. 


Ex. 3. Find the envelope of a line of constant length / 
whose extremities move in the coordinate axes. 

In Fig. 107, let AB be one of the positions of the moving 
line. Taking the equation of the 
moving line in the normal form 


xcosa+ysina =p, EN 
evidently 
p=OAcosaand OA=/sin a. we 
“. p= sin « cos a. 0 A x 
We have then Fic. 107 


f=xcosa+ysina—Ilsinacosa=0, 
of — } 1 2 in2 0 
a a — I(cos? « — sin? «)= 0. 
Instead of eliminating a directly, it is simpler in this case to 


solve these equations first for « and y and thus obtain the 
equations of the envelope in parametric form 


e=lcos'a, . y=/ sin a, 
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Eliminating « between these, we have, finally, 


Remark 1.— Attention should be called to the fact that there are 
certain restrictions on the form of the equation of the family of curves 
that can be used in finding the envelope. A discussion is beyond the 
scope of this book. Asasimple illustration, let the equation of the family 
of circles (2) be written 


f(t, y, )=e-atVvrP—y=0. 
From this form the relation (8), 


indicates the absence of an envelope. This is due to the form of f(a, y, @). 


Remark 2.— At times, the result of eliminating (a) between (1) and 
(8) may not be the equation of the envelope, or may involve extraneous 
factors, which when equated to zero prove to be curves which are not 
tangent to the curves of the family. These cases may arise when the’ 
curves of the family have singular points, such as double points or cusps, 


where S =0 and =0. In this case equation (5) is satisfied for any 
x Yy 


values of da and dy 
da 


qa’ and the argument used in obtaining the equation 
a 


of the envelope fails. Without carrying out 
the discussion in this case, it may be noted 
that, whenever there is a locus of double 
points or cusps of the various curves of the 
family, this locus appears, along with any 
possible envelope, in the result of elimi- 
nating a between (1) and (8). As an illus- 
tration may be mentioned the family of 
cubics : 


f=(y—a)?— «aa@—1)2?=0. 


oY a 
Fra. 108 Pete = 0. 


Eliminating a leads to 
x(@—1)2?=0, or g=Oandge=1. 


A glance at Fig. 108 shows ¢ =0 to be an envelope, but « = 1 is the 
locus of the double points of the curves, and is not a part of the envelope. 


§ 116] ENVELOPES Ohh 


116. Envelope of a family of curves involving two parameters 
_ connected by a relation. The problem of finding the envelope 
of the family of curves 


I(@, Y, a, b)= 0, (1) 


where the two parameters a and 6b are connected by the rela- 
tion 

(a, b)= 0, (2) 
is not distinct in principle from that considered in the previous 
section. For one of the parameters may be obtained as a 
function of the other from (2); putting this value in (1), one 
parameter alone remains. But in practice, a more symmetrical. 
way of handling the parameters will be found preferable at 
times : 

Temporarily considering 0 as a function of a, we have 


af of , Ofdb _g. 
(4) = x 00 Boe da me @) 
and from (2), 
OP ORD x. 
an ii oe a == (), (4) 


Eliminating o between (3) and (4), we have 
a . 
oe ee (5) 


The envelope may be obtained by eliminating a, b, and a 
between (1), (2), (3), and (4); or what is the same thing, by 
eliminating a and b between (1), (2), and (5). Thus, as a first 
exercise, we shall consider the third illustrative exercise of 
the previous section. 


Ex. 1. Find the envelope of a line of constant length J, 
whose extremities move in the coordinate axes, 
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If the intercepts of the line are a and 6, we have 


_ F9b Af IP_ 9 2(% OH) 0, or # a 
dadb db da a 2 me 


By composition 
at _y_ V wh ps Vk 4 at ty 
0.0 Dn gk hee l 


2 2 ay vee 
as ao _atVab py peo =a and 


Ex. 2. Find the envelope of the family of circles whose 


2 2 
diameters are double ordinates of the ellipse = +5= 
The centers of the circles are evidently on the xaxis. Let 
the codrdinates of the center of one of the circles be (a, 0) and 
its radius r. The equation of the family circles is then 


f= @e-—ayl?+y—r=0, 


where « and 7 are two variable parameters, subject to the 
relation 


Here oF se =e — A(x — «) + aa, Equating this to 


zero, and segaaee the special case r = 0, we have 


_ we 
a2 + 0? 
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Using this in ¢ = 0, we obtain 


(a? + 6)? 


Putting these in f = 0, we have, after simple reductions, 


epee? 


the required equation of the envelope. It is another ellipse 
with the same minor axis as the original ellipse, but a larger 
major axis. 

As a second method of solving this exercise, we take the 
equation of the given-ellipse in parametric form 


“e=acosé, y=bsin#. 
Then the equation of the family of circles is 
(a — a cos 6)? + y? = B? sin? 6, 
involving the single parameter 9. Differentiating, we have 
2a sin 6(@ — a cos 6) = 2 Bb? sin 6 cos 6. 
Neglecting the special case sin 6 = 0, we have 


AX 


ax — a cos 6 = b? cos 6, or cos 6 = ———_-- 
az + 52 
.. sin? @ =1 — ee 
(@ + oF 
Putting these in the equation of the circle, we have 


2 \2 2H 292 
yee eS gy TY “Cp AT 
( a+ =) Page (2 + BP 


After simple reductions, this leads to 


a ee 
@+ept an 
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EXERCISES 
In the following exercises, either the method of the pre- 
vious section, or that of this one is to be used, whichever 
seems the better adapted. When practicable, a sketch of the 
family of curves and of the envelope should be made. 


1. Find the envelopes of the following families of lines, or, 
in other words, find the equations of the curves whose tan- 
gents have the following equations : 

(a) x«cosa+y sina—p=0, p= constant. 

(6) y=S ae a’. 

(c) y=2Zax+a'. 

k 
(qd) y=ax+ a 
(e:) y= ma +Va'm? + b?, where m is the variable parameter. 


(A) y=et a 


2. Find the envelope of the family of lines whose intercepts 
on the axes have a constant sum k. 

3. Find the envelope of the family of parabolas 

(a) y=a(e—a). 

(0) y=a(@— a)’. 

(c) @+a(a—3y)+e=0. 

4. In § 40 the path of a projectile with initial speed v and 
angle of fire « was found to be the parabola 
_ __ 9X" see’ @ 

2% 

What is the envelope of all possible paths for a given uv, and 

variable « ? 


] + a tan «. 


5. Find the envelope of the family of circles 
(a) whose diameters are double ordinates of the parabola 
y= sae; 
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(6) whose radii are equal to the constant b and whose centers 
lie on the circle a + y? = a?; 

(c) which pass through the origin and have their centers 
on the equilateral hyperbola a? — y? = a?; 

(ad) which pass through the origin and have their centers on 


F, : 2 2 
the ellipse = + = =1; 
(e) which pass through the origin and have their centers on 


the parabola y? = 4 ax; 
(f) whose diameters are the radii of the ellipse 


ae OF : 
atin or x=acosé, y=bsind. 
a 


9) @—aP+y=a. 
6. Find the envelope of the family of ellipses 
ee U 
@ ar me 1, 
if (a) ab=#*,a constant; (0)a+b=k; (c) ?+4+0=k 
7. Find the envelope of the family of equilateral hyper- 
bolas xy = aa + a. 
8. Find the envelope of the family of hyperbolas 
axe? — ay? +h? =0. 


117. Second definition of envelope. Assigning to the parame- 
ter a a definite value a,, a definite curve C, of the family is 
determined, its equation being 


S(@, Y; ay) = 0. (1) 
Assigning to a a neighboring value a, + Aa, a second curve 
t 
: S@, y, 4 + Aa)=0 (2) 


is determined. These curves intersect in one or more points. 
In Fig. 109 one point of intersection M is pictured. The 
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coordinates of the points of intersection C, and Cj are obtained 
by solving (1) and (2) for # and y in terms of a, and Aa. 

In this process, (2) may be replaced by the equation obtained 
by taking the difference between (1) and (2). Dividing by Aa, 
we have 


S(@,_y, G1 + Aa)— fla, y, a) _ 0. (3) 
Aa 
If now we make Aa smaller and smaller, the curve C{ ap- 
proaches C;, and their point of intersection M approaches P. 
In the limit, as Aa approaches zero, 
equation (3) becomes 


[ee 2] ar (4) 


1 


where, using the notation of § 110, the 

left-hand member of (4) is the value 

of OM tt) fora=a,. The coordinates of P, the hmiting 
a 


position of M, as Aa approaches zero, are obtained by solving 
(1) and (4) forzandy. These are found as functions of a, say 


2 = 2(ay), y = y(cy). 6) 


If a, is no longer restricted to have a fixed value but is as- 
signed any allowable value of a in f(x, y, a)=0, equations 
(5) define a curve, obtained by eliminating a, between these 
equations, or what is the same thing, by eliminating a, between 
(1) and (4). But we saw, § 115, that this elimination leads to 
the envelope of the family of curves f(a, y, a)=0. Hence 
the locus of the points P as defined here must also be the en- 
velope. We shall understand by ultimate points of intersection 
of a curve of the family with a neighboring curve the limiting 
positions of the points of intersection as the neighboring curve 
approaches coincidence with the selected curve. Thus in Fig. 
109, P is an ultimate point of intersection of the curve C, with 
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a neighboring one, and P’ is the ultimate point of intersection 
of the curve C’' with a neighboring one. We may then de- 
fine the envelope of a family of curves f(x, y, 4)= 0 as the locus 
of the ultimate points of intersection of each curve of the family 
with a neighboring one. 


118. Evolute of a curve. The envelope of the normals of a 
curve is known as the evolute of the curve. 
The equation of the normal to a curve s(x, y) = 0 at the 
point (x, 4) is 
@ — % + v(y — n1)= 0. (1) 
Here x, may be taken as the parameter, y, and y| being func- 
tions of it. Differentiating with respect to the parameter 


—l+y'y-yw—- y=. (2) 


Solving (1) and (2) for x and y, we have the equation of the 
evolute in parametric form 
! it! 12 1 12 
tS ce (3) 
1 


i 


ni 


Comparing these equations with (2), § 75, we see that the evo- 
lute of a curve is the locus of the center of curvature of the curve. 


Exz.1. Find the evolute of the parabola y? = 4 ax. 
The equation of the normal to this parabola at the point 
(%1, 41) 18 
2a 
BO) AY —9i)=0, 
Y1 
or 
SZ yt — HY, + 2 ay —2ay, = 0. (4) 


The problem is to find the envelope of this family of lines 
with x, and y, as the parameters, subject to the relation 


o= yj —4ax, =0. (5) 
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Here 
of op Of OS _ 


of Od. SL OP hae Ae eee 
0x, OY, IY; ay 
=4a(a¢—3%,—2a)=0. (6) 


_. _#—2a 
y= 3 sc 


Putting this in (4) and solving for y,, we have 


ns — say. 


Vimeren ae 


Putting these in (5), we find the equation of the evolute to be 
27 ay? = 4(a — 2 a). 
Ex. 2. Find the evolute of the ellipse =+E= uh, 
a 


The equation of the normal to this ellipse at the point 


(%, Yr) is aye — Pay =(a? — b)ay,. 
Here two parameters a, and y, are involved subject to the 
relation bx? + ay? = a2b?, 


It will be found simpler in this case to make use of the para- 
metric form of the equation of the ellipse and write 2, = a cos 8, 
y, = 6 sin 6. 

The equation of the normal may then be written 


ax sin 6 — by cos 6 =(a? — b?) sin 6 cos 6. 
To find its envelope, we differentiate with respect to 6. 
ax cos 6 + by sin 6 =(a? — b?)(cos? 6 — sin? 6). 
Solving these two equations for aw and by we obtain 
ax =(a? — b?) cos* 6, by =(a? — 6?) sin’ 6. 
-. (ax)t =(a2 — 8)? cos 6, (by)? =(a? — B28 sin 6. 
Squaring and adding we have the equation of the evolute 


(ax)? + (byt =(@ — 098, 
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Ex, 3. Find the evolute of the cycloid «= a(@— sin6), 
y = a(1 — cos 6). 
The equation of the normal at the point (a, y;) is, as before, 
@ — a + m(y —y)= 0. 
If 9 is the value of the parameter corresponding to this point, 


2, = a(§ — sin 6), y, = a(1 — c0s6), yl = sy . Hence the 


equation of the normal takes the following form after obvious 
simplification 

x(1 — cos 6)+ y sin @ = a6(1 — cos 6). 
Differentiating with respect to 6 

x sin 6 + y cos 6 = a(1 — cos 6) + a sin 6. 

Solving these for x and y we have the equation of the evolute 
in parametric form 
x = a(6 + sin 6), 
y =—a(1 — cos 6). 
This is another 
eycloid; the same 
curve in every re- 
spect as the original one except for its position. It is the 
dotted curve in Fig. 110. Its equation may be obtained from 
that of the original curve by moving the origin to the point 
(ar, 2a) and replacing the parameter 6 by 6 + =. 


Fig. 110 


EXERCISES 
Find the evolute of the following curves. 


1. The equilateral hyperbola vy = a?, or «= at, y =% 


= 
2. The hypocycloid a y= a’, or = 0.c0s? 6, y = asin’ 6. 
3. The hyperbola a 1, or ¢=acoshu, y = bsinh wu. 

a 


4. The curve «= a(cos 6 + sin @), y = a(sin 0 — 0 cos 6). 
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119. Envelope of a family of surfaces. A surface is said to 
be the envelope (or a part of it) of a family of surfaces involving 
two parameters 

S(&, Y, 2, &, b)=0 (1) 
if, at each point, it is tangent to a surface of the family. 
(Two surfaces are said to be tangent to each other at a point 
if their tangent planes at that point coincide.) Without going 
into details, we may say that the equation of the envelope of 
the family of surfaces may be found! by eliminating a and b 
between (1) and 


af 
oY = 0, @) 
Of ; 

a5 0. (8) 


Or, solving (1), (2), and (3) for x, y, and z in terms of a and 
b, we obtain the parametric equations of the surface. 

Thus starting with the family of spheres of constant radius 
y and with their centers in the z-plane 

f=(e—ay+y—bP?+2-7=0, 
we have 
of _ Ope: 
aS — f—4 0 S—-—-— = _ = ° 
Y=—~@—a=0, L2-y—v=0 
Eliminating a and b, we have 
Pa or ote, 


It is obvious that either of these planes is tangent to each 
of the spheres of the family. 


1 As in thé case of the envelope of a family of curves, attention should 
be called to the fact that there are certain restrictions on the form of the 
equation (1). 

Also, if the surfaces (1) have singular points, the locus of these may 
appear in the result of the elimination of a and 6 between (1), (2), and 
(3), and must be allowed for. 
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A family of surfaces involving a single parameter 


I (®, Y, % a)=9 (4) 
also may have an envelope, which is found by eliminating a be- 
tween (4) and 

) ci. (5) 
0a 


This family will frequently be selected from the larger 
family (1) involving two parameters, by giving some relation 


$(a, b)= 0 (6) 
between the parameters. Considering b a function of a, the 


envelope is obtained by eliminating a, 6, and between 
a 


SQ, Yy @, Cl, b)= 0, (1) 
Of , of db _ 
da 75 db da : @) 
(a, 6)= 0, (6) 
Sop Ole. (8) 
da 0b da 


Or first eliminating ° between (7) and (8), obtaining 
a 


USE ey (9) 


0adb dbda 
the envelope may be obtained by eliminating a and b between 
(1), (6), and (9). 

As an exercise let us find the envelope of those spheres of 
the family already considered, whose centers lie along the 
liney=mau+h. Here 

f= (e@—alPt+(y—be+2—r=0., 
¢=b—ma—h=0. 
of Se _ ft = — 22 — a) —2m(y— 6b) =0 
or x—a+m(y —b)=0. 
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Solving the first and last equations for «—a and y—b, we 
find 


yb MESO Gee ee 
Vm? +1 Vm? +1 

2) 2 9 

bayer ee 

Vit +1 Vint +1 


Substituting these in the second equation, we have, after 
obvious reductions, 


(mx — y +h)? = (m? + 1)(7? — 2). 


This is the equation of a right circular cylinder whose axis is 
the line y= ma +h, as might have been expected. 


EXERCISES 

Find the envelopes of the following families of surfaces : 
1. aw+by+abe=1. 
2. In Ex. 1 let (a) a+b =0; (6) a—b=0; (c) ab=k. 
3. make hits where (a)a+b+c=k; (b) abe=k. 

a G 
4. In each of Ex. 3 let (a2) a+0=0; (6) a—b=0. 

2 y 22 
5. =+4+—=1, where (a) a+0+c=k; (6) abc=Pk; 

(c:) @+B4C=R. : 

6. Spheres through the origin having their centers (a) on 


the elliptic paraboloid a+ y? = 22; (6) on the hyperbolic 
paraboloid a — y?=2z2. 


CHAPTER XIV 


MULTIPLE INTEGRALS 


120. Double integral. We have had frequent occasion to 
make use of the definite integral 


J Fe ae, 


F(@2) — F(a); 
where F(#) is an indefinite integral of f(a) ; that is, 


7O - J (a), or 1 (x) dx = F(x) +c. 


whose value is 


Similarly we shall find very serviceable the double integral 


f Yr i "fla, ydy da. (1) 


Here x, and 2, are constants, and either y, and y, may be a 
constant or a function of x The double integral (1) involves 
two successive integrations : 

First the integral 


fh "f(a, yay, (2) 


where x is considered constant, must be evaluated. We shall 
speak of it as a partial definite integral with respect toy. If 
F(a, y) is an indefinite partial integral of f(a, y) when x is con- 


stant, that is, oF = f(x, y), the partial definite integral (2) 
y 


equals 
S'F@ Nay = Fle, 12) — Fle, 4). (2) 
389 
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This is a function of x only, and the value of the ordinary 


definite integral zy 
| [Fw — F@ n) Jae 3) 


is defined as that of the double integral (1). 


x 


Correspondingly the double integral 


Vg Xe 
Sf F@ naway (4) 
is evaluated by first obtaining the partial definite integral with 
respect to a xp : 
f S(@, y)da = (22, y) = O(2, Y), (5) 


where ®(a, y) is an indefinite integral of f(a, y) when y is con- 
sidered constant, and then finding the value of the definite 


integral Ve 
we S [een = 8, Dy. ©) 


In either case, the evaluation of the double integral involves 
that of two successive simple definite integrals, each involving 
a single variable, the other variable being considered constant 
in the first step of the process. The order of integration is 
important and may be remembered more readily if, at first, the 
integrals (1) and (4) are written 


sa i I@. ay | and if ‘| i “h(a, sya ay 


respectively. Another way of writing the integrals is 


af; “ae f "Fa, y)dy and fw fre, y)da 
zy n 1 Lot 


respectively. 


Some authors reverse the order of integration. While it is 
usually a very easy matter to tell from the appearance of the 
double integral what order is intended, it is well to bear this 
fact in mind. 
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Ex. 1. Evaluate 


Tei (a? — 2 ay)dy dx; i.e. S(Le a) oy) |. 


Considering x constant, 
3 3 
if; (a? — 2 ay)dy = wy — ay] = O27, 
—8 
-8 
The value of the double integral is then 


0} 
of) ade =2e] =14, 
1 


1 


Ex. 2. Evaluate 


3 2 3 2 
Aer (a? — 2ay)dx dy; i.e. sales (2? — 2 ey) ly. 


Considering y constant, 
2. 8 2 " 
n2 — 2 d Tira lanes 2 =>=-_ ps 
fio -2epden® ay =1 sy 


The value of the double integral is then 


3 Te Ty 3 yf 
5) dy = —2 — — 
1He v) y= |e 14, 


Note. It is no mere coincidence that the values of the double 
integrals in these two exercises are the same. It can be 
proved that when f(a, y) is continuous and %, %., Jy Y2 are all 
constant, 


J Ake (a, y)dy da = JS Abe ‘f(a, y)daedy. 


a (°Va2—a2 
Ex. 3. Evaluate dt f (x + y)dy da. 


Considering x constant, 


V@—22 5 Raa pens: 
Ser y)dy = ay ra = ava? — a+ a? 5 x 
0 


10 
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The value of the double integral is then 


a 3 
“f (eve e+ SS : Oda =F 


a a(1—cos 0) 
Ex. 4, Evaluate Sf fe sin 6 dp dé. 
0 


Considering 6 constant, 


a(1—cos @) 2 a(1—cos 6) 2 : 
Se sin 6dp =? aoe ‘| = . (1 — cos 6)? sin 6, 
0 “a 0 


the value of the double integral is then 


fa — cos 6)* sin 6d = © (1 — cos a) =< 


0 


EXERCISES 


Evaluate the following double integrals : 


a V at—22 ss V 22 
i ap (a2 + y?)dy da. 3. if dydx | 
Ss ep a 


sf z a(1+cos 6) 
2. if A? 0° d0 dp. a ae ce ae 


121. Area as a double integral. Let F(«, y) =0 be a closed 
curve. To simplify matters, suppose that the curve is so 
shaped, that to each value of 2 there correspond not more than 
two values of y, ¥, = fi(#) and y» = f,(x), which become equal 
when a = a and # = 8, and to each value of y there correspond 
not more than two values of a, %=¢,(y) and «= ¢,(y), 
which become equal when y= a and y= 8. 

Divide the interval (a, 6) into n equal parts, each Aw in 
length, and draw a set of lines parallel to the y-axis through 
each of the points of division. Similarly, divide the interval 
(a, 8) into m equal parts, each Ay in length, and draw a set of 
horizontal lines through each of the points of division. The 
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area enclosed by F(a, y) =0 is broken up into a number of 
rectangles, excepting along the boundary, where parts only of 
rectangles belong to the area. The sum of the areas of these 


complete and partial Yy 
B eel 
rectangles equals the RE a aa aS 
area enclosed by the Sala ACN 
a ee a, 
we ee “1 Sonee TLC 
To evaluate this y ; oa go celina 
sum, we first find the a pe er | TY 


area of each vertical 
strip of rectangles, 
and then find the sum 
of the areas of all 
these strips. Thus, let (a, y) be a point P and (w+Aa, y+Ay) 
the point Q, both lying inside the bounding curve. The area 
of the rectangle equals Ay Aw. The area of the vertical strip of 
complete and partial rectangles including PQ differs from the 
rectangle RS in thatall the component rectangles of the latter 
are complete. Now 


Fia. 111 


Area RS = Awd) Ay = Aal fo(a) — fi(a)]= Ax J * dy. 


Here, as usual, the Greek letter >». corresponding to our S, 
indicates that we are to take the sum of all the expressions of 
the type following it. 

If we take Ss Area RS = > Ae [ay dy, the sum of all the 


f(x) 
strips of complete rectangles, we obtain an area which differs 


from that of the area bounded by the curve, because in certain 
cases some of the partial rectangles along the boundary are 
neglected and in other cases they are replaced by complete 
rectangles. But it can be proved that, when Aw and Ay are 
allowed to approach zero, the sum of the areas of the strips 
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RS approaches the area enclosed by the curve. At the same 
time (§§ 88 and 120) 


LS Ala)— fie) = {LA@)- fe) de = af Say ae. 


Hence the numerical value of the area bounded by the curve is 
equal to that of the double integral 


b C% 
ff aya, 
a M1 


The element of area in the double integral is dA = dy da. 


We might equally well have first found the curve of each of 
the horizontal strips of rectangles, of which TU isa specimen, 
and then summed these. By this method the area bounded by 
the curve is found to be 


weg Elta) bia) = f™L4u(a) dy) tu = J" [ae ay. 


All this applies equally well in case the area to be found is 
enclosed by two or more curves, and also in case the boundary 
of the area is met by some horizontal or vertical lines in more 
than two points. The required modifications will suggest 
themselves in any particular case. 

Attention should be called to the fact that the actual work 
involved in calculating as a double integral the area enclosed 
by one or more curves is identical with that required when 
the area is given as a simple definite integral (§ 93). In prac- 
tice, the latter method is preferable. But the principles involved 
in the method considered in this section are of great value in 
other types of problems to be considered in this chapter. 


122. Double integral as the limit of a sum. In § 88 we 
saw that a simple definite integral is the limit of a sum, 


Ed felt 2) = ff) de 
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In an analogous manner it can be shown that a double integral 
also is-the limit of a sum. It is not feasible to give a proof of 
this fact here. But 
the following outline 
will suffice. 

Let f(a, y) be a con- 
tinuous function of x 
and y over A, an area. 
bounded by one or 
more curves. As in 
§ 121 we shall suppose 
this area divided into 
complete and partial rectangles as illustrated in Fig. 111. If, 
as before, the codrdinates of P are (a, y) and those of @ are. 
(x + Ax, y + Ay), consider the expression 


S(@, y) Aw Ay, (1) 


which is the product of the value of f(x, y) at any point of the 
rectangle PQ by the area of that rectangle. Take the sum of 
these products for all the rectangles belonging to A, 


> f(@, y) Aw Ay. — Q) 


It can be proved that, as Ax and Ay approach zero, the sum 
(2) approaches a definite limit which is designated by 


Fig. 111 


if S(@, y) dy da, (3) 

(4) 
and is known as the double integral of the function f (a, y) taken 
over the area A. It can be proved also that the value of the 
double integral (3) is equal to that of either of the double integrals 


fJ're y)dy dx and tf f . ST (a, y) dx dy, (4) 


where the notation for the limits is that used in § 121. 
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Moreover, if the area A is broken up into elementary areas 
AA, other than rectangles, according to any law, provided the 
greatest dimensions of each of the elementary areas approaches 
zero as their number grows indefinitely, it can be proved that 


the limit of the sum Se (w, y)AA approaches the same limit 
(3); te. 
SSP@ v9 4A=f [F@ y) dedy. 6) 
(4) (4) 


123. Volume under a surface. Letz= (f(x, y) be the equa- 
tion of a surface and F(x, y)=0 the equation of a curve 
in the xy-plane enclosing an area 
A. The volume of the cylinder 
F(a, y) =90 included between the 
wy-plane and the given surface 
will be referred to as “ the volume 
under the surface,” even if part 
or all the given surface lies below 
the zy-plane. To find this volume, 
we divide the area enclosed by the 
curve F(a, y) =0 in the wy-plane 
into rectangles whose dimensions 
are Ax and Ay, and consider the 
elementary parallelopipeds whose volumes are 


Fia. 112 


 AV=zdaAy=f(a, yds dy, 
of which one is pictured in Fig. 112. The limit of the sum 
> fe, yaw dy 


as Aw and Ay approach zero is equal to the required volume. 
But this double sum has for limit the double integral 


f fre y) dee dy. 


(A) 
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Hence the value of the required volume is given by the for- 


b Yo. B bor) 
V=f {Fe vayae= f° ("Ne ded. (0) 
The element of volume is dV = f(a, y)da dy. 


mula 


Remark. —It should be noted that the partial integral Ne S(&, y)dy is 
Yn 


the area of the section of the solid by a plane parallel to the yz-plane 
at a distance « from the latter. If the area of this section isa known 
function of x, say ¢(#), the required volume is given by the simple defi- 


b Ee 

nite integral f ¢(a)dx. Similarly the partial integral it : f(a, y)de is 
a Dy 

the area of the section of the solid by a plane parallel to the xz-plane 


at a distance y from the latter. Ifthe area of this section isa known 
function of y, say y(y), the required volume is given by the simple defi- 


nite integral f B yy)dy. The method of § 98 makes use of this fact. 
a 


Whenever it is possible to employ this method, it is shorter than the 
general method of this section, for it eliminates the first integration. 


124. Area of curve in polar coordinates. The area bounded 
by one or more curves, given in polar coordinates, can be ex- 
pressed as a double integral. To simplify matters we shall 
suppose there is.a single bounding curve ®(p, 6) = 0, which is 
convex; that is, no straight line cuts it in more than two 
points. Hence, if the pole is outside the curve, to each value 
of @ there correspond two values of p, p, = f{(9) and p,=f,(8), 
which become equal when 6 = 0, and 6 = 6,; similarly, to each 
value of p there correspond two values of 0, 6, = ¢,(p) and 6, 
= ¢2(p), which become equal when p=p, and p=p, The 
curve ®(p, 6) = 0 is tangent to the vectorial radii, making the 
angles 6, and 6,, respectively, with the initial line, and also 
to the circles with centers at the origin (or pole) and radii p, 
and p, respectively. 

In Fig. 113, the angle AOB is divided into n equal parts, 
each A@ in size. The length DA is divided into m equal 
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parts, each equal to Ap, and ares of circles, with centers at 
the origin, are drawn through the points of division. The area 
B ABCD is thus divided into smaller 
OP» areas of similar shape. We shall 
Legs call them quadrilaterals. When n 
ZX and m are large, the area bounded 
by &(p, 6) = 0 is made up of a large 
number of these quadrilaterals, to- 
gether with partial ones along its 
Xx )boundary. 
Let (p, 6) be the codrdinates of 
some point P inside the curve, and (p+ Ap, 6+ A@) those of 
a neighboring point Q. The area of the quadrilateral PQ is 


AA =1(p + Ap)?AG — 4 p?Ad = p ApAO + 4 Ap? AO. 


Fiag. 113 


As n and m are made larger and larger, Ap and A@ get smaller 
and smaller. Since the second term of the right-hand mem- 
ber contains three of these small factors while the first term 
contains two of them only, the latter becomes a good approxi- 
mation for AA when n and m are large. Moreover, letting 


ye Ap 4@ represent the sum of the complete quadrilaterals 


inside @(p, 6) =0 for a given choice of n and m, it can be 
proved that the limit of this sum, as n and m approach infin- 
ity, that is, L >. AAG: 


~—>n 
—>n 


is actually equal to the required area. But this limit is pre- 
cisely the double integral 


Jf fr ap 20 


(a) 
taken over the portion of the plane enclosed by ®(p, 6) = 0. 
According as the quadrilaterals are summed for p first and 
then for 6 or in the reverse order, we have 
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6 2 
Area =f (pap ao = {™ 9 0 dp. (1) 


Pa 
The element of area is dA = p dp dé. 


If the pole is inside the bounding curve, formula (1) still 
holds. In this case the lower limit for p is 0, and those for @, 
in the first integral at least, are 0 and 2 z. 

Attention should be called to the fact that the work involved 
in evaluating the first integral in (1) is precisely that required 
when the area is given as a simple definite integral (§ 94). In 
practice, the latter method is usually preferable. At times it 
may be simpler to sum for @ first. This is true especially 
in case the length of are of the circle with center at O 
and radius p intercepted by the bounding curve or curves is 
readily expressed as a function of p, say F(p). For in this 


02 . 
case the first partial integral ap pa0= Fp); and the area is 
6, 
given by the simple integral ii °> F(p)dp. As a very simple 
° Pg 


example, but one of considerable practical importance, may 
be mentioned the problem of finding the 
area of a circle of radius a. 


a 2a a 
Area = {" { p d6 dp =2 xf pdp = nar. 
0 0 


Stopping with the first partial integration, 
we see that we may take 2 zpdp as the 
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element of area. It is approximately the 

area of the shaded ring in Fig. 114. Itis the differential of 
the area of the circle, when p is taken as the variable of refer- 
ence. This will explain the rather striking fact that the 
derivative of the area of a circle rr? equals 2 77, the circumfer- 
ence of the circle, 
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125. Volume under a surface in cylindrical coordinates. At 
times it is simpler to express the equation of the cylinder 
bounding the volume under consideration in polar codrdinates. 
Let it be ®(p, 0) =0. In such a case, it is convenient to use 
the cylindrical codrdinates (p, 6, 2) to represent the points of 
the surface. Here we still use the rectangular coordinate z 
for the distance of the point from the wy-plane, but we use the 
polar coérdinates p and 6 of the projection of this point on the 
xy-plane instead of its rectangular coordinates. The equation 
of the surface in cylindrical codrdinates may be written in the 


pats t= Fl, 8). 

In rectangular codrdinates, we saw that the element of vol- 
ume is the product of z by the element of area in the plane 
da dy ; 1.€. aV= Zz daz dy. 

In an entirely analogous manner, it can be shown that the 
element of volume in cylindrical codrdinates is the product of 
z by the element of area in the plane pdpd6; i.e. 

dV =zpdp dé = pil, 0)dp dé. 


Hence the volume under the surface is 


Vi =f” pf (p; 9)dp a6 =J" J," pf(p, @)dédp. = (1) 


Ex.1. Find the volume cut from the sphere x + y? + 2? = a? 
by the cylinder p = a cos 6. 

The equation of the sphere in cylindrical codrdinates is 
z=+Va?—p2 The required volume is twice that under the 


surface z = Va? — p?, bounded by the given cylinder. 


avee f ih pVa — pdp do. 
(A) 
If the first partial integral is taken with respect to p, the 
limits are 0 and acos4@, respectively. Then the final integral 
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for 6 has the limits 2s and a respectively; for, as the 


radius vector sweeps over this range, the entire circle 
p=acos@ is traced. Evidently, from geometrical consid- 
erations, this final integral is equal to twice the correspond- 


ing integral in which the limits are 0 and x respectively. 


Hence we have 2 
2 acos @ 
v= af if pve —— p? dp dé. 


acos@ 3 wih Bai 1 7a 
if pV.a — pdp = — 4(a? — p’)? = 3 ( — sin’ @). 


0 


408 (6? Oy aye OF 
Vath ("a —sin a0 = (5-5). 

Ez. 2. Find the volume between the sphere 22+ y?+2=9 
and the paraboloid x? + y? = 8z. 

The equations of the surfaces in cylindrical coordinates are 
p?>+2=9 and p?= 8z, respectively. The surfaces intersect 
in a horizontal circle whose radius 
and height above the xy-plane are 
the common roots of p?+22=9 
and p?=8z. The equation 

2+82—-9=0 
has the two roots land—9. The 
second of these has no interest 
for us, since it corresponds to an 
imaginary intersection of the two surfaces. Corresponding 
to z= 1, we have p = 2v2. 

Letting z and 2 be the values of z corresponding to a given 
value of p in the equations of the sphere and paraboloid, re- 
spectively, the required volume is given by 


2V2 (°2n 2Vv2 
v={ (Z — %)p d6dp = anf (2. — %)p dp. 
0 0 


Fig. 115 
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In case the solid whose volume is sought is one of revolution, 
as it is in this case, the volume can always be obtained by a single 
integration, the element of volume being that of a hollow cylinder 
whose altitude is 2, — 2, and the area of whose base is taken to be 
2mpdp. Compare method of § 96. 


20/2 
vom Va2x(- (evo=e Bp = 
0 


Ex. 3. Evaluate i e-” da. 
0 


It is very easy to see from the rule for evaluating a double 
integral that 


SL LPr@sepayar = [rede f* saw 


Here both sets of limits are constants, and the integrand is a 
function of only multiplied by a function of y only. 


If we write A =afs e-“ dx, then evidently we may write 
0 


also A= f e“dy. Hence 
0 


Ae [ edn { e” dy =|/ if e- @ +) da dy. 
0 0 0 0 


The integral on the right may be looked upon as the volume 
under the surface z= e+), lying in the first octant. In 
cylindrical codrdinates the equation of this surface is z = e-?, 
and the volume under it in the first octant is 


a= [ [ pe-*d0 dp =". 
0 0 4 


ae A= fe#de=Xt. 
0 2 
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EXERCISES 

Whenever practicable reduce the problem to the evaluation 
of a simple definite integral. 

1. Find the volume cut from the sphere 2? + y?+ 2? = a@? 
by the cylinder 2 + y? = b?, where 0<b <a. 

2. Find the volume between the sphere a? + y?4 22 —2az =0 
and the paraboloid a + y? = az. 

3. Find the volume between the sphere #+y2+22=8 
and the cone w + y? —2 = 0. 

4. Find the volume between the sphere a + y? + 22—2az=0 
and the cone x? + y2—2=0. 

5. Find the volume cut from the sphere 2? + y?+22=a? 
by the cylinder whose directrix is one loop of p? = a? cos® 2 6, 


126. Area of a surface. Let A be the area enclosed by one 
or more curves lying in a plane MP. If each point on the 
boundary of this area is projected vertically upon a second plane 
MP’, making an angle 6 with Ps 
the first plane, the aggregate 
of the points of projection 
encloses an area A’ whose 
value is 

A’ = A cos 6. (1) 

To show this, divide the 
area A into rectangles by 
drawing a set of lines in the 
plane MP parallel and per- 
pendicular to MN, the line Fic. 116 
of intersection of the two 
planes. The projection of these sets of lines upon the plane 
MP’ is two sets of lines, also parallel and perpendicular to 
MN, which divide A’ into rectangles. The sides a and 6b of 


C23 al 


EEE SL SSA SvGe' 
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a rectangle of A, parallel and perpendicular respectively to 
MN, are projected into the sides a’ and 6’ of the corresponding 
rectangle of A’, and besides 
a’'=a, 6' =0cos 8. 
0" = ab°C08'0. 

When the number of rectangles is made larger and larger, 
with a and b each approaching zero as a limit, we have for the 
limit of the sum of the rectangles making up the area A’ 


L a'b! = 1 abcos6=cosé L ab. 
al—>0 a—> a—>0 
bI—S0 t—S0 b—>0 
As can be seen from § 121, this is precisely 


A'= A cos 6. (1) 

If now it is desired to find an expression for the area of a 
part of a surface bounded by one or more curves we proceed 
as follows: 

Let C be the boundary of the part of the surface whose area 
is sought, and C’ the projection of this boundary upon the ay- 
plane. Divide the area bounded by C" into rectangles of di- 
mensions Aw and Ay by lines parallel to the axes of w and y 
C respectively. Through these lines 
pass planes parallel to the z-axis 
which will divide the area, 8, of the 
part of the surface bounded by C 
into elementary areas AS. The re- 
xX quired area is the sum of these ele- 
mentary areas > As. Let PQ be 
a typical elementary area. The ver- 
tical planes, which cut out the 
latter, will cut out a parallelogram 
from the tangent plane to the surface at some point in PQ 
such as P. Let us callitA,S. In Fig. 117 this parallelogram 
is PR. It can be proved that the limit of > 48 as Aw and 


Fic. 117 
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Ay approach zero exists, and is independent of the choice of 
codrdinates or of the way in which the elementary areas in C' 
are selected. This limit is taken as the value of the required 
area. But we saw above, formula (1), that 
Aw Ay = A,S cos y, whence A,S = aa 

Cos y 

where y is the angle between the tangent plane at P and the 
ay-plane. This is precisely the angle which the normal to the 
surface at P makes with the zaxis. If the equation of the sur- 
face is F(a, y, 2) = 0, the direction cosines of the normal at 

OF. OF. or 


(x, y, 2) are proportional to oe ay Se and 


oF 
Oz 


cos Y= 27+) = Ey 2 (ary ‘ 
hy oy 02 


es en et er yee oF 


Az—>0 Ax—>0 COs y 
Ay—>0 Ay—>0 
[/OF\2  (dF\? , (oF 2 
— == == \\ Choe 
- aa) : 4s 
x aF 
(CN) dz 


Hence the required area is given by the formula 


(= OF aa 
J j= Ma) +a) (a)* - @ 


(ony Oe 


Letting dA’ be the element of area of C’, this formula can 
be written in the more compact form 


MS ={f=. Y 2 


CD) 
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There is also a practical advantage in the form of (2). For 
at times it is simpler to evaluate the double integral by using 
polar coordinate in the wy-plane, in which case dA’ = p dp dé. 

At times it is preferable for practical purposes in evaluating 
the double integral, to project the curve C upon the yz-plane 
or upon the xz-plane. Calling the projections of C upon these 
planes C" and C’” respectively, and dA” and dA’ their re- 
spective elements of area, the area is given by 


| (a 


(Or) 


Vz Cag) +(e Jae i 
ff EE 5 


(CHD) Oy 


Ex. 1. Find the area of the part of the upper hemisphere 
w+ y+ 22 = ar(Le. z= Va? — 2 — y) cut out by the cylinder 
e+ y—ar=0. 


Here 
o- +; oF = 2y, La oe ee pn a 
dar oy Oz A a 


C' is the circle a+ y2—ax=0. Integrating for y first, the 
limits are —Vaxv — 2? and Vax —w2. The limits for 2 are 0 
anda. Hence 


Bn aa 
pa ae 2 dy dx =2af" iE eae _ dydy 
0 Van —22 Vat — a — 42 — v— y @— e— 7 Pp 


The work involved in evaluating this is Bae if we use 
cylindrical coérdinates. Then, since the polar equation of 
C’ is p=acos 6, 


aos 6 
Siz 2af a —— GB = a(r — 2). 


§ 126] MULTIPLE INTEGRALS 407 


Ex. 2. Find the area of the part of the cylinder 
2+ y2—ax=0 between the xy-plane and the upper hemi- 
sphere z = Va? — a? — y?. 

It is evidently simplest to use formula (2') in this case. 
The desired area is twice that in the first octant. 


oF or or Z 
ae = oF aye ay “00s B ==. 
Saal (Fe aaf _ dade 

(CIN) ¥y (orl) V aa — a? 


Integrating for z first, the limits are 0 and Va? —a?— y?. 
But, since for points in the surface (cylinder) the codrdinates 
are connected by the relation x? + y? = aa, the limits for z are 0 
and Va? —ax. The limits for # are 0 and a. 


a A) mas Ce ogy 
Ea Ge fel a—az dzdx = Ve — as 5, 
0 9 Vax — 2 0 Van — x? 


EXERCISES 


1. Find the area of the portion of the surface of the sphere 
x? + y? + 2? = 2 az cut out by the paraboloid 2 + y? =z. 

2. Find the area of the entire portion of the surface of the 
cylinder x? + y? = a? between the planes z = 0 and z = ma. 

3. Find the area of the portion of the plane x+y+2=2a 
in the first octant bounded by the cylinder a? + y? = a?. 

4. Find the area of the portion of the 
surface of the cylinder x? + y2= a? lying 
‘in the first octant and under the plane 
etytz=2a. 

5. Find the area of the portion of the 
surface of the cylinder 2? + 2 = qa? in the 
first octant cut out by the cylinder 
Ye+y= a, Fig. 118 
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6. Find the area of the portion of the surface of the parabo- 
loid y2+22—4axz=0 intercepted by the cylinder y?= ax 
and the plane w= 3a. 


7. Find the area of the portion of the surface of the hemi- 
sphere z= Va? — a — y? outside the cylinder whose directrix 
is p=a sin 2 6. 


127. Triple integral. Analogous to the double integral we 
have the triple integral 


~2 ¥2 22 
f Sh ii if (2, y, 2)dz dy da, (1) 
ay yy 2 . 


which involves three successive integrations: 


First the partial integral with respect to z, 


Sf fe, 9 ade 


where x and y are considered constant, must be evaluated. 
Here 2, and 2, are constants, or functions of either 2 or y, or of 
both. If F(a, y, z) is an indefinite integral of f(a, y, 2) when 


x and y are constant, that is, oF 2) = (ane 
Z 


JS I@  2)dz = F@ ¥ %) —F@, y, 4). 


This is a function of wand y only. The value of the double 
integral 


a. Yo 
f if [F(a, Y; Z2) = F(a, Y z) |dy da 


(which involves two successive integrations) is that of the 
triple integral (1). The order of the integrations involved in 
(1) may be emphasized by writing it in the form 


Soren) 
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EXERCISES 


Evaluate the following triple integrals : 


i ee s ; 2 2 
i ff (et + y)da dy dx. 


The first partial integration with respect to z gives 


x2—y2 
S@ + y)dz = (x? + y)V 22 — y, 
0 
Then integrating with respect to y, 


f@veqe+ pV 2 — y yydy = ane 


Finally om : 
16 Jo 16 


3 1 2 
2. [ff @+y ade dy de. 
0 0 0 
a z Ye 
3. if f Jf xyz dx dy dz. 
0 0 i) 


Tr 2 a cos 6 
A {SP fe" sin 6 ap a6 ag. 
0 0 0 


128. Volume as a triple integral. Let F(x, y,2)=0 be a 
closed surface, which, to simplify matters, will be supposed to 
be convex ; that is, every plane section of the surface is a con- 
vex curve. Suppose that the surface is enclosed by the planes 
f= Mh, © = Ap, Y= 1, y= do, 2 =, 2 =Cg, Which are tangent 
to it. 

Divide the interval (a,, a,) into n equal parts, each Aw in 
length, and draw a set of planes parallel to the yz-plane 
through each of the points of division and the end points. 
Similarly, divide the interval (6,, b2) into m equal parts, each 
Ay in length, and draw a set of planes parallel to the xz-plane. 
Finally, divide the interval (q, c,) into 7 equal parts, each Az 
in length, and draw a set of planes parallel to the xy-plane. 
The solid enclosed by F(a, y, 2)=0 is broken up into a num- 
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ber of parallelopipeds, excepting along the boundary, where 
parts only of the parallelopiped belong to the solid. The 
sum of the volumes of these complete and partial parallelo- 
pipeds equals the volume of the enclosed solid. 

To evaluate this sum, we first find the volume of each oe 
cal column of parallelopipeds; then find the volume of each 
slice of columns parallel to 
the yz-plane; finally find the 
sum of all these slices. 

In order to avoid too com- 
plicated a diagram, Fig. 119 
pictures the part of the sur- 
face lying in the first octant. 

Starting with a parallelo- 
piped PQ, the coordinates of 


two opposite vertices being 
(a; y, 2) and (@ + Aw, y + Ay, 
z+ Az), consider the volume cut from the solid by the planes 
of the vertical faces of PQ. It differs from the parallelo- 
piped RS in that all the component parallelopipeds of the 
latter are complete. 


Fie. 119 


Vol BS = Av Ay > Az = Ax Ay (2. — %)= Av ay { “de, 


where 2, and z, are the two values of z given as functions of the 
wand y of P when F(a, y, z)=0 is solved for z. 

The sum of the volumes of the parallelopipeds in the same 
slice with RS differs from the volume of the corresponding 
slice of the solid TU in the fact that the part of the boundary 
of the latter supplied by the surface F(a, y, z)=0 is replaced 
by a set of horizontal and vertical planes. This sum will be 
represented by 


> Vol RS = Az > (es —“)Ay= Az > Se] Ay. 
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Finally, the sum of these sums is 


> = Vol RS= D2, o> (%—x)Ay | Ac > > [Sa Jay | Ax. 


It can be proved that as the Az, Ay, Az approach zero 
as a limit, > Vol RS approaches Vol TU as a limit, and 
yS>. Vol RQ approaches the volume of the solid bounded by 
We, 4,2)==0. But 


v2 V2 
ey » (% — 2) Ay Ax =f f (2. — %)dy dx 
Ay—>0 oa | %1 
=f as dydx,: (A) 
%1 "1 “Zh 


where y, and y, in general functions of 2, are the limiting 
values of y in the slice ST, and x, and a are the limiting values 
of w so as to include all possible slices. 

The element of volume in the triple integral is dV = dx dy dz. 

The order in which the sum of parallelopipeds into columns 
and then into slices, and finally into the complete solid is 
made, may be varied. Thus, for example, we might have first 
summed for y keeping w and ¢ fixed, obtaining horizontal rows 
of parallelopipeds parallel to the y-axis; then, keeping a fixed 
and summing for z, obtain vertical slices, or keeping z fixed 
and summing for x, obtain horizontal slices; the sum of the 
slices in either case gives the required volume. The integrals 
involved in these modes of procedure are 


LL Sa dzdx and LLL u da dz (2) 
BU cal CAT Sees aCe 


respectively. While the same symbols are used for the limits 
of the several variables in the various triple integrals giving 
the volume of a solid, it is understood that the values of these 
limits depend, in general, upon the order of integration. Since 
the limits for the variables are simpler for certain orders of 
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integration than for others, advantage should be taken of the 
fact that there is a possible choice of order of integration. 

In determining the limits of integration, it is necessary to 
have a clear picture of the bounding surface. While no gen- 
eral rule can be given, the following one will be found to work 
often. To fix the ideas, suppose that the order of the variables 
with respect to which the integration is effected is z, y, x. The 
limits for z are obtained by solving F(a, y, z)=0 for z. Fre- 
quently those for y are obtained when F(a, y, %)=0 is solved 
for y, where z = % determines the largest section of the solid 
by a plane parallel to the wy-plane, when such a plane exists. 
Finally, the limits for x are the extreme values of this variable 
in this largest section. 

All that has gone before applies equally well in case the 
solid is bounded by two or more surfaces; and also in case the 
surface or surfaces are not completely convex. The modifica- 
tions will suggest themselves in any particular case. 

Attention should be called to the fact that the actual work 
involved in calculating, as a triple integral, the volume enclosed 
by one or more surfaces is identical with that required when 
the volume is given as a double integral (§ 123). Moreover, 
whenever the areas of sections of the solid by planes parallel 
to one of the coérdinate planes are known, the required volume 
can be obtained by evaluating a simple integral (§ 98). 


EXERCISES 


When practicable, find the following volumes by means of 
simple or double integrals : 

1. Find the volume cut from the sphere 2? + y?+2?= a? 
by the cylinder a + y? = aa. 

2. Find the volume under the paraboloid 2? +y? =az cut 
out by the cylinder a + y? = 2 am. 
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3. Find the volume cut from the cone 2 + y?— 22 =0 by 
the cylinder 2 + ¥? —2 aw = 0. 
4. Find the volume cut from the paraboloid 
2 2 
e=1— ¥ = 
9.4 
by the yz-plane. 
5. Find the volume cut off by the plane y+z=a from 
the paraboloid az = a? — 2? — 7. 
6. Find the volume in the first octant between the cylinders 
z2=1-— 2% and«=1—~¥7. 
7. Find the volume in the first octant inside the cylinder 
x? + y’?=2 ax and outside the paraboloid 2? + y? = az. 


a2 
8. Find the volume of = + v =~ cut off by the planez =. 
a ¢ 


9. Find the volume of v7 + y? = 22 cut off by z=a+1. 
10. Find the volume under y* = a? — az cut out by the 
cylinder 2? + y? = a’. 


129. Triple integral as the limit of a sum. Analogous to 
what was done in § 122, it will suffice here to present the 
facts in outline. 

Let f(a, y, 2) be a continuous 
function of a, y, z throughout 
R, a region of space bounded 
by one or more surfaces. As 
in § 128 we shall suppose this 


Lp 


region divided into complete Ae 
and partial parallelopipeds by yas 


planes parallel to the codrdi- 
nate planes. If, as before, the yY 
coordinates of one of the ver- 

tices of the parallelopiped PQ (Fig. 119) are (a, y, z), consider 


the expression f(a, y, 2) Aw Ay Az, (1) 


Fia. 119 


414 CALCULUS [§ 129 


which is the product of the value of f(a, y, z) at any point 
of PQ by the volume of the latter. Take the sum of these 
products, for all the parallelopipeds belonging to R, 


SP] v2 Aw Ay dz. @) 


It can be proved that as Ax, Ay, and Az approach zero, the sum 
(2) approaches a definite limit, which is designated by 


f Hi S(&, Y, 2) da dy dz, (3) 


(R) 
and is known as the triple integral of the function f(x, y, z) taken 
over the region R. It can be proved also that the value of the 
triple integral (3) is equal to that of each of the six triple 


integrals  (*¥2 (> % 
LLL eu, a deay ae, 
Dy AEB OF 


By (P22 (V2 
if Jj J, ie, y, 2) dy dz dx, ++, (4) 


the remaining ones arising by selecting the other possible orders 
of integration. As mentioned in §128 attention should be 
called to the fact that, while the same symbols are used for 
the limits of the several variables in the integrals (4), it is 
understood that the values of these limits depend, in general, 
upon the order of integration. 

Moreover, if the region # is broken up into elementary vol- 
umes AV, other than parallelopipeds, according to any law, 
provided the greatest dimensions of each of the elementary 
volumes approaches zero as their number grows indefinitely, it 
can be proved that the limit of the sum » tS (@, y, 2)AV ap- 
proaches the same limit (8) ; ie. 


Sffr@urr=f (fren) da dy dz. (5) 
(2) (R) 


In evaluating the triple integral (3), advantage should be taken 
of the fact that the ease or difficulty of determining the limits 


§§ 129, 130] MULTIPLE INTEGRALS 415 


of integration, as well as that of the actual problem of integra- 
tion itself, is often dependent upon the particular order of 
integration selected. As will be seen in the applications which 
follow in the succeeding sections of this chapter, one of the 
practical difficulties arising is the finding of the limits for the 
variable in the definite integrals. 

Another reason for selecting the order of integration care- 
fully is that often the result of the first partial integration, or 
even that of the first two partial integrations, may be known 
from geometrical or other considerations for a possible order 
of integration. In such a case the problem of evaluating the 
triple integral may be reduced to that of evaluating a double 
or simple integral respectively. 


130. Volume in cylindrical coordinates. The element of vol- 
ume suggested by the use of cylindrical coordinates (§ 125) is 
obtained if R, the region of Z 
space under consideration, is 
divided into smaller regions 
by first constructing a set of 
cylinders with the z-axis for 
axis and radu differing suc- 
cessively by the same amount 
Ap; then passing a set of 
planes through the axis, each 


making an angle A@é with each 
of its neighbors; and finally 
passing a set of planes par- y 
allel to the xy-plane, Az apart. 
The volume of such a small region is approximately p Ap A6 Az; 
for it is approximately a rectangular parallelopiped whose 
dimensions are PQ = pA0, QR = Ap, and RS = Az (Fig. 120). 
Taking the sum of these throughout & and passing to the 


a! 


Fig. 120 


416 CALCULUS [§§ 130, 131 


limit as Ap, A@, Az approach zero, it can be shown that the 
volume of # is equal to 


i A agae= ff f, dp dO de. 
eae p le p dp 


The element of volume in cylindrical codrdinates in the triple 
integral is dV = p dp dé dz. 
If we integrate first for z, we have 


Ve i 2-4) a8 dp, 


which is the same result as found in § 125. But the advan- 
tage of having the volume given as a triple integral is that we 
have the selection of the order of integration at our disposal. 


131. Volume in spherical or space polar coordinates. The 

spherical codrdinates of a point P may be taken as 

vr = OP, the distance of P from the 
origin. 

6= 2 POZ, the angle which OP 
makes with the z-axis. 

¢ = ZMOX, the angle which OM, 
the projection of OP on the ay- 

Fic. 121 plane, makes with the z-axis. 


The rectangular coérdinates are given in terms of these by 
the formulas 


x= rsindcos ¢,¥=rsind sin ¢, z= 7 cos 6. 
Evidently 

r = const. is the equation of a sphere with center at O 
and radius r. 

6 = const. is the equation of a cone with O as vertex, OZ 
as axis, and its vertical angle equal to 2 6. 

¢ = const. is the equation of a plane through OZ, making 
an angle ¢ with OX, 
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The element of volume, suggested by the use of spherical 
codrdinates, is obtained if #, the region of space under con- 
sideration, is divided into smaller regions by constructing first 
a set of spheres with their centers at 
the origin and their radii differing 
successively by the same amount Ar; 
then constructing a set of cones with 
O as vertex, OZ as axis, with their 
vertical angles differing successively 
by 2 A@; and finally, passing a set of 
planes through the z-axis, each mak- 
ing an angle Ad with each of its 
neighbors. The volume of such a ; 
small region is, approximately, a rectangular parallelopiped 
whose dimensions are PQ=7rA6, QR =r sin 6Ad¢q, and RS 
= Ar. Hence the volume of the small region is approximately 
72 sin 6 Ar A6 Ad. 

Taking the sum of these throughout and passing to the 
limit as Ar, A@, and A@ approach zero, it can be shown that 
the volume of 7 is equal to 


L 7 sin Ar AG Ad = Sf fr sin 6dr dé dd. 
ay (2) 


Ab—>0 
Ag—>0 


Fig. 122 


The element of volume in spherical codrdinates in the triple 
integral is dV = 7° sin 6 dr dé d¢. 

Here again, in a given problem, advantage should be taken 
of the fact that the order of integration is optional. Thus for 
a sphere of radius a 


V= en fan fc sin 6d6d¢dr 
0 0 0 
= 8" [rae dr = 4m {0dr = 4 rat. 
0 0 0 
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Stopping with the second partial integration, we see we may 
take 4 rr? dr as the element of volume. It is approximately the 
volume of a spherical shell of thickness dr and inner radius r. 
It is the differential of volume of the sphere when r is taken as 
the variable of reference. This will explain the rather strik- 
ing fact that the derivative of the volume of a sphere 477% 
equals 477, the area of the surface of the sphere. 


132. Mass; mean density. If m is the mass of a body and 
V its volume, 7's defined as the mean density of the body. 


Fixing our attention upon P, some point of the body, let us 
take a small part of the volume AV, containing P. If Am is 
its mass, its mean density is a Allowing AV to approach 
zero in such a way that each of its dimensions approaches 
zero, but at each stage it still contains P, the limit of the mean 


density, which we shall denote by = , is defined as the density 


of the body at P. Calling it 6, we have 
dm 
§= WwW (1) 
If dis the same at all points of the body, the latter is said to be 
homogeneous, and 6 is said to be the density of the body. The 
density of a homogeneous body is readily seen to be the mass 
of unit volume of the body. 

Frequently, the density of a body at a point of it is a func- 
tion of the coordinates of the point. By breaking up the 
body into smaller and smaller parts AV, according to some 
scheme suggested by the nature of the body or the way in 
which 8 varies from point to point, we have the approximate 
value of the mass of each part AV given by 


Am = dAP, 
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where 6 is the density at some point of AV. Taking the sum, 
and passing to the limit as AV approaches zero, it can be 


shown that am ii sav, (2) 


where the integral is to be taken over the entire body. The 

element of mass is dm = 8 dV, which is consistent with (1). 
The integral in (2) may be a simple, double, or triple one, 

depending upon the element dV, which, in turn, is determined 

by the nature of the problem. Asa rule, it is desirable to so 

select it as to involve as few integrations as possible. 

- Denoting the mean density by 8, we have from (2) 


: if saV 
6= 
y 
EHz.1. Find the mass and mean density of a circular plate 
of radius a if the density at a point is proportional to the 
square of the distance of the point from the center. 
Using polar coordinates 6 = kp’, where k is a constant. Let 
the thickness of the plate be c. A convenient element of vol- 
ume is a ring of radius p and breadth dp. Then dV = 2czp dp. 


Evidently kar 


V=cra. .. s= 


Hz. 2. Find the mass and mean density of a hemisphere of 
radius a if the density at a point varies as the distance of the 
latter from the base of the hemisphere. 

Here 8=kz. A convenient element of volume is a hori- 
zontal slice of thickness dz, the lower end being at a distance 
z from the base. The radius of this lower end of the slice is 
Va — 2. Hence dV= x(a? — 2°)dz. 


@ k rat 
AO =k Dies 2) Pome A 
m= =f 2(a? — 2?)dz = 1 
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Moreover 


Ex. 3. Find the mass and mean density of a plate bounded 
by the parabola y? = 4 aa, the a-axis and the latus rectum of 
the parabola, the density at any point of the plate being pro- 
portional to the product ay. 

Here '=kay. There is no special choice of dV available 
here. So we take dV = cdudy, where c is the thickness of the 


plate. F 
ie ok {" ex dy dz = ae ae 


oe aoe Joe, 
0 3: - B 


EXERCISES 


Whenever possible select the element of volume so as to 
simplify the resulting integral to be evaluated. 

1. Find the mass and mean density of a straight wire of 
length a if the density varies as the distance from one end. 


2. Find the mass and mean density of a plate in the form 


22 2 
of a quadrant of the ellipse a 1, if the density varies 
a2 BP 


(a) as the product ay; (0) as the sum a + y. 

3. Find the mass and mean density of a circular plate of 
radius a whose density at a point varies (a) as the distance of 
the point from a given diameter; (6) as the square of the dis- 
tance from a given diameter ; (c) as the distance from the 
center. 

4. Find the mass and mean density of a sphere of radius a 
whose density at a point varies (a) as the distance of the 
point from the center; (b) as the square of the distance from 
the center; (c) as the distance from a diameter. 
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5. Find the mass and mean density of a right circular cone 
of altitude a and base radius b, whose density at a point varies 
(a) as the distance of the point from the base; (0) as the dis- 
tance from the axis of the cone; (c) as the distance from the 
vertex of the cone. 


133. Moment. If the mass m of a very small particle is 
supposed concentrated at a single point, at a distance r from 
a given line or plane, the product rm is defined as the moment 
of the particle with respect to the line or plane. 

If we have n such particles m,, mo, «++ m,, Supposed concen- 
trated at m points distant 7, 72, ---, 7, respectively from the 
given line or plane, the sum of the products 


n 


> TM, = TyM, + ToMg + +? + 1,My 
‘= 


is defined as the moment of the set of particles with respect to 
the line or plane. 

If we have a solid body (a continuum of particles), suppose 
it divided into small volumes AV of mass Am. If the distance 
of some point of AV from the given line or plane is 7, the 
limit of the sum > 7 Am, as each of the dimensions of AV 
approaches zero, is defined as the moment of the body with 
respect to the line or plane. But this limit is a definite in- 
tegral, either a simple, double, or triple one, depending upon 
the element AV. Hence we have 


Moment of body = | rdm= | rddv. 


If the body is homogeneous, § is a constant and may be 
taken outside the integral sign. Frequently it is customary 
to consider 6=1 and speak of the moment of a geometrical 
figure, such as a curve, a surface, or a solid. For such a 


figure Moment of figure = | r dav, 
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where V is used for content of the figure; so that dV may be 
ds, a length, or dA, an area. 

In actual practice, it is often possible to reduce the number 
of integrations by a proper choice of element of volume or 
mass. Illustrative exercises and experience will serve to ac- 
quaint the student with such possibilities. In general we 
may say that this can be effected when it is possible to replace 
the aggregate of a set of elembntary volumes or masses, each 
of which has the same moment, by a single new element. 


Ex.1. Find the moment of the area of a semicircle about 
its diameter. 
Let the equation of the circle be a + y? =a, and let the diam- 
eter, about which the moment is to be found, be the y-axis. 
Yy This will evidently be twice the moment of the 
quarter-circle lying in the first quadrant. Thus 
we have, designating the moment by ©, 


U,=2f fedyax. 


The first partial integration with respect to 


y gives a 
Fic. 123 M,= af" aVa— a dex. 
0 


We might have selected at the outset dV = Va? — a2 du = y dx 
as our element of volume, for every elementary portion da dy 
of the strip between the two ordinates at # and x 4+ dz is ap- 
proximately at the same distance # from the line of reference. 

Integrating again, we have 

2 a8 
Soeear 

Ex. 2. Find the moment of a semi-circumference about its 

diameter. 


Here dV = ds =|1 + (Gh) da = 2. 
da y 
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“. M, =2a "2224 ("22 _ = 200. 
o Yy 0 ~/q?2 — x 
It is even simpler if we take y as the independent variable. 


Then ds = cae) and 
x 


M,=2{ «as =2¢ dy = 2a? 
0 


Ex. 3. Find the moment of a cone about 
its base, if the density at each point is 
proportional to its distance from the base. 
Let a be the altitude of the cone and 6 the 
radius of its base. 

Instead of using a triple integral in this 
case, we can take for dV a slice of the cone 
by two horizontal planes, at distances z and 
z+ dzfrom the base. If 7 is the radius of 
the lower section, we have by similar tri- 


angles ti IE ak ya tra — 2)*dz 
ee a iz 
Moreover 
— 92, 
i eget es el ROLLS 
a? 
ai : kr ath? 
s. Moment ="7" {  2(a2—2)2dz = 
CRED | (a?— 2)? dz 30 


Exercises involving the finding of moments will be found in 
the succeeding sections. 


134. Center of gravity ; of mass. Centroid. It can be proved 
that associated with a body there exists a point P such that if 
the entire mass of the body were concentrated at P, its mo- 
ment with respect to any line or plane would be the same as 
for the body in its original condition. This point is known 
as the center of gravity or center of mass of the body. It is 
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also frequently referred to as the centroid. Following the 
usual custom, we shall employ the term “center of gravity” 
only. As in § 1383, when dealing with a geometrical figure, 
we shall assume the latter to be homogeneous, with 6 = 1. 

It should be noted that the center of gravity is a unique 
point, and does not in any way depend upon the choice of 
coordinates. 

The following theorems, useful in practice, result readily 
from the definition of the center of gravity. Their proofs 
will be left as exercises for the student. 

THrorEM I. If (&1, Yy Z), (2, Y2) Za) est) (@,) Yns Zn) are the 
centers of gravity of n bodies whose masses are my, Mg +++, Mz 
respectively, the center of gravity of the aggregate is the point 


BTM t+ LM. + + Tio iy y — WM + Yom, + +++ + Yon 
M, + Mz+ ++ + mM, 0 ie LL Mn BL 

= — My + Roig + + +2 My, 
Mm + Me + + +m, 

TuHEeorEM II. The moment of a body with respect to a line 
or plane through its center of gravity is zero. 

TuHeorEM III. The center of gravity of a body lies on a line 
or plane of symmetry of the body, if there is one. 

Attention should be called to the fact that the position of 
the center of gravity of a body, as well as that of a possible 
line or plane of symmetry, depends upon the distribution of 
mass in the body. 


135. Center of gravity in the plane. The center of gravity 
of a plane figure is known when we have its codrdinates, in 
particular its rectangular codrdinates, usually designated by 
(x,y). If we denote the moments of the figure with respect 
to the x-axis and the y-axis by M, and M, respectively, we 
have by the definition of center of gravity 


Ve= M, and Vy = M&M, 
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where V, as before, is used for the content of the figure. If 
the latter is an area bounded by one or more curves, V should 
be replaced by A; if it is the arc of a curve, V should be 
replaced by s, its length. Then 


gait and y =“, 
V \% 


where M, and M, are calculated by the methods of § 133. 


Ex.1. Find the center of gravity of the area enclosed by 
two parabolas y? = aw and a? = by. 

The curves intersect in the points (0, 0) and (at bs, ai bt). 

For %, a convenient element of area is a strip between two 
ordinates at distances « and x + dw from the y-axis. Then 


Similarly for y, a convenient element of area is a strip be- 
tween two horizontal lines at distances y and y + dy from the 
g-axis. Then 


Ex. 2. Find the center of gravity of the area of one loop 
of the lemniscate p? = a? cos 2 6. 
Here dV =dA= pdp. dé and # = p cos 0. 


My, = {eae cos 6 dp dé = © cos 6(cos 2 6)#d0 
Hee 4 


=" af; * cos 6(1 — 2 sin’ 4) a0. 
w4 
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Introducing a new variable by means of the transformation 
V2 sin @=sinu, and noting that the value of the resulting 
definite integral is equal to twice the integral in which the 


limits are 0 and eo we have 


5 is 3 D 
= a? cost udu =~ av 2 - 
0 


16 
Moreover 
x ial “ 
A= af. p?dé = wf" cos 2 6 dé =F 
Pe: 0 
4 
= BUG raw 2 
LS = ° 
A 8 
From symmetry it is evident that 
y= 0. 


Ex. 3. Find the center of gravity of an arc of the cycloid 
w= a(§ — sin 8), y= a(1 — cos 6). 


From symmetry it is evident that # = az. 


To find y¥, we note that dV =ds =2 asin $a. 
a ie =fy ds = 2 af (1 — cos 6) sin $ a8 
0 


=4 a2 sin’ 8 4g = 32 a 
0 2 


3 
Moreover 
2r i. 6 
s=2af sin —d@ = 8a. 
0 2 
y= a 4a 
2 J] : 3 
EXERCISES 


Find the center of gravity of each of the following: 
1. A straight line of length a. 
2. An isosceles triangle of altitude a. 
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. The triangle bounded by y = ma, x=a, y=0. 


3 

4 Any triangle. 

5. A quadrant of the area of the circle 2? + y’? = a’. 
6 


. A quadrant of the circumference of the circle 2+ 7? 


7. A quadrant of the area of the ellipse =+e = 1. 
a 


8. The joint area of the circles 2+ y?= a? and (a—6)?+ 
y’ =, whereb—c >a. [Use Theorem I of § 134.] 

9. The area remaining when the circle 2? + y?— az =0 is 
cut out from the circle 2? 4 ¥? = @. 

10. The area remaining when one corner of a square of side 
a is cut off by a line joining the middle points of two adjacent 
sides. 

11. The area remaining when there is removed from the 
quadrant of a circle of radius a, the triangle formed by the 
bounding radii and the line through the middle points of 
the latter. 

12. The area of the parabola y= 2a — 4? cut off by the 
#-Axis. 

13. The area between the parabola at + ye =a? and the 
coordinate axes. 

14. The area of x3 ate ys — @3 in the first quadrant. 

15. The are of x + y3 =a! in the first quadrant. 

16. The area bounded by 7? =4 az, x= 6, y=0. 

17. The area bounded by 7?=4aa,2=0, y=). 

18. The area bounded by 7? =4 aw and y = moa. 

19. The area under an arch of the cycloid. 

20. The area under one arch of the curve y=sinz from 
2=0 to“r=7z. 

21. The arc of the catenary y =S(et ea) between «= 0 
and x= a. : 
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22. The area under the catenary from x= 0 toxw=a. 


and its 


23. The area between the cissoid y?= 
asymptote «= 2a. 
24. The area of the upper half of the cardioid 
p =a(1 + cos 6). 
25. The are of the upper half of the cardioid 
p= a(1 + cos 6). 
26. The area of one loop of p= asin 2 6. 


27. The area of the sector of a circle of angle 2a. The 
radius of the circle isa. [Use polar coordinates, taking the 
bisector of the angle for initial line. | 

28. The arc of a circle of radius a subtending an angle 2 « 
at the center. 


136. Theorems of Pappus. In § 96 we saw that the volume 
generated by revolving the area bounded by a convex closed 
curve about the z-axis is given by the formula 


Var { “Wi- vide, (1) 


where y, and y; are the ordinates of the boundary correspond- 
ing to a given value of x And this formula can be extended 
readily to the case where the boundary is not entirely convex. 
Evidently the volume is equal to that of the double integral 


Vie an ff" ydyde=2nf (yaa (2) 


(4) 
We have just seen (§ 135) that the y-codrdinate of the 
center of gravity of the area is 


eee “Sf fyaaana 


(4) 
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Hence 
V=2ryA. 


Expressed in words this is 


Paprus’ TurorEM I. Jf a plane area is revolved about an 
axis in its plane, which does not cross the area, the volume gen- 
erated is equal to the product of the area and the length of the path 
described by its center of gravity. 

In § 97 we saw that the surface generated by a curve re- 
volved about the x-axis is 


S=2r f y ds, 
) 
where the integral is taken along the entire curve. But we 
have just seen in § 135 that the y-codrdinate of the center of 
gravity of the curve is 


Ti) See ee fyas= ys. 
©) 
Hence 
S=27rys. 


Expressed in words this is 


Paprus’ THrorEM II. Jf an arc of a plane curve is revolved 
about an awis in its plane, which does not cross the arc,’ the area 
generated is equal to the product of the length of arc and the 
length of the path described by its center of gravity. 


1 Algebraically the theorem is still true when the axis crosses the re- 
volving area. But in this case the parts of the volume generated by the 
portions of the area on the two sides of the axis must be taken with op- 
posite algebraic signs. For y in (2) is positive on one side of the z-axis 
and negative on the other. 

2 Here also the theorem is still true, when the axis crosses the revolv- 
ing arc, provided part of the generated area is taken as negative. 
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EXERCISES 


1. Find the volume and lateral area of a right circular cone, 
making use of the fact that such a cone is generated when a 
right triangle is revolved about one of its perpendicular sides. 

2. Making use of Pappus’ Theorems and the known values 
of volume and surface of a sphere, find the center of gravity 
of the area and of the arc of a semicircle. 

3. Find the volume and area of the solid (a torus) generated 
by revolving a circle of radius a about an axis in its plane at a 
distance b from the center of the circle. [Take b>a.] 

4. Find the volume generated by revolving the half of an 
ellipse above the major axis about an axis parallel to the major 
axis and at a distance c below it. Let the major and minor 
axes be 2a and 26 respectively. 


137. Center of gravity in space. If the moments of the mass 
of a body with respect to the codrdinate planes are M,,, Mz 
M,,, respectively, and if %, ¥, Z are codrdinates of the center of 


gravity, mi= M,,, my = Maz, mz = M,,, 


Mzy _ fram 


c= = 6 US SS BS a 


m mm m m Mm ™m 


where m is the mass of the body. Then 


If the body is homogeneous, its density may be taken equal 
to unity in finding the codrdinates of the center of gravity, 
since the latter are independent of the value of the density in 
this case. For if it has any other value 4, 


dm=sdV and m= 6S. 


me _ Seam i V_ fea a 


m 8V Vag 
and similarly for ¥ and Z. 
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Ex. 1. Find the center of gravity of a homogeneous 
cylinder. 

Let the altitude be a and the area of the base B. Any sec- 
tion parallel to the base is also } in area. If the plane of the 
base is taken as the yz-plane, and if for element of volume is 
selected a slice between two sections of the cylinder by planes 
parallel to the base and at distances w and « + da, respectively, 
from it, dV = Bdw and 


The line joining the centers of gravity of the two bases is 
known as the awis of the cylinder. The center of gravity of the 
cylinder lies on the axis midway between the bases. The cylinder 
may be either oblique or right. 


Hx. 2. Find the center of gravity of a homogeneous cone 
or pyramid. 

Let the altitude of the cone or pyramid be a and the area 
of the base B. If A is the area of a section of the solid par- 
allel to the base at a distance a from the vertex, it is known 
that 


If we select our codrdinate axes so that the origin is at the 
vertex of the cone or pyramid and the yz-plane is parallel to 
its base, we find M,, by taking for element of volume the slice 
between two planes parallel to the yz-plane at distances w and 

2 
x-+ de from it. Then the element of volume is dV= Bu? dae die 

a 


; = mB _ Ba? 
My = favs f de = BE. 
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BiG eee 
V=fav=2 x (= 


as is well known. Hence 


Moreover, 


3 


%=—- 


4 


For the other coordinates of the center of gravity, we note 
that since sections of the cone or pyramid parallel to the base 
are similar figures, the locus of their center of gravity is a 
straight line through the vertex. This line is known as the 
axis of the cone or pyramid. The center of gravity lies on the 
axis, and is three quarters the distance along it from the vertex 
to the base. 


Hz. 3. Find the center of gravity of a right circular cone, 
whose density at a point is proportional to its distance from 
the axis. 

Because of symmetry, the center of gravity lies on the axis 
of the cone. We shall take this axis as the z-axis of codrdi- 

b nates and the plane of the base of the 

cone as the wy-plane. 
In this case it will be desirable to use 
cylindrical codrdinates. Then the den- 
qa Sity at any point (p, 6,2) is 8= kp, where 

k is a constant. A desirable element of 

volume is dV =2pdpdz, the circular 

ring included between two horizontal 

Fre. 125 planes at distances z and z+dz above 

the wy-plane and two circular cylinders 

co-axial with the cone and having for radii of their directricés 

p and p+ dp respectively. (See Fig. 125.) Since, when dp is 

small, each point of this elementary volume is approximately 

at the distance p from the axis, the element of mass is 
dim = 2 7 kp? dp dz, 
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If the altitude of the cone is a and the radius of the base is 
b, we have by similar triangles —P— = se 
Hae @ 


ap b 
z= aeons d = — —_ bs 
eo ae ae 2) 


» (az) 
@ (a ke b3a2 
So zdm=2nk{” [ zp? dp de = TAT 


To evaluate m integrate first with respect to p and then z. 


ap 
D/P FS 
Thus, m = fam = 2 wk { f ; zp’ dzdp = ae. 
0 Jo 


[This suggests an element of mass that enables one to find 
the mass by means of a single integration. See Fig. 125.] 


5 a Ma 4 
m 65 


Ex. 4. Find the center of gravity of a semicircular plate 
of radius a, if the density at any point is proportional to the 
square of its distance from center. 

The plate may be considered either so thin as to enable one 
to ignore its third dimension, or one may consider it as a 
cylinder, in which case, the center of gravity les midway be- 
tween its bases. In either case we are concerned with a two- 
dimensional problem only. 

Using polar coordinates to find the mass, we shall take for 
element of area dA = zpdp, cut out of the semicircle by two 
concentric circles of radii p and p+ dp respectively. Then 


dm = 7 kp dp. 
a 4 
n= nk pene . 
() 4 


Still using the polar codrdinates, to find the moments of mass 
with respect to the axes, we take for element of area, as in the 
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general case, dA =pdpdé and dm =kp'dpdé. Suppose the 
diameter of the semicircle is taken as the y-axis. 


a q 5 
M, = fadm=k {" f p* 008 6 dB dp = Ee. 
sa 
=, i, 84 
- &=— 
m 5 


Because of symmetry M,=0 and y=0. 


EXERCISES 

Find the center of gravity of each of the following: 

1. An octant of a sphere of radius a. 

2. A hemisphere whose density at a point is proportional 
to its distance from the plane face. 

3. A hemisphere whose density at a point is proportional 
to its distance from the center. 

4. The paraboloid of revolution formed by revolving about 
the #-axis the parabola y? = 4axz from « = 0 tow=b. 

5. A homogeneous solid, composed of a right circular cylin- 
der of altitude a and base radius 6 surmounted by a right cir- 
cular cone of altitude c and base radius b. 

6. A rod of length a and uniform thickness whose density 
at a point is (a) proportional to its distance from one end; 
(0) proportional to the square of its distance from one end. 

7. The solid remaining when a right circular cone of base 
radius 6 and altitude a is removed from a right circular cylin- 
der having the same base and altitude. 

8. The part of the conoid az? + a%y? = b’a? between the 
planes «=0 and x=a, (a) if the conoid is homogeneous; 
(b). if the density at a point is proportional to its distance 
from the yz-plane. 
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138. Moment of inertia. Radius of gyration. If the mass 
m of a very small particle is supposed concentrated at a single 
point at a distance 7 from a given line, the product 


rn =I, 


is defined as the moment of inertia of the particle about the line. 

Given a set of particles m,, mz, ---, m, Supposed concentrated 
at n points distant 7, 79, +--+, 7,, respectively, from the given 
line, the sum of the products 


n 

2, 2 = 
> rim, = rim, AP ryMs ata ci sr Tn, = I, 
i=l 


is defined as the moment of inertia of the set of particles about 
the line. 

In a manner entirely analagous to that employed in § 133 
for the moment of a solid with respect to a line or plane we 
arrive at the definition. 


I, = moment of inertia of body with respect to a line 
= | rdm= j 7dav, 


where the integral involved is simple, double, or triple, de- 
pending upon the nature of the element of volume dV selected. 

If the body is homogeneous, 8 is a constant. It is cus- 
tomary in this case to let § = 1 and speak of 


T, — rd V 


as the moment of inertia of the solid about the line. Here dV 
is used in a general sense, and should be replaced by ds in the 
case of a curve, and by dA in the case of an area. 

If J, is the moment of inertia of a body with respect to a 
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line /, and m is its mass, their ratio is defined as the square of 
the radius of gyration with respect tol. Thus 


d, 
= =k’, (1) 


k being the radius of gyration. Clearing of fractions 

I, = k’m. (2) 
From (2) we see that the radius of gyration of a body with re- 
spect to a line is a number k, such that the moment of inertia 
of the body with respect to the line is the same as it would be 


if its entire mass were concentrated at a point at a distance k 
from the line. 


Ew.1. Find the moment of inertia, and the square of the 
radius of gyration of the area of the parabola y2 =4 aa cut 
off by « =a and lying above the wx-axis, (a) about the waxis; 
(6) about the y-axis. 

We shall designate these moments of inertia by J, and I, re- 
spectively. 


2a a 16a‘ 
i= { dA =f if 2daed aie 2 ke tee 
y eg ie Ca earest Cire 

4a 


Since each point of an elementary area of the parabola lying 
between the two horizontal lines at distances y and y + dy 
from the x-axis is approximately at the same distance from 
the x-axis, we could have taken this strip for element of area, 


thus dA =(a _ re dy. This would have made unnecessary 
a 


the first integration. 


Hear f aE ay —4v, aa ieee Pes 
3 A 5 


For I, we shall save one integration by taking 
dA = y da =2V ax dx. 
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Then 
i, = {ix dA= ava {al ax =*¢. 
0 
et av 8? 
A 7 


Ez. 2. Find the moment of inertia and the square of the 
radius of gyration of either half of the cardioid p = a(1 + cos 6) 
about the x-axis. 


Here y=psin@d and dA=pdpdo. 


ea(1+cos 6) 
L=fyda=f" ii p' sin? 6 dp dé =e. 


aa (1 + cos 6)246 = one 1 eae le, 


Ex. 3. Find the moment of inertia and the square of the 
radius of gyration about the w-axis of an are of the cycloid 


x=a(O—sin6), y=a(1—cos6), 
from 6=0 to 6=27. 
Here ds =2asinS do, 


- T= {yds =20 "(1 — cos 6)2sin § a8 
: | 


= § of sins? do = 208 e 
0 2, 


15 
s= 8a. ope a 


8 15 
Ew. 4. Find the moment of inertia and the square of the 
radius of gyration about the zaxis of the part of the cylinder 
x? + y? —2ax=0 included between z=0 and z=A, if the 
density at a point of the cylinder is proportional to its distance 
from the wy-plane. 
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In rectangular coordinates 


$= % dm Sedrdydz, Fr =a + y. 


oo La frdmaef" fe" eid ak z(a? + y*)dz dy dx. 
V ae — 22 
While this can be integrated, there will be marked simplifi- 


cation in using ¢ylindrical coordinates. Then 


dS=cz, dm=czpdpdidz, r=p*, p=2acosé. 


z 2a cos 6 h 2 4 
eet {| [wide dp dp = Se 
7/0 0 4 


ONT ee Oe 
Sos . Set erce 


139. Theorems concerning moments of inertia. The moment 
of inertia of a body about a line plays an important réle in 
Mechanics. To determine it in the case of certain bodies, it is 
convenient to introduce the notion of moment of inertia of a 
body with respect to a plane, even if this is of no interest in 
itself. If r is the distance of the element of mass dm of the 
body from a given plane p, then 


as = {rdm= frsav. 


is defined as the moment of inertia of the body with respect to 
the plane p. If the body is homogeneous, it is customary, as 
before, to let 8= 1, and to define 


R= jrdv 


as the moment of inertia of the figure with respect to the plane. 


THEOREM I. The moment of inertia of a body about a line is 
equal to the sum of its moments of inertia with respect to two mu- 
tually perpendicular planes through the line. 
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Taking the line as the z-axis and the mutually perpendicular 
planes through it as the xz- and yz-planes, we have 


ve =|@ +y)dm = | dm + f y2 dm. 


But Se dm =I, and Sy dm = Inn 
oe Ub — Iyz+ Tez 
which proves the theorem. 

Similarly it is convenient to speak of the moment of inertia 
of a plane area about a point P in its plane, or about a line 
through P perpendicular to the plane. If r is the distance of 
an element of area dA from P, the moment of inertia of the 
area about P is 

T= aA, 


It is sometimes called the polar moment. — 

The moment of inertia, with respect to either a line or a 
point, of a thin plate or lamina is obtained from the corre- 
sponding moment of inertia of its surface by replacing dA by 
dm, the element of mass of the lamina. 

TueorEM II. The moment of inertia of an area (or lamina) 
about a point in its plane is equal to the sum of its moments of 
inertia about two mutually perpendicular lines through the point 
and lying in the plane. 

Taking the point as the origin and the mutually perpendicu- 
lar lines through it as the coordinate axes, 


Ty = { (e+) dA = wdA+ fyrdA. 
But fed4=t and fyd4=h 


ody aly d,, 


which proves the theorem. 
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TueoreM III. The moment of inertia of a body about a 
given line is equal to its moment of inertia about another line, 
parallel to the given one 
through the center of gravity 
of the body, plus the moment 
of inertia about the given 
line of a particle having the 
mass of the body and located 
at its center of gravity. 

Let the given line be the 
z-axis in Fig. 126, and let 
the center of gravity of the 


body lie on the g-axis at a 
distance a along it. The moment of inertia of the body about 


the z-axis is 
I = {x dm =f{@ + y*) dm. 


Its moment of inertia about CZ', the line through the center 
of gravity parallel to the z-axis, is 


I, = fram = {[(@—a)?+ yam 
={@+y)am +a? dm — 2a f edm. 


Since C= (a, 0, 0) is the center of gravity of the body 


fean 
= :  fedm = am. 


m 

maces ={@+ yydm + am — 2 am 
= I,— am. 

ood, == J.-F. am, 


which proves the theorem. 


§ 139] . MULTIPLE INTEGRALS 441 


Theorems entirely analogous to Theorem III hold for the 
(polar) moment of inertia of a plane figure about a point, and 
for the moment of a body about a plane. The statement and 
proof of these theorems will be left as exercises for the 
student. 


TueoreM IV. The radius of gyration of a homogeneous beam 
(or cylinder) about a line parallel to its elements is equal to the 
radius of gyration of a cross section about the same line. 


Taking the line as the z-axis, the moment of inertia of the 
beam about it is 


Laff" ("@+y) deadyae 
xy yl £y 


tq (°¥2 
=@—2)f"["@+y) dy de, 
since the limits for z are constants. 


But the moment of inertia of a cross section about the same 


line is 
ib =f oli "(a + y?) dy de. 
zy Y 


fl = (% — 2) 1. (1) 


If A is the area of the cross section, the volume of the 
beam equals (z,—2,)A. If k and k' are the respective radii 
of gyration of the beam and cross section, we have 


L=12V = Wa, — 2) A. 


Ef} = k'2A, 
Using (1) 


W(t — 2) A=(%—%)W2A. oo. Ke =k, 


which proves the theorem. 
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TueorEM V. Jf there are n bodies whose masses are m, 
Moy +++) My, and their radii of gyration with respect to a line or 
plane are ky, ky, +++, k,, respectively, the radius of gyration of the 


aggregate is equal to 
> kim; 


i= Rae Giese -+kem Mp — i=l 
My + Me + +++ + My, Yn, 


This follows at once from the definition of moment of 
inertia. It should be employed in finding the moments of 
inertia in case a single body can be broken up into simpler 
ones whose moments of inertia are known or can be found 
readily. : 

The theorems given in this section often enable one to 
simplify materially the problem of finding the moment of 
inertia of a given body. They should be thoroughly mastered 
and borne in mind when attacking a problem. 


Ezx.1. Find the moment of inertia and the square of radius 
of gyration of a circle of radius a (a) about its center ; (b) about 
a diameter; (c) about a tangent. 

(a) Use polar coordinates, taking the center of the circle 
for origin. A convenient element of area is a circular ring con- 
centric with the circle, and of breadth dp. Then dA = 2zpdp, 
and the moment of inertia about the origin is 


4 
In= {pd = 2a dp =. 


Since A=’, hk? = is = - 


(6) To find the moment of inertia about a diameter, we 
make use of the fact that because of symmetry the moment 
of inertia with respect to all diameters is the same. In par- 
ticular, if J, and J, are the moments of inertia about two mu- 
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tually perpendicular diameters, we have J,= J, and (from 
Theorem IT) J, + I, = Io. 


° 2 
Hence for a diameter, k? = i 


(c) To find J, the moment of inertia about a tangent, we 
make use of Theorem III. Then 


5 was 


4 
L=1,+@A=7 + rat= 


2 
Hence for a tangent, k? = 7 . 


Ex. 2. Find the moment of inertia and the square of the 
radius of gyration of a right circular cylinder of altitude h 
and base radius a, about a diameter of the base. 

While this problem could be attacked directly, it will be 
much simpler to find the moments of inertia with respect to 
the plane of the base and the plane through the given diameter 
of the base and the axis of the cylinder, and then use 
Theorem I. 

Using rectangular coordinates, let the axis of the cylinder 
be the z-axis, the plane of the base the wy-plane, and the given 
diameter the x-axis. 

To find J,,, the moment of inertia with respect to the ay- 
plane, take for element of volume a horizontal slice of thick- 
ness dz. Then dV =-7za?dz, and 


2 3 
Ly=(#dV= rat [22 dz= mt . 


To find J,,, the moment of inertia with respect to the az- 
plane, it will be simpler to first find Z,, the moment of inertia 
about the z-axis. Using cylindrical coordinates, take for ele- 
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ment of volume a hollow cylinder, concentric with the given 
one and of thickness dp. Then dV =2 hp dp, and 


s ath 
L=fptdV = 2h f pe dp = 7. 


Incidentally we may note that in this case k? = ce Compare 
these results with those of Ex. 1 (a). 

Noting that because of symmetry J,, = I,,, and, because of 
Theorem I, J,, + J,, = J,, we have 


Te aie BON 
Tetacr 4 4 


Finally, because of Theorem I, the required moment of 
inertia is 


2 3 ah razh 
5 A Paid eae Kuba Ah? + 342). 
x at E74 S SP 4 12 ( => a?) 


Hence 
aie tM Esa 
V a, 


Ex. 3. Find the moment of inertia and the square of the 
radius of gyration of a right circular cylinder about its axis, 
if its density at any point varies as its distance from the axis. 

Let h be the altitude of the cylinder, and a the base radius. 
Use cylindrical coordinates with the axis of the cylinder as 
the z-axis. Then $= cp. 

A convenient element of volume is that of a hollow cylinder 
coaxial with the given cylinder and of thickness dp. For this 
dV =27hpdp and dm= 2 rch p' dp. 


ee u =f ptam =2 woh pdp = anh 


m = fam = Qach fp? dp = zach, bole rs 
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It will be noted that Z, is proportional to h, the altitude, and 
k is independent of hand c. Thus the radius of gyration of 
this cylinder also about its axis is the same as that of a right 
section of it about the same line. Compare Theorem IV. 


Ex. 4. Find the moment of inertia and the square of the 
radius of gyration of a right circular cylinder about its axis, 
if its density at any point varies as its distance from the base. 

Let h be the altitude and a the base radius as before. Here 
8=cz. Using cylindrical codrdinates, a convenient element 
of volume is a horizontal slice, of thickness dz, of a hollow 
cylinder, dp in thickness (see Fig: 125, p. 432). Then @V 
=2apdpdz, and dm=2rczpdpdz. The moment of inertia 
about the z-axis is then 


h a 2 AA 
IL = [ord =2re ff zp dp da = TEE. 
h (a 22 
m= {dm =2nef f° zp Up dz = EE dae 


If we ask for the moment of inertia of the cylinder with 
respect to an element of it, use may be made of Theorem III. 
Then 

achat , rch?at _3nchat 


pik OHS 4 ae 9 ad 4 


Compare illustrative Ex. 4 of § 138. 


Ex. 5. Find the moment of inertia and the square of the 
radius of gyration about the center of the larger circle of 
radius a (Fig. 127) of the part remaining 


when the smaller circle of radius ; is re- 
moved. 

In Ex. 1 we saw that the moment of 
inertia of the larger circle about O is 


e Vy Fig. 127 
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Using the same formula, the moment of inertia of the 
smaller circle about its center O' is 
ries ra 
One= 32, 
To find J%, the moment of inertia of the smaller circle about 
O, we make use of the analogue of Theorem III, 
aly +(5) = gy 


The required moment of inertia is 


2 


4 32a‘ 13 7a! 
T= 16 ee 
A oT TS ee aan? 32 
To find the radius of gyration we note that the area of the 


. a sa? 
figure is 7a? — ve Gre. 


4 
13 ¢ 
oo : 
24 
EXERCISES 


Find the moment of inertia and the square of the radius of 
gyration of the following objects: 

1. A rectangle of sides 2a and 25, (a) about a line through 
the center perpendicular to a side 2a; (6) about the center. 


2 2 
2. The ellipse poet is =1, (a) about the major axis; (0) about 


the minor axis; (c) about the center. 

3. A parallelopiped of edges 2a,2 6, and 2c, (a) about the 
line through the center perpendicular to the plane containing 
edges 2a and 20; (b) about an edge 2. 


4. The ellipsoid = 4% 4% 
é e ellipsoid = abe x ak x = 1 about the z-axis. 


5. A right circular cone of altitude h and base radius a, 
(a) about its axis; (b) about a diameter of its base; (c) about 
a line through the vertex and perpendicular to the axis. 
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6. A ring bounded by two concentric circles of radii a, 
and a, respectively, (a) about the center; (b) about a diameter. 

7. The area in illustrative Ex. 5 (Fig. 127), (a) about the 
common diameter OO'; (b) about O'; (c) about the diameter 
of the larger circle tangent to the smaller one. 

8. A hollow right circular cylinder of altitude h and radii 
of circles of base a, and ay, respectively, (a) about the axis of 
the cylinder; (0) an element of the outer sur- 


face; (c) a diameter of the base. , = 
9. A beam of length h, about a line par- 4 
allel to an edge of the beam and through the oy 
center of gravity, if the cross section is T-shaped 
as indicated in Fig. 128 with the dimensions e 
Fia. 128 


given there. 
10. A beam of length h, about a line parallel to an edge of 
the beam and through the center of gravity, if the cross-section 
is L-shaped as indicated in Fig. 129. 
11. An equilateral triangle about a median. 


Cc 


12. A square about a diagonal. 

13. One loop of p=asin26, (a) about the % 
origin; (b) about the w-axis. 

14, The upper half of the cardioid p= a 
a(1 + cos 6) about the z-axis. Fie. 129 

15. The lemniscate p? = a? cos 2 6, (a) about the y-axis; 
(0) about the origin. 

16. The are of the cycloid « = a(6 — sin 6), y =a(1 — cos 6) 
about the x-axis. 

17. The area of an arch of the cycloid about the g-axis. 

1s. An arc of a circle of radius a which subtends an angle 
2 at the center, (a) about the center of the circle; (6) about 
its middle point; (c) about the diameter through its middle | 
point; (d) about the tangent at its middle point, 
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19. A sector of angle 2a, of a circle of radius a, (a) about 
the center of the circle; (b) about the middle point of the 
bounding arc; (c) about the diameter through the middle point 
of the bounding arc; (d) about the tangent at the middle point 
of the bounding are. 


20. A straight wire of negligible diameter and of length h, 
about one end, if the density at any point is proportional to 
its distance from that end. 


140. Attraction. Two particles of masses m, and mp», re- 
spectively, supposed concentrated at two points separated by 
a distance 7, attract each other with a force 


kmymg 


ye” 


where & is a constant depending upon the choice of units of 
mass, of distance, and of force. Moreover this force is directed 
along the line joining the two particles. In particular, if one 
of the masses, say ma, equals unity, we see that the force of 
attraction of m,; upon a unit mass at a distance r is equal to 


km 1 
92 


directed along the line joining the masses. 


With this as a basis, let us ask what is the force of attrac- 
tion of a given body of mass m upon a particle of unit mass 
located at a given point ? 

Let the unit mass be located at the 
origin O in Fig. 180. The attraction of 
an elementary mass Am of the body 
upon the unit mass is 

kAm 
v2 
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Since the direction of the force of attraction of Am varies 
with the position of Am, we shall decompose each elementary 
attraction into its components in directions along the codrdi- 
nate axes and sum these components. In particular let us 
find the component in the direction of the w-axis. If the line 
joining O with a point of Am makes an angle @ with the 
x-axis, the x-component of the attraction of Am is 

k cos « Am 
y 


The limit of the sum yp aeeen , as each of the dimen- 


sions of the elementary parts of the body approaches zero is 
defined as the 2-component of the force of attraction of the body. 
Representing it by #, and noting that the limit of the sum is 
a definite integral, simple, double, or triple, depending upon 
the form of the attracting body, and the choice of element of 


mass, we shall write 
’ F, = { Fosadm. (1) 
v2 


Analogous formulas can be found for the components of the 
force of attraction in other directions. 
The following examples will illustrate. 


Exz.1. Find the attraction of a homo- 
geneous straight wire of length 2a and 
mass m upon a unit mass at a distance b 
from its middle point. 

Take the unit mass at the origin, and the 
g-axis perpendicular to the wire. Then, 
from Fig. 131, 


COS a me r=Vy+62, dm=S8dy. 
T 


Fig. 131 


_ (*_kbddy _2k8 a _2k8 
: —a(y2 4 §2)3 bVae+h 0 


sin w. 
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The mass being homogeneous, the density is the mass per unit 


length; that is, 6 5 Hence we may write also 
a 
km km .: 
= =— SIw 
bVae +o? ad 


From symmetry it is obvious that F,=0. Hence F, is the 
entire force of attraction upon the unit mass at O. 


Va He. 2. Find the attraction of a homo- 

Z geneous flat disk of mass m and radius a 

[| upon a unit mass in the perpendicular 

| through the center at a distance 6 from the 
latter. 

Take for element of mass a ring of the 

disk of inner radius pand breadthdp. Then, 

\ if 8 is the density of the disk and ¢ its 

thickness (c¢ is supposed to be so small that 

it is negligible in comparison with the other lengths involved ; 

thus, in the expressions for 7 and cos a, ¢ is taken equal to zero), 


Fia. 132 


coda = r=V pe + 0%, dm =27 8 pdp. 


oF, = [PS ee or ke 8 ‘et plpee. 
” © (p? + b2)3 


= 2ake3(1 — 


b 
Sale 2rked (1 = COS w). 


. m 
Or, since § = ——, we have also 
m OC 


9 
F =F ot aa — 008 «). 
a VeG+R/ @ 

From symmetry 

F, = Ff, = 0; 
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Ex. 3. Find the attraction of a homogeneous cone upon a 
unit mass at its vertex if its base radius is a and its altitude 
is h. 

Consider the cone made up of slices, of thickness dz, made 
by planes parallel to the base. The attraction due to a slice 
at a distance x from the vertex is found from the first form of 
the attraction of a disk given in Ex. 2. In the present instance 


ees 
rip 
Hence for the entire cone 
F,= 2nkd f° (1 = ie =. 2nkbn(1 | 
V a2 + h2 Va? + h2 


= 2rkdh(1 — cos), 


where w is the angle which the generators of the cone make 


with the axis. Here §= a Hence we may write also 
7a 
3 
aoe i h EL ae 
@? Ve +h? a? 


In this case the attracted unit mass lies on the attracting 
cone. In formula (1), the integrand becomes infinite when 
*=0, for then r=0. We have here an illustration of a 
definite integral having a finite value even though the inte- 
grand becomes infinite at a point of the region over which the 
integral is taken. 


EXERCISES 
Find the attractions of the following bodies : 


1. A homogeneous wire of mass m and length h upon a unit 
mass in the line of the wire at a distance 6 from one end. 
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2. A homogeneous wire of mass m and length h upon a unit 
mass not in the line of the wire, but at a distance b from the 
latter. Express the answer in terms of the angles which the 
lines joining the particle with the ends of the wire make with 
the perpendicular from the particle to the line of the wire. 

3. A homogeneous wire of mass m bent in the form of an are 
of a circle of radius a upon a unit mass at its center, (a) if the 
angle subtended by the arc is 2w; (b) if the arc is a semicircle. 

4. A homogeneous cylinder of mass m, base radius a, and 
altitude h, upon a unit mass, (a) on the axis of the cylinder at 
a distance b from one of its bases; (b) at the center of one of 
its bases. 


CHAPTER XV 


TAYLOR’S THEOREM AND APPLICATIONS 


141. Rolle’s Theorem. If f(x) and f'(a) are continuous in the 
interval (a, 6), and if f(a)=f(b)=0, then f’(x) vanishes for 
at least one value of x between a and b. 

In the special case when f(a”) has the constant value zero 
forall values of # in the interval (a, 0), f’(~)= 0 for all values 
of x in this interval, and the theorem holds. Excluding this 
case, f(x) will be positive or negative in 
some portion of the interval. If it is 
positive, it must have a maximum at Pewee 
some point in the interval since it is 9a, Byers 
continuous. Similarly, if it is negative, @ 
it must have a minimum somewhere in BEES 
the interval. In either case f'(x) must vanish somewhere be- 
tween a and 8, since it is supposed to be continuous in the 
interval (a, 6). In Fig. 133, f’(@) vanishes twice between x =a 
and «=b. 

The assumption that both f(x) and f’(#) are continuous in 
the interval (a, 6) is necessary, as Figs. 134 and 135 illustrate. 


1D Ed 
Fia. 134 Fig. 135 


The conclusion in Rolle’s! theorem holds equally well 
whenever f(a)=/(b), even when this common value is not 
zero. What we have established here may be expressed geo- 


1 Michel Rolle (1652-1719) was a French mathematician, 
453 
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metrically: if f(x) and f’(#) are continuous throughout the in- 
terval (a, b), the curve y= f(a) is such, that along any arc of tt 
subtended by a horizontal chord (whose extremities have their 
abscissas in this interval) there is always a point at which the tan- 
gent to the curve ts horizontal. 


142. Mean value theorem. Jf f(x) and f’(x) are contin- 
uous, in the interval (a, 6), there is at least one value x of x, be- 
tween a and b, such that 


LOV— Sa) _ (2) (l) 
The function 
$(2) =f (x) — f(a) — (Ete) coe) (% — a) 


and its derivative 


—a 


are also continuous from «=atozw=b. Moreover 


$(a)=$(b) = 0. 
Hence, by Rolle’s theorem, ¢'(~) vanishes for some value a, 
between a and 0; that is, 


fila) — A= LO-L@ — 0, wherea<%4<)b; 


which proves the theorem. 

The function ¢(x) has a geometrical significance : 

In Fig. 136 the curve AB represents y= f(x), A being the 
point (a, f(a)) and B the point (0, f(6)). 
The equation of the chord AB, whose 
slope is LO) = f(a) is 

b—a 


y— F(a) =LO=29 @ — a) 


or y =s(9+ 209 ee (a — a). 
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Therefore CD, the difference between the ordinates to the curve 
and to the chord corresponding to a general value of x, is 


F@)~ F(a) - =LO @ — a), 


which is the function $(a). It is zero obviously at A and at B. 

The geometrical interpretation of the mean value theorem is 
that if f(@) and f'(a) are continuous throughout the interval (a, b) 
the curve y =f (a) is such that along any arc of it subtended by a 
chord (whose extremities have their abscissas in this interval) 
there is always a point at which the tangent to the curve is parallel 
to the chord. 

This is evidently a generalization of the geometrical inter- 
pretation of Rolle’s theorem (§ 141). 

Clearing of fractions, formula (1) may be written 


S(0)— f(a) = (0 — a) f’@). (2) 

In this form the mean value theorem gives the change in 
value of the function corresponding to a finite change, b — a, 
in the variable. If a-+h is a value of x in the interval (a, b) 


ee fla + h)—F (a) = hf'(a + 6h) (3) 
where 0 <6<1; for theona<a+ 0h<a+t+h. 


In the form (3) or (2) our theorem is frequently referred to 
as the theorem for finite increments. 


143. Extended mean value theorem. If two functions f(a) 
and (a) and their derivatives are continuous, and ¢'(x%) + 0 
throughout the interval (a, b), there is at least one value x, of x 
between a and b such that 


f(b) — f(a) AE f'(@) : (1) 

$()— $(a) (2) , 
This extension of the mean value theorem is due to Augustine 
Louis Cauchy (1789-1857), one of France’s most distinguished 
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mathematicians, and is often referred to as Cauchy’s formula. 
A simple proof for it, suggested by Professor A. A. Bennett in 
the American Mathematical Monthly, 1924, Vol. XXXI, p. 41, 
may be based upon the geometrical interpretation of the mean 
value theorem given in § 142. 

If the equation of the curve AB in 
Fig. 136 is given parametrically, 


Ca p(t), ¥ =f(t), 
Be where ¢(a@)=a and ¢(8)=), 


the requirements of the mean value 
theorem are that ¢$(t), f(t), $'(t), and 
Jf'@ are continuous and ¢/(t) #0 fora<t<f. The geomet- 
rical interpretation of the mean value theorem, when expressed 
in terms of ¢, is then 


S(B)=F (a) _ fh) 
== where a<t,< 8. 2) 
$(B)— $(@) 86)’ 
This is precisely the extended mean value theorem, in which 
the variable is ¢ instead of w and the limits of the interval are 
a and B instead of a and b. 


Fra. 136 


144. Taylor’s theorem. The theorem for finite increments 
is a special case of a most important one known as Taylor’s 
theorem. 

If f(@) and all its derivatives involved are continuous from 
x=atoxv=a-+h, let us find an expression for the number P 
such that 


fa+W-F@= "(a —Ep"@— ~~ —Z yo 


Arti 1 
Seo (1) 
where n is a positive integer. 
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Consider the auxiliary function 
H(0) = f(a +N) — F(a) — SFE 2 p(y) OER pray 
= ers be ene: P, 
n! (n+1)! 


whose derivative is 

nN. Ns 
Both these functions are continuous from «=atoxr=a+h. 
Besides ¢(a)=0 from (1) and ¢(a+h)=0 by inspection. 
Hence ¢'(a + 6h) = 0 by Rolle’s theorem. That is, — 


P= ee + Oh). (2) 


Letting R,= 
established 


(n+1) 
(n+1)! =G zs ai (SoM at 6h), we have 


Tayitor’s TuroreM. If f(x) and all its derivatives involved 
are continuous from «=atox=a-+h, 


Sa th=f(a)+— asa +5 f(a) + JF (a)+ F, (3) 


where f,, is known as the remainder after the term in hn. It is 
given by the formula 


ne 
oe wan 
This form of Taylor’s theorem was first established by 
Joseph Louis Lagrange (1736-1813), another one of France’s 
most distinguished mathematicians. The form (4) for R, is 
known as Lagrange’s form of the remainder. 
To obtain a second form for #, which is valuable, especially 
when Lagrange’s form fails to give the desired information, 
we proceed as follows : 


S@O(a+6h), 0<6<1. (4) 
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In (1) replace the right-hand member by hP. Employing 
the same reasoning as before, we find 


R,= hott — 0)" pntn(g + 0h), 9< @<1, (5) 


n!} 
which is known as Cauchy’s form of the remainder. 


Putting h= «—a, we have the useful form of Taylor’s 


theorem, 


f@)=S()+ LO @- a) + FO -ay 


(n) 
+42 Oat By ©) 
where Lagrange’s form of F,, is 


(w — a)*t pia x 
and Cauchy’s form of R,, is 
(a ee art ae 0)” 


n! 


Goria + O(a = a) ]. 


The right-hand member of (6) is often referred to as the 
Taylor expansion of f(x) at x =a. 

For the special value of a= 0 Taylor’s theorem takes the 
form 


/ ” (n) 
Fe =f0) +LOr+FOese +L Oa te, @ 
where Lagrange’s form of R,, is 


ant! pent) 
remarry U2! 


and Cauchy’s form of £,, is 


C—O p00 (6), 
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This special form of Taylor’s theorem is often referred to as 
Maclaurin’s theorem. But it should be borne in mind that the 
general term Taylor’s theorem includes it. 

Brook Taylor (1685-1731) was an Englishman. Colin 
Maclaurin (1698-1746) was a Scotchman. 


145. Approximate value of a function. While the value of 
&,, in Taylor’s theorem involves the quantity 6, whose actual 
value is usually not known, it is often practicable in the case 
of a given function to select a and n, so that, for all possible 
values of 6 subject to the condition that 0 < 6 <1, the absolute 
value of # is less than an assigned positive value «. In such 
a case, the error committed by replacing the Taylor expansion 
of the function by the polynomial arising when the remainder 
is omitted will be less than the assigned value «. Evidently 
the smaller « — a is, the smaller n may be. The choice of a is 
also largely determined by the fact that the values of the suc- 
cessive derivatives of f(x) for « = a appear in Taylor’s formula. 
The following exercises will illustrate. 

Ex.1. Find the value of sin 31° correct to four decimal 
places. In this case the permissible error is less than 0.00005. 


Since D? sin w= sin G3 4+ °), the Lagrange form of the re- 


mainder is 


ea aan a+ ae —a) } 


Using the notation |.A| for the absolute value of the quan- 
tity A 
_|e—alr| . ((n+1)7 os 
| re Ta ink oN ce ae +a+6(% —a) ||, (1) 


since the absolute value of the product of several factors is 
equal to the product of the absolute values of the factors. 
But for all values of , |sinw|<1. Hence from (1) 


ee 
el ne De (2) 
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In our exercise a good choice for a is 30°, or - in radian 


measure. Then «x—a= aaa = 0.017453, and 


|R,|Z Oone = 0.0000008. Hence if we take 


COS a sin @ 
S # (a — a) — "28 (@— a) 

as an approximate value of sin x, we have the value of sin 31°, 

to the required degree of accuracy, given by 


1 ANS 1/7\ 
1 = = (isslits 
212 180 fae aa 


sina + 


Ex.2. Find the value of Ve =, correct to five decimal 


places. 
We shall take a= 0. 
Since Dte* = e*, the Lagrange form of the remainder is 


ntl 
DR = (n +1)! er. where c= 4 
It is known thate<4. .°. e” <2 for all permissible values 6. 
1k. <a 2(4)2" “= 1 


(n+1)! 2°(n+1)! 
For n = 6, R, < 0.0000031. Hence the Ae bee value of Ve 
er b 
is given by 1+; Pte +e te +2 
3! 6! 

when # =}. ae it we find 1.64872. 

Ez. 3. Consider the behavior of the remainder for various 
allowable values of w in the Taylor expansion for f(x) = 


log (1 + 2). 
Here 
F'(@) — 3? F"(@) = a4 z ae ‘ f'" (a )= jak ane 
f(a) = ee I 


(i+ 2)” 
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It is easy to evaluate these for ~=0. Hence we shall take 
a=(. Using Lagrange’s form of the remainder, we have 


og (1+ a)=a oes 
n—lp>pn ss naypntl 
2 a, (=1)e 1 


a id 
: n+1 (1+ 6m)" 


The absolute value of the remainder is 


Wppelaliee 1 


~n+1/1 + bef (3) 


If |w|>1, the remainder is never negligible, for it grows in 
absolute value with » for sufficiently small values of 0. 

If 0<a%<1, the numerator is never greater than 1 and the 
denominator grows with n. For a given positive value of a 
not greater than 1, gentl 

|B) < mel (4) 
since (1 + 6x)" >1. 


But if —1<«*<0,1+6r%<1, and since 6 is not known 
exactly, one cannot tell from (3) how to calculate n so that 
| #,,| 1s surely less than a given quantity for a given value of a. 

In order to do this the remainder in the Cauchy form must 
be used. It is 

R, = (— Dear ke 6)” ee 1)" qs 6 nr gantl . 
(1 + Oa)"*4 1— 6x) 1+ 6a 

This form of the remainder can be used for any value of x 

such that —-l<a<1. Then 


ee Aand, 1 62 S110. 


1+ 6x 
: ms 16 \2 | a |ntt alert 5 
1 Bal =| Pp 1+ 6x ~1—|e| ©) 


For a given x, an n can be determined such that | R,,| is less 
than a given number. 
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But this form fails to apply when x = 1, in which case the 
Lagrange form was applicable. Hence we see the need of 
having the two forms for the remainder. 

Of course neither form is usable when x =—1, for f(— 1) 
=> log 0 =—o. 


EXERCISES 
Find n so that the error committed by omitting FR, in the 
Taylor development of the following functions is less than 
0.00005, and determine the corresponding approximate values : 
1. cos 62°. 2. tan44°, 3. tam‘, 4. e% 5. log 5%. 


146. Taylor’s series. The indicated sum of an indefinite ~ 
number of terms, such as 
Uy + Up + Ug + ers +U,+ °° (1) 
is known as an infinite series. The terms may be constants or 
functions of one or more variables. Thus 


= ntl 
tott ge OO - 9s (2) 
A+ ax + aH? + oe aur 4 oe, (3) 
Ware ieee eae (4) 


are examples of infinite series. It is obviously impossible to 
write all the terms of an infinite series. All that is presup- 
posed is that the law of the terms of the series is known, so 
that it is possible to write the nth term for any given n, no 
matter how large. This is obviously true of the series (2), (3), 
(4). 

Let s, be the sum of the first n terms of an infinite series. 
If as m increases indefinitely s, approaches a definite finite 


limit S, that is Wy eee 
mire, n ) 
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this limit is defined as the sum of the infinite series and the 
series is said to be convergent. The difference S —s, =r, is 
said to be the remainder of the series after the nth term. It 
also is an infinite series, formed of the terms of (1) following 
the nth term u,. The remainder, r,, is an infinite series, which, 
in case of @ convergent series, approaches 0 as n grows in- 


definitely; for r,=S—s,,and L r,= L (S—s,). But 
—>o —>o 


Sis constant,and L s,=S. .. L (S—s,)=0. 
n— > 


Moreover the condition L r,=0 is sufficient for the conver- 

: n—po 

gence of the series. 
Consider series (3).. It is known as a geometric progression, 

characterized by the fact that the ratio of each term to the 

preceding one is the same for all values of n. In this case the 


common ratio is x To sum this series we note that 
S, =atax+auv+-- + aur (5) 


Multiplying both members of (5) by a, we have 


XS, = Ae + av? + + + a0" + an", (6) 
Subtracting (6) from (5), 
(1—-2)s,=a—aa". .°. ge le ay, 
Lh ay 


If |~| <1, ||" diminishes as n increases, and L x2*=0, 
—o 


Hence, in this case, the series (3) is convergent and its sum is 


= ies (7) 


Here ,, = S —S. = 


If |x| >1, |s,| grows indefinitely with n, since |x|" does. For 
such values of x the series is divergent. 

If «=1,s,= na, which also grows indefinitely with n, and 
the series is divergent, 
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If r=—1, %, =0, &, 1=a. Hence JZ s, does not exist, 
—x0 


and the series is said to be divergent in this case also. 

Hence only when the common ratio is less than 1 in absolute 
value is a geometric progression convergent. And its value is 
given by (7). 

Series (2) also is a geometric progression, in which the com- 
mon ratio is —4. Hence it is convergent and has the sum 

{ie oe = 
1+4 3 

Series (4) is not a geometric progression.! Nor is it easy to 
find an expression for s,, the sum of the first n terms. But if 
we expand e* by Maclaurin’s theorem we find 


=1 
+= 24+ EES ee 


where F#,; = = e, 0 << 1, using the Lagrange form. 
nN. 


For a given value of a, e* has a given value, say M. While 
M may be a large number when @ is large, it is still a definite 
finite number and e* < M. 


a” aha Seiad 
Moreover for a given value of 2, a diminishes towards zero 
n! 


as n grows.2 Hence &, approaches zero as n increases; 
and the series (4) is convergent. Of course, for large values 
of «, m must be taken a large number before R, becomes less 
than an assigned small number. We say that for large values 
of x the series converges slowly. But it converges for any given 


value of 2. 
i J 


1 Rules for the convergence and divergence of many infinite series 
which are not geometric progressions are known and may be found in 
books dealing with College Algebra. They will not be taken up here. 


2 It is true that, for z a given large number, = starts out by growing 
n! 


with n. But after n>, it diminishes more and more rapidly as n 
increases. 
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Whenever, in the Taylor expansion of a function f(a), it is 
possible to name a positive number m so that, corresponding 
to a given value of x, R, is less than any assigned positive 
number, no matter how small, for n S m, we shall say that 
the value of f(x) is given by the infinite series 


f@)=s)+ LO @-q+LO@—ap 


eae + £0 @ 1)" 4 oe, (8) 


which is known as a Taylor’s series. In particular if a=0 
we have the Maclaurin’s series 


In employing a Taylor’s or Maclaurin’s series to represent 
a function, care must be exercised to restrict the variable to 
such values for which the series converges. No general rule 
can be given here. The allowable values of the variable for 
which the series, given in this section, may be used will be 
indicated, excepting when there is no restriction, in which case 
the variable may take any real value. 


Ex.1. Find the Maclaurin’s series for f(#)= V1 — 2. 
Writing f(«)=(1 — a)?, we have f(0)=1, and on differenti- 
ating 


fi@) =-4(1—-2)4 eee 
SO) =-F (1-2/4 ees 
raat Firat opm =-43, 
f(a) = — 2 00 N28 3) ae ae 


a 


Oya == -3-5 ve = 3) | 
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Substituting these in Maclaurin’s series (9) we have 


pr ie ee aes ee 
Dy SATAN PBIB 


This series fails to represent the function when |#|>1. It 
can be shown that the series converges for « = + 1 even though 


S'(l)= 
The student will recognize this as the same expansion as 1s 
given by the binomial theorem. 


Ex. 2. Find the Taylor’s series for cosa when a= 2- 


Writing f(v)=cosa, we have f & ze 0, and, on differenti- 
ating, 


—1, 


I 


S’(2) =— sine Aga Al 


f(z) =— cos% 0, 


) 
f(a) = sine mG }- ib 
ig 


f(x) = cos S oe oa spe = cos (n+ 1)F: 


Substituting these in Taylor’s series (8) we have 
bien =) are = 
cos ¢ = —( a —=)4 DE 2 
2 3! 5! 


cos (n+ 1)5 . 
+ eee tem ey) Se 


n! 
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EXERCISES 


Verify the following expansions and memorize the first five. 
aera Aes 


a 3 7 = n—ly2n—1 
2. sinx =*-2 42 _F 4... 46 Lr ix 


315! 7! (2n— 1)! 

2 4 6 = n+ly2n 

RW engiy fe ee 
. Siding = ea 


2: eae n— 
4. log Q+2)=2-E 48. CUTE, if cx X1. 


5. (l+x)r=1l+rm+ 7 w+ ve $2 Pa EIR Cr eas 


il ee| eal 
6, tante= $7 42 eo, if |a| <1. 
7. site sat 2 420 _ = 4... ee ee 
Hint. sin? ¢ = += SOS28. 
8. Ee ee ee 


Si aS] onl an arr 
2a% dat 40% 8a 
ean hy? PS ali\s 
10. nee 1) 
2 3 
= n-1 = n 
+ cee” auf = me 1) + “sie, 


if —1<(a—1)<1 or 0<w<2. 


11. log # = loga +7—* — eee ut bs, ae -+(— ty Zo" inte 


if —1<(#—a)<1 or a—1<e<a+l1. 
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as x—-1 (#—1)? 1-3 
12. Ve=1+ peas Foret — 1) 


_ 1-3-5 : 
SOE Ie ——~ (w — 1)*+ -+--, if |e —1| <1. 


13. Vexat +22 _ ee 1. se 


Q2at 222!a8 231ai Ea ele 


14 Oe 14 2082 + Cue + .. = (eng ie, 


147. Euler’s formula. When the Taylor’s series represent- 
ing a function is convergent for a set of imaginary values of 
the variable, the series may be taken as the definition of the 
function for these values. Frequently the original definition 
of a function fails when the variable is not real. Thus “e 
raised to an imaginary power” has no meaning. If in the 
Taylor (or Maclaurin) development 


sh OD ee LE x” 
e St toi aac seg oe (1) 
we let «=iu, where i=-/— 1, we have 
2 
a1 4 (2) 


This series can be shown to be convergent for all values of 
u. Hence it may be taken as the definition of e“. Noting 
that #?=—1, ##=—i, i4=1, i5=%, and so on, we may 
rewrite (2), separating the real and imaginary terms, 

uz us ur u> i 
ata Bibs ea (iG at ree ©) 

Recalling the Taylor (or Maclaurin) expansion for cos u and 

sin u, we have then 


ef = 1 — 


e* = cosu + isin u. (4) 
This formula is due to Leonard Euler (1707-1783), one of the 
world’s greatest mathematicians, born in Basle, Switzerland. 
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If u is replaced by — u, (4) leads to 


e*“ = cosu — isin u, (5) 
since cos (— u)= cos u and sin (— wv) =— sinw. 
Solving (4) and (5) for sin u and cos u, we have 


; eu an. e7t eu 4+ e7tu 
sin &=——____, cos % = ——_——__. 6 
een ark 6) 

148. Indeterminate forms. We shall consider in this section 
the limits towards which certain types of functions approach 
as the variable approaches certain critical values at which the 
functions are absolutely indeterminate. Thus we have already 
sin 0 


seen that , which is ; when 9=0, approaches 1 as 6 ap- 


proaches 0; while Bae, which also has the indeterminate 


form ; when 6=0, approaches 0 as 6 approaches 0; and we 
also noted that (1 + a) which has the indeterminate form 1” 
a 


when # = 0, approaches e as w approaches oo. 


Case 1: >. If f(x) and ¢(a) are continuous from «=a to 
*x=a-+h, and have continuous derivatives at each point of 


the interval, then using Taylor’s series 


Harn SO+M @ +eEO + .. 
o(a + h) b(a) +h! (a) +h 2) are 
If f(a) = 0 and g(a) = 0, we have, after dividing by Ah, 
LEG) 
piglet) Se ao aes (1) 
p(a + h) $'(a) + 2 + “i 
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And as h approaches 0 


p fat) _f'(@), (2) 
rn—pop(at+h) (a) 


If, however, f’(a) and ¢’(a) are also equal to 0, we have from 
(1), after striking out the common factor it 
// 
y fa+h _ ta) @) 


sogp(at+h) g(a) 
And so on. 


Ev.1. Find L ®2%. 
z—>0 « 


Formula (2) applies. 


ew AV] 1 F es i 


x — sing 


Ex. 2. Find L 
a in a 


x—sing 1—cosx| 0 
: L aera ys See 0° Hence we differentiate nu- 


merator and denominator again, obtaining 


x—sing sing]_ 90 
0 


L = eae SO. Differentiating again 


%—sing co 1 
7 an ae 


Ex.3. Fina pL La tans, 


yt cos?2 % 
“ 4 
1—tanze —sec’s” ee ee 
yz cos*t2e —2eosdasin2a |, O ; 
4 4 


§ 148] TAYLOR’S THEOREM 471 


EXERCISES 
Find the following limits: 
ess 1 — cos a 6. t — a? : 
c—>0 sing z—>a SIN (” — a) 
2 1 7 tan «— sin 
a—>1 x? — 1 a—>0 x? log (1 + x) 
ey tan @ — 2 es ip Oye 
o—>0e — SIN & >0 8 « 
rau log cos a. omer Ce 
o—>0 ay z—>0 tan x — & 
oer yt cea sine ; hs log a 
>7 2 SIN @ COS & — COS & aS Say 


2 


Case 2: 2. Lie, 2 and (x) approach o as « approaches a 


in such a way that —— de as well as their derivatives, 
Si i F@ (a) 
are continuous for a<#<a-+h, and approach 0 as & ap- 
1 


proaches a, a may be replaced by ay , which comes under 


case 1. F(x) 
When this method is not practicable, use may be made of 
the fact that in this case also 
pale) 2 sy, Sf’ (a) (4) 
Se $(a) a—>a h(n)’ 
whenever L Le) exists, it being understood that, for a value 
a—>o d’ (®) 


of h that can be named, f(x) and (x) are continuous and have 
continuous derivatives in the interval a< «x«<a-+A, and that 
J (x) and (x) do not vanish in this interval. 

To prove this we make use of the extended mean value theorem (§ 148). 
Applying this we have 


F@)=-SaG@+h) _f@) 
¢(&) — (a+ h) SVEN RL Ste en a (6) 
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or what is the same thing 


een 0 By) 1—¢(a+h) 
S(#) S(£) _ i (%1) or S(@) _ Oe ee f(%) (7) 
o(@)1—e(ath) ¢$!(a1)’ $ (a) 1—f(a+h) ¢!(m) 
$(@) J(£) 


thie IG LM) exists, callit Z. Then we may write FH) = = L + &(&), 
i—>a ¢! x) ¢! (& 1) 

where @(#;) approaches 0 as x; approaches a. en since f(#) and 

¢(&) approach infinity as @ approaches a and are not zero in the interval 


1— ¢(a+h) 
under consideration, PS OL approaches 1 as x approaches a; that 
1—f(a+h) 
1— ¢(a+h) S@) 
ig Ose = i “), where B(«) approaches 0 as & approaches 
SiC +8(@), where B(x) appr © appr a.. 
S(©) 


Hence from (6), 
I®D_14p)\(L+a)=L+pL+e 
+ O 
Sy TAtAL+o=L+6 6. 
Passing to the limit, 


TD ST a ee 
—>a (2) z—>a p! (x) 


Here L was treated as a finite number. The argument can easily be 
modified for the case when L = o. 


In the application of (4), it should be noted that usually 


2 5 also assumes fhe form % © for the critical value of 2 We 
proceed with the finding of the limit of this as we would with 


1 


the original function; that is, we examine ae by the method 


S@) 


of case 1. If this does not work, use (4) a second time and 


proceed to find the limit of @. And go on. 
$''() 
Formula (4) still holds when a=o. For introducing the 
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new variable i which approaches 0 as x approaches a, we 
have 


1 1 iL if 
Ge —SS(- re 
Bi fon ny eng NY pra 
z—>o (2) rae 1 t—>0 SG t—>0 ! 1 
t ? t t 
Sir 
z—>x ! (x) 
Ay Hind, fae 
a—>0 log xv 
ie cot a _ rE = ose? @ _ i x aft il 
=—>ologz = >o0 1 2—>0 — sin? & — 2 sin # cos a | 
x =>— oo. 
ree eid 
ran oa 
i tana _ aoe sec? & - cos?3 a _ 1+ cos62 
=e eae eta RE o> 3(1 + cos 2a) 
Ls —6sin6% _ 6 cos 6% _ 
pz — 6sin2a »—>7 2008 2a 
Ex.6. Find L & 
mo 1 
L ee L 2 we” L Zee L EP Nap 
z—>o 7° r—>>0o Be —>o 32 I—>o 3 
EXERCISES 
Find the following limits: 
145 log sin 2 @ ig ie 
z—>0 log sin x z—>x €” 
TX 
sec — 
ie 14. Z 


>» loga 2—>1 log (1— 2) 
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jKoOeE age" + ae"14 -- +a, ~7+a, 
apa bot" + ba" 4+ --- +6 e+ b, ” 


(a) ifn>m; (0) ifrn=m; (c) ifn<m. 


Case 3: 0-0. If one of the functions f(x) and (x) ap- 
proaches 0 and the other approaches « as x approaches a, the 
limit of the product f(«) ¢(#) may be determined by replacing 
the product by 


(x) S(@) 
which come under case 1 or case 2. 


Ex.7. Find ZL axlog=a. 
z—>0 


log x 


Writing x loga = 7? we have 
x 
1 
L slogez= log @ Y ipl (—x)=0 
x Xo 
EXERCISES 
Find the following limits : 
16. L xcotra. ee ae (2-5) tan 2. 
a es 
18. L ae, also 7, ge #, 
—0 —Poo 
19. L sec7logs. 20. JL tan © log a. 
2—>1 2 z—>o x 


Case 4: 1°, 0°, The function ¢(x/™ has no meaning for 
x =a, for certain forms of f(x) and ¢(x). Writing 


$(2) = eve, 
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which follows from the definition of log ¢(”), we have 
(22) =[e los C@OYO = ef@log 40), 


Now f(x) log ¢(~) assumes the indeterminate form 0 - 0 
(a) if f(a) = and o(a)=1; ie. if d(a)™ has the form 1”; 
(0) if f(a)=0 and g(a)=0; ie. if (f) has the form 00; 
(c) if f(a)=0 and g(a)=0; we. if d(a)/™ has the form 
To determine the limit of $(#)”, in any of these cases, as 
approaches a, we let w= (x), whence log u = f(x) log (a), 


and find JZ logu, which comes under case 3. Finally the 
—a 


a : aos 
limit of u is equal toe™>" 


1 
Ex. 8. Find L (cosa)*: 
c—>0 


1 log cos 
Let u= (cos x)”. Then log u=—S =. 
L log cos & _ | ee lL 
>0 2 2—>0 2a z—>0 2 2 
1 
L (cos a) ek. 
—) “y 
Ex.9. Find L (cos 2)*. 
x—>0 
1 
Let u= (cosz)*. Then logu= SUE 
zp logcosa_ 7 —tane_ pte ee ar +0 


depending upon whether 2 approaches 0 from the positive or 


negative side. Hence 
1 
L (cos #)* = e-*=0 when « approaches 0 from the positive 
z—>0 


side. 
1 
L (cos “)*=e* =o where x approaches 0 from the negative 
l g 


side, 
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We have here an example of a function which approaches 
different values as the variable approaches a critical value from 
different sides, and has no value when the variable assumes 
the critical value. 


EXERCISES 
Find the following limits : 
1 J 
Oh, Ib ee. 24. L (*%+ cos @)*. 
z—>1 —>0 
22.0 a (COL ed ene, Ob Balun 
esa : 
23. DL (e+2)*. 26. LL (sin a)ten, 
z—>0 —>5 


Case 5: wo —o. If f(x) and ¢(x) both become o when 
«=a, their difference f(x) — $(”) has no meaning when w= a. 


Frequently this can be put into the form 5 or 2, and can then 


be handled by the appropriate method. The following exer- 
cises will illustrate. 


Ex.10. Find L (cscx— cota). 
2—>0 


1 _cosx_1—cose# 
sing sing sin 


Writing csc x — cotx= , we have 


jhe in 
L (cscx—cota)= L an COE Wi pee 
eee >0 sing z—>0 COS & 


Ex.11. Find L (V1+2?—2). 
—>o 


Introduce the new variable al 
x 


Sq gat ge eee LtVi peat 


t t t 
L(G =a) ee 
—>o t—>0 t —>01/1 + 7? 
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oe ai ee 
w>i\e—1 loge 


a(t aS 
a>i\e%—1 logr/ 1 (w—1)loge 
1 


hee Ne 

ead ek 2 
ay easy 
EXERCISES 


Find the following limits: 


eloga—x+1_ 7 
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loga+1 


me rete ae 
a 


27. L (log(a+1)—logz), 29. 
> 


28. 


31. 


32. 


33. 
34. 


35. 


36. 
37. 


38. 


39. 


L (ese? eC — zi 
z—>0 a 


7 CL 2. 
w—>at—a 
ie tana —1 


L (1+sin a), 
r—>0 


L sin log cot 2. 
z—>0 


1 
L (142)* 
zc—>0 


LL (seca — tan 2). 
— > 


30. De re 2 ) 
r—>0\ 0 e— 1 


1 
so, ate, 
Ge Sil 
a >-1 £+ 1 
L tan 7 — sin x | 


41. 


42. 
z—>0 a3 

43. LL GS cot | 
o—>0\ a Z 


44. L (ese AR = i 
z—>0 Ho) 


% Lie leet 


45. : 
—>0 e*— SIN® 


1 
46. L (cosa)#. 
r—>0 


47. LL tan 5 log (2 — 2). 


r—>l1 
4s. L asin’. 
—Po we 
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49, pL SRe—eCose 55. L log a | 
—>0 w— sing a >1l—-2 
60: 2 a (cota)2 =. 56,9 Las 
2—>0 z—>0 
51. LZ xlog sine. 
4 g 57. hak (x — 2) cot ra. 
tg Z 
52. Poa — x) sec 5 58. L (14a). 
log ee 
53. —__—__—_— sins 
+s log (log 2) 59. he (tan a)sin 2, 
Ba eee ae Hb (Go 
~—>0 log sin x 2—>0\ x 


149. Operations with Taylor series. It can be proved that if 
the Taylor series representing two functions 
S (®) = A + ay (a — a) + g(a — a1)? + ++ (1) 
(2) = Do + bi(% — a) + bo(% — a)? + ++ (2) 
are convergent in the same interval (a—k, a +k), then (a) 
the sums of the corresponding terms of the two series form a - 
new series which represents the sum of f(x) and ¢(x) in the 
interval (a —k,a+k); (b) the differences of the correspond- 
ing terms of the two series form a series which represents the 
difference of the functions in the interval (a—k, a+k); 
(c) the series, whose terms are obtained by taking the product 
of each term of (1) by each term of (2), and then arranged in 
powers of x, represents the product of the functions in the 
interval (a —k, a+k); (d) the series obtained by dividing 


(1) by (2) represents the quotient a and holds in the in- 
a 


terval (a —h, a+h), where h is either k or the distance of 
the nearest root of,¢(«) = 0 from a, if this is less than k; (e) if 
the terms of the Taylor series are differentiated, the resulting 
series represents the derivative of the function represented by 
the original series, both series having the same interval of 
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convergence; (f) if the terms of the Taylor series are inte- 
grated, the resulting series represents the integral of the func- 
tion represented by the original series, both series having the 
same interval of convergence. 

In other words, the Taylor series representing functions 
may be treated like polynomials, with the caution as to the 
interval over which the result holds in the case of division. 


Ez. 1. Show that 
ae a ae. ~) for -1l<a#<1. 
x 


1— 3. 5 
We saw that 
log(1+2)=$-F 45-74... for -l<a<l. (3) 
If we put « = — y, this leads to 
Vers 1 oy 


» log (1 —w)=—>—=—=-———>+: ,for—l<a<l. 4) 


Series (3) and (4) hold simultaneously in the interval 
—1<a<1. Hence we may take their difference, term for 


term. Noting that log (1 +) —log(1—2)= log + = = the de- 
sired result follows. 
Ex. 2. Show that 


5at 612° T T 
seoa=1 +420 408 ra +..-, for oe os 
We saw that 
a a a ---, for all finite values of a. 


2! 4! 6! 
Hence to find the Maclaurin development for sec we use (9) 


of § 146 or (d) above, in the case of ie The interval over 
COS & 
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which the resulting series holds follows from the fact that 


vis (ts 
secx=o or cosx=0 for fs and Pao 


Ex. 3. Show that 


5 
tanta 2-2 a --, for —1l<a<l. 
By the binomial theorem 
iz peal) ss be oo, for Laat. 
x 


Integrating both sides, 


The value of c, the constant of integration, may be found by 
noting that tan710 = 0. 

Ex. 4. Find approximately the length of a quadrant of the 
ellipse «= acos¢, y= Dsin@. 

ds? = dx? + dy? =(a* sin? d + b? cos? d)d¢? 
=[a? — (a? — b?) cos? $ | d¢?. 
Va — 
a 


Remembering that =e, the eccentricity of the ellipse, 


ds = avV1 — e cos? ¢ d¢. 


smd la vie e? cos? d dd. 
0 
No expression for the indefinite integral of 1 — e?cos?¢ is 


known. Expanding by the binomial theorem, 


233! 


(1 — e2 cos? o)? =1 — Le? cos’ ae et cost hd — e cos’ 
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which holds for e?cos?@6<1. Since e < 1 for an ellipse, and 
cos? @ = 1 for all values of ¢, this series converges for all values. 
of ¢ So we can evaluate s by integrating term for term. 
Doing this, and remembering that, by Wallis’ formula (§ 60), 


T 


ee ges eo nel) + 
S28 Oe Oe ee ear eae 


an 1\?.,  /1-8\2e /1-3-B\e 
Go tel et ee = 
2 5) aac Gamal 
23 (diis Dei eee 
a 


EXERCISES 


1. Making use of the fact that tane=""*, use the 
cos @ 


Maclaurin expansions for sinw and cos# to find 4 terms of 
the Maclaurin expansion for tan 2. 


2. Making use of the fact that aa =) = a a obtain 
the Maclaurin expansion for are from the Maclaurin ex- 
—2 
pansion of i = Be 1— 2), 
3. Similarly find the expansion for nea 


4. Expand as infinite series 


1 sin « *cos x Bee 
a) f de of = de; () fe de; 
scale wp *log(1+2) _ 
(a) JS = de (e) JS ae 
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150. Theorem of the mean for a function of two variables. If 


J («, y) and its derivatives — Si, and 6 = f\ are continuous 
functions in a given region of the plane, in this region 
S(at+h b+k)—f(a, d) 
= hfi (a+ oh, b + 0k) + kf} (a + Oh, b + Ok). (1) 
For, if tentatively we let s=a+th and y=b + th, f(a, y) 
becomes a function of the single variable ¢, and we may write 
S(a + th, b + th)= F(t). 

This function and its derivative are continuous, so we can 
apply the theorem for finite increments (§ 142) to it. Hence 
Fit+ At)— F()=AtF'(t+ 6At), where0<6<1- 

oo f(at+[t+ Atjh, b+[t + At]}k)—f(a+ th, b + th) 
= Athfi(a+[t+ OAt]h, b+[¢+ 6 At]k) 
+ Atkfj/(a+[t+ OAt]h, b+[t+ OAt]k). (2) 
Noting that fia+h, b+k)=F(1) and f(a, b)= F(0), and 
that #'(1)— F'(0)= F'(@), we have from (2), when we put t = 0 
and At =1, 
S(a+h, b+k)—f(a, 6) 
=hfi(a+ 0h, b+ 6k) + kf (a+ 6h, b+ 6k). 
Thus the theorem is proved. ) 


The theorem can be extended readily to functions of any 
number of variables. 


151. Taylor’s theorem for a function of two variables. If 
J(, y) and all the derivatives involved are continuous in a 
certain region of the plane, we can find an expansion for 
S(a+h,y+k) in terms of positive integral powers of h and 
k, by proceeding in a manner entirely analogous to that used 
in the previous section. 
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Let F()=f(a+th, b+ tk). Developing by Maclaurin’s 
theorem 


! n 
PO) =FO)+F)t+ Oey. +2 Op 
* nN. 


P+ (60) su, 
(n+ 1)! 

Since F'(t)=hf{(a + th, b+ th) + kf} (a+ th, b + th), 

F'(0) = ht (a, b) + kft(a, 8). 
Similarly, since 
F''(t) = Wfi(a + th, b+ tk) + 2hk fi] (a + th, b + tk) 
+ kf\ (a+ th, b + tk), 
F"'(0) = h?fii (a, 6) + 2hk fi) (a, b) + kf} (a, 0). 
If we write symbolically (AS, + “5,) S=hfi+kfi, where 


(1) 


2, stands for é and J, stands for <, and if we understand 
y 


(hS, +kL,)*f to mean (WL2 + 2ZhKA,S, + kD, 
that is, hf + 2hk fll + kefll; then 
F'(0)=(hS, + kS,) f(a, b) and PO) =D. + KI,)*F(t b). 
Similarly, if Az DS? stands for se 
by step that 
FM = OD, + EDIT Y) 


ae it can be shown step 


es = wd, fs #2.) "F(a; , 
Fh 6t) = (hd, + kSy)* "f(a + Oth, b+ Otk). 
Since f(a +h, b +k) = F(1), we have, on letting t = 1 in (1), 
S(ath,b+k) . 


= f(a, b) + (hd, + kdy) f(a, Tees eae 


This is Ge s theorem for a ae of two variables. Its 
extension to functions of any number of variables is obvious. 
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152. Infinitesimals and infinites of various orders. An infini- 
tesimal, as we have noted before, is a variable which has the 
limit zero. The infinitesimal need not always be a very small 
quantity. At some stages of variation it may have large 
values. The essential thing is that a stage can be named, 
from and after which the absolute value of the infinitesimal is 
less than an assigned number no matter how small. 

The ratio of two infinitesimals « and B may have a finite 
limit, including 0, or it may be «, as we saw in § 148. 

If the limit of the ratio & is finite and not 0, the infinitesi- 

a 
mals are said to be of the same order ; 

if the limit is 0, B is said to be an infinitesimal of higher 

order than a; 


if the limit is 0, 8 is said to be an infinitesimal of lower 
order than a. 


If an infinitesimal « is taken as the standard or primary 
infinitesimal, a second infinitesimal 8, such that the limit of 


is finite and different from 0, will be said to be an infinitesi- 
a” 


mal of the nth order with respect to a. 


Thus we have seen that since ZL IN 1, sin 6 is of the 
6—>0 

same order of infinitesimals as 9; butsince J Cl) 

o> & 2’ 


1 —cos is an infinitesimal of the second order with respect 
to 6. a 

Similarly if « and 8 have + o for limits, they will be known 
as injinites. 


If the limit of: the ratio B is finite and different from 0, « 
a 


and £ are said to be injinites of the same order ; 


if the limit is 0, B is said to be an infinite of lower order than a; 
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if the limit is ©, @ is said to be an infinite of higher order 
than «. 


If an infinite @ is taken as the standard or primary infinite, 


a second infinite @, such that the limit of © is finite and 
a” 


different from zero, will be said to be an injinite of the nth 
order with respect to a. 


Ez.1. Show that for # an infinite, e7 is an infinite of higher 
order than w where n is any positive integer, no matter how 
large. 

Ex. 2. Show that for x an infinite, logw is an infinite of 


1 
lower order than x", where n is any positive integer no matter 


how large. 


153. Differentials. While a differential is not necessarily an 
infinitesimal [it is defined as an increment of the variable of a 
certain kind (§ 30) ] in its applications, it is usually considered 
as an infinitesimal. This will explain its definition. Thus 


uf y=f(v), then y+Ay=/f(x + Az), and 

py = L@+A2) FO) aw 

Au 

We defined the differential of y as 

dy = f' (a) Aw. 

"Ay — dy Fe | Ag, or 
Ax 
Ay — dy _ f(@+Ax)—f(e) _ ps 
at HEE f(a). (1) 


Now if Aw approaches 0, the right-hand member of (1) ap- 
proaches 0. Hence, considering Ax as an infinitesimal, Ay — dy 
is an infinitesimal of higher order than Ax. So we see that the 
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differential of a function is made up of that part (the principal 
part) of the increment of the function which is of the first 
order of infinitesimals with respect to the increment of the 
independent variable. In the case of the independent variable 
x, the increment consists of the single term Az, which is, of 
course, an infinitesimal of the first order when Aw is the 
primary infinitesimal. Hence Aw is the differential of the 
independent variable. 
If y = f(x), we have by Taylor’s theorem 


yt Ay=fet de)=S(e) +/'@) do + FO ae + 


by =f" (ae + LO) ase + ay. (2) 


Here we see again that f'(a) Aw is the part of Ay which is of 
the first order with respect to Ag. 

In chapters XI and XIV various quantities were determined 
as definite integrals. ‘The differentials of these quantities, 
which are used in the respective definite integrals, differ from 
small portions of the determined quantities by infinitesimals 
of higher order. It is upon this fact that Duhamel’s theorem 
is based. 

Formula (2) suggests the definition of higher ordered differ- 
entials. Thus we have, as definitions, 


the second differential of y = @y = y" da’, 
the third se ential of y =Py=y'" da, 


the nth Pe he cS yo Sdy=y™da". 


Then we can write 


| dy = dy + Se 4 SU 4... 


Obviously the second and higher differentials of the independ- 
ent variable are equal to zero. 
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With the notion of higher differentials available, the differ- 
ential notation for higher derivatives naturally suggests itself ; 
thus (§ 31) 

grass ele m UY, (3) 
da? da? da” 


Attention should be called to the fact, however, that while 
ay = on holds whether x is the independent variable or not, equa- 
x 
tions (3) are true only when x is the independent variable. 


Thus it will be left as an exercise to show that, if # and y are 
functions of a third variable ¢, 


rue dad?y — dy@a_ 
dx? 


From Taylor’s theorem for a function of several variables 
(§ 151), we have, if 


u=f (x, y, 2), and if we write 
Au= f(x + Ax, y + Ay, z+ Az)— f(x, y, 2), then 
a= a Y 2) nya ao Daye a Y 2) ny 
ie y z 


+ terms of higher degree in Aw, Ay, Az. 
Considering Aw, Ay, Az as infinitesimals of the first order, the 
part of Aw of the first order is 


Ep ee 
Ci) 32 —A NZ, 4 
ae i AN rhe EMEE Eo (4) 


This is taken as the differential of u (§ 106). 


As in the case of a single independent variable, the differen- 
tial of each of a set of independent variables is the same as its 
increment; that is, . 


di Ae dy hy, dz Az. (5) 


These follow from (4) when u =a, y, and z in turn. 
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154. Differentiation under the integral sign. If f(a, a) is a 
continuous function of # and a@, it can be proved that the in- 


23 : ; 
tegral f J (a, «) dw, where w, and a are constants or functions 
ay 


of «, is a continuous function of « Write 
(a) =|) *f (a, a) dx. (1) 


Giving « an increment Aa, we have 
Lot Axe LD 
Ag _ al flr, a+ Ba) de — f(a, «) ae} (2) 
Aa Aa ay+Az, a 


Here «(0 + Aw) = a + Aa, and a(a+ An)= a+ Aa. Using 
the properties of definite integrals given in § 90, we have 


Zot+Azy a to+ Az totAte ex+Azx 
I(x, «+ Aa)da= ={4 a =| 
%+Az, pers Kay 


where the integrand is the same for all the integrals. Using 
this in (2), we may write, since Aw is a constant as far as & is 
concerned, 


ab = [Testeaa feo, Aun a —f Ve a + Aa) da 


a cates 
gigs Ie, a+ Aa)dx. (3) 

Using the theorem for finite increments (3), § 142, 

f(a, a+ Aa)—f (a, 0) = au f(a, a+6da), 0<6<1. 

Using also the theorem of the mean for integration, § 91, 


ZotAze 
aed, 1 a+ Aa) da = AS (0 + 6: Av, «+ Ae), 0<6,<1, 


2+Az, 
x if f(a, a+ Aa) dx = at (e+ 6,Ax,a+Aa), 0<6, <1. 
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Equation (3) may then be replaced by 


A a) A 
a= gal e+ 6 Aa) dr + =? f(e, + 6, Aaa, + Aa) 


— 21h, +0, Ax, a+ Aa). (4) 
Passing to the limit for Ac = 0, we have 
db (OE 8) ag 4 93 play, 0) — 
APS | is ie dx at dot a) de I (%1; ). (5) 
If x, and 2 are fixed, not depending upon the parameter a, 


ot =f “Of 2h ot) da, (6) 


which says that the derivative of a function of a parameter 
defined by a definite integral with fixed limits may be obtained 
by differentiating under the integral sign. But when the 
limits are not fixed, the additional terms given in (5) appear. 


ee ee Sareea nae ae > =  . Dee” eo i es ee ere 


APPENDIX 


I. HYPERBOLIC FUNCTIONS 


1. Hyperbolic functions. Certain combinations of e? and e-* 
give rise to functions of w which play a very important rdle. 
In many respects they resemble the trigonometric functions. 
As we shall see, their geometric répresentation ties up with 
an equilateral hyperbola in a manner analogous to that of the 
trigonometric functions with a circle. They are called hyper- 
bolic functions just as the trigonometric functions are spoken 
of as circular functions. The hyperbolic functions may be 
defined as follows: 


sinha =” > e™, read hyperbolic sine of a, 

cosh a = + aN , read hyperbolic cosine of x, 

tanh 7 = - i =) read hyperbolic tangent of a, 

coth x = _ + - read hyperbolic cotangent of a, of 
sech 7 = = ==) read hyperbolic secant of a, 

escha = a pet read hyperbolic cosecant of x, 


Other suggested notations for these functions are hysin a, 
hycosx, hytanw, hycota#, hysecx, hyesex; also hsa, hea, 
ht2, hetw, hsew, hese a. 
But the ones we shall use are the generally accepted ones. 
491 
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From their definitions, it is obvious that 


sinh (—#)=— sinha, cosh(— «)=cosha, tanh (— 2) 


=— tanha, (2) 
coth(— x)= —cotha, sech(—a)=secha, csch(— 2) 
=-—cscha, 
Prine Cot eas oe sech 7 = ; 
cosh x sinh x cosh x (3) 
escha = nurs 
sinh w’ 


cosh? « — sinh?# = 1, tanh?a + sech?s = 1, (4) 

coth? « — esch’a = 1. 

These formulas are strikingly similar to those connecting 

the trigonometric functions. As a matter of fact, all the 

formulas of trigonometry have their analogues, as we shall 
proceed to illustrate. . 


From (1) it follows at once that 
e* = cosha + sinha, e-* = cosh a — sinha. (5) 
Using these, along with 


ezty = e7eY and e+) — e*e-¥, 
we have 


cosh (a + y)+ sinh (a + y) 
= coshx coshy + sinha sinh y + coshz sinhy + sinh# cosh y, 


cosh (# + y)— sinh (x + y) 
= cosh x coshy + sinh # sinh y — cosh sinh y — sinh cosh y. 


Taking the sum of these, and then the difference, we have 


cosh (w + y) = cosh x cosh y + sinh sinh y, 6 

sinh (« + y)= sinh coshy + coshe sinh y. (6) 
Replacing y by — y, and using (2), 

cosh (% — y) = cosh x coshy — sinh sinh y, 7) 

sinh (« — y) = sinh # cosh y — cosh@ sinh y. ( 
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It will be left as an exercise for the student to show that 


tanh +tanhy 1+ cothacothy 
tanh = —___=—* , coth = - (8 
e209) 1+tanhatanhy’ ass cotha + cothy 2 


Letting y = x, we have from (6) and (8) 


2 tanh x 


sinh2e%=2sinhacoshs, tanh2¢=——~—“~_, 
1 + tanh? (9) 
cosh 2% = cosh?a + sinh? a, coth2« = soOGLL Es 
2 coth x 
Using (4), we have 
cosh 2% = 2sinh?x + 1=2 cosh?a —1; (10) 


From these, we have 


sinh x =e, cosh e =f Ze tt (11) 

1% /cosha —1 x. feosha +1, 14 

sinh >= ae CoD 9 ; (11) 
Inge — a cosha+1 

ee ee eee 12 

2 cosh a + 1’ OS cosh a — 1 oe 


From (6) and (7) the following may be obtained by methods 
entirely analogous to those employed in trigonometry, 


or 


sinha + sinhy = 2sinh “4 cosh 2 —¥, 


sinh « — sinhy = 2 cosh 2 Y sinh 2—Y 


? 
(13) 
cosh x + cosh y = 2 cosh ae cosh pee 


cosh x — cosh y = 2 sinh a sinh ae 
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From the definitions of the hyperbolic functions [or, from 
these, together with (3)], the student should have little diffi- 
culty in obtaining the following differentiation formulas: 

XXV. D, sinh u = cosh u D,u. 

XXVI. D, coshu = sinh wu D,u. 

XXVIII. D,tanhwu = sech? u Du. 
XXVIII. D, coth u =— esch? u D,u. 
XXIX. D,sechu =— sech u tanh u Du. 
XXX. D, esch u =— eschu coth u Du. 


The Maclaurin developments for sinh # and cosh w are easily 
found to be 


sith pean ae eee 
ego GO 14 
cosh wa Dep eee ee ae 
es Hoar ale : 


If we compare these with 


sin i = es — (a)? (ix)? _ (ia)! ee eee 


3! 5! 7! 
rene oa ct fel 

sii acsa | 
= ¢ sinh 2, 

et eee 

‘ ee oe een 

a Ge i. Oe 
Fe oa ea 
= cosh 2, 


we have the fundamental connections between the hyperbolic 
and the trigonometric functions 

sinha =—isinix, coshe# = costa, (15) 
which will explain the algebraic signs appearing in the for- 
mulas of this section. 


Formulas (15) could have been taken as the definitions of 
sinh and cosh«; and this is sometimes done. But the fact 
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that the hyperbolic functions are real when the variable is real 
can be emphasized better by defining them as functions of a 
real variable than as functions of an imaginary one. 

Formulas (15) will also account for the striking resemblance 
of the first of formulas (5) to Euler’s formula (§ 147), and of 
the formulas (1) defining sinha and cosha with formulas (6) 
of § 147. 


2. Geometrical representation. Gudermannian. The name, 
hyperbolic functions, was given to the functions under consid- 
eration, because geometrical representations for sinhw and 
cosh u with reference to an equilateral hyperbola exist entirely 
analogous to those of sin u and 


cos u with reference to a circle. P 
If the equation of the equi- 
lateral hyperbola is Q 
a? — y? = a? ahi 
a oa Neon gear 


it may be put in the para- 
metric form 
%=acoshu, y=asinhu, 
because of the first of for- 
mulas (4). 
The area of the sector OPA, which we shall represent by S, 


Fia. Ia 


is given by Ae V2? +a2dx. Evaluating this, we have 
S= 1a? log (2 m = 1a? log (cosh u +4 sinh w). 
GO 


Or, using (5), we have finally 


S=1 aus 
whence 
TR (16) 
az 


We have thus shown that the codrdinates of any point P on 
the equilateral hyperbola x? — y? = a? may be represented by 


e=acoshu, y=asinhy (17) 
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where u is the area of the sector OPA multiplied by the constant 


5, just as the codrdinates of any point Q, on the circle 
w+ y? =a? may be represented by 
e=acosé, y=asin§g, 


where 01 is the area of the sector OQA multiplied by the same 


constant 2 . 
az 


Formulas (4), together with (3), suggest the possibility of 
expressing the hyperbolic functions of u as trigonometric func- 
tions of a new variable @ as follows: 


sinhu=tan6, coshu=secd, tanhu=sin6, (18) 
cothu=csc@, sechu=cos@, eschu= coté. 


The geometric representation of this new variable 6 can be 
found readily. In Fig. Ia, let M be the foot of the ordinate 
at P, and let Q be the point of contact of the tangent drawn 
from M to the circle. Then x of the point P, which we saw is 
om 
0Q- 


equal to acoshu, is also equal to asecé6, since sec? = 
Pence cosh u = sec 6. 
The remaining relations of (18) follow at once from this, be- 
cause of (4) and (8). 

The variable @ is known as the gudermannian? of u, and is 
written 6=gdu. From Fig. Ia it may be seen readily that, as 


wu varies from — o to o, 6 varies from me tom. 


2 


1JIn the case of the circle, 6 is usually taken as the angle AOQ. 
Letting the area of the sector OQA be S!’, we have S! = 4426; whence 


= = Sie 
a2 
2The name is derived from that of Christof Gudermann (1798-1852), 


a German mathematician, who played a large part in introducing hyper- 
bolic functions into modern usage, 
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The graphs of the hyperbolic functions illustrate the rela- 
tions connecting uw and 6 given in (16). Thus the graph of 
sinh u, Fig. Ib, suggests a single branch of the tangent curve; 
while that of coshwu, Fig. Ic, suggests a single branch of the 
secant curve; and that of tanh u, Id, suggests a part of the sine 
curve. 


Y 


O 


Fie. Ib Fia. Ic - Fria. Id 


It will be left as an exercise for the student to sketch the 
graphs of the remaining hyperbolic functions, and to compare 
them with those of the corresponding trigonometric functions. 


3. Inverse hyperbolic functions. Since the hyperbolic func- 
tions are expressible in terms of the exponential e’, it is not 
surprising that the inverse hyperbolic functions are expressible 
in terms of log, which is the inverse function of e7. Thus 
if x= sinhy, then y=sinh's#. Here 


ey — e¥ 


2 


t= *.e*7¥—2e—e%=0 or e% —2xaerv—1=0. 


Solving this quadratic equation in e’, 
ev =at+Ver+1; 


the + sign must be used before the radical because e” is posi- 
tive if y is real. Taking the logarithms of both sides, 


y = sinh a = log (« + V2? + 1). (19) 


This is real for al] real values of 2. 
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In an analogous manner the student should show that 


cosh"! a = log (w + V2? — 1) for a >1, 


tanh- 4 = Hog + + fop g2 a 
—2 
= e+1 
coth jy bee for.2? >1, (20) 
sech # = lope for 0 <a <1; 
x 
esch! x = log 1+Vi +2 for all real values of a. 
£ 


The student should draw the graph of each of these inverse 
functions. 


From (19) and (20), or directly from the definitions of 


the inverse hyperbolic functions, we have the differentiation 
formulas 


XXXL OD, sinhty = —24_. 
Vw+i1 


XXXII. D, cosh?y = +22". 
Vur—1 


XXXII. D, tanhw = ott. 
XXXIV. D,cothtu= rare 


XXXV. D,sechty =_+£D. 


XXXVE Dy cschtwo 
uVv1 + uv? 


These suggest the following integration formulas, the first 
three being alternatives for the corresponding formulas in § 50, 
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a sinh7 ee @: {|S + eosh-1” + (Op 
Vite a Va =e a 
f : Ue = Lianho Te Oe or 1 coth-17 + @. 
a—a a a a a 
aa 1 x il a (21) 
i; —— = + —sech !~4+ C=+-cosh?-+ C. 
av a2 — x? a a a x 
f Ge ach te ein 
av ar+ x a a a x 


From these we have the following definite integrals, which 
are real for the indicated values of the variable : 


eee = sinh)”, for all real values of 2. 
0 Va? + a? a 
Jf ——- + cosh, for > a. . 
a /o— a 
é (22) 
iim tanh“, for # < a’. 
a a 


0 a? — ov? 


if Bes _=*coth®, for a? > a. 
2 @—a a a 


II. SOLID ANALYTIC GEOMETRY 


1. Rectangular codrdinates. Those elements of solid analytic 
geometry which were presupposed as known in the main body 
of the book, will be recalled here. It will be well to have in 
mind the principles and methods of plane analytic geometry 
and note how these are extended to the consideration of space 
geometry. 

The element in both geometries is the point. The simplest 
locus in plane geometry is the straight line. In space, the 
simplest locus or configuration is the plane. The straight line 
is not so simple, as we shall see. 

In plane analytic geometry the position of a point is fre- 
quently determined by its rectangular cartesian codrdinates, 
that is, by its distances from two mu- 
tually perpendicular lines, known as the 
axes of coordinates. Correspondingly in 
space, we can fix the position of a point 
by determining its distances from three 
mutually perpendicular planes, known as 
the codrdinate planes. Thus in Fig. Ila, 
the planes YOZ, XOZ, XOY are sup- 
posed to be mutually perpendicular. 

If Pis a point in space, PA, PB, PC, its respective dis- 
tances from these planes, are taken as its coordinates, and, 
analogously to the notation in plane analytic geometry, are 
designated by x, y, 2, respectively. 

A convenient modification, which enables one to make a 
simpler diagram, is to bring into evidence OX, OY, OZ, the 
lines of intersection of the codrdinate planes and use these as 
coordinate axes in the following manner: Dropping a perpen- 

500 


Fic. Ia 
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dicular from P upon the plane XOY we obtain C. This is 
said to be the projection of P upon the plane. Similarly, 
drop a perpendicular from @ upon OX, obtaining M, its pro- 
jection upon the line. Then evidently 


t= OM yy =MC) 2 =.CP: 


Since # is measured in the direction of OX, the latter is 
known as the x-axis. Correspondingly, OY and OZ are known 
as the y-axis and z-axis respectively. 

Similarly, since each of the coordinate planes contains 
two of the coordinate axes, the plane YOZ is known as the yz- 
plane, the plane XOZ as the xz-plane, and the plane XOY as 
the ay-plane. 

The point O, which is the common intersection of the co- 
ordinate planes and also of the coordinate axes, is known as 
the origin. 

The coordinate planes divide all space into eight compart- 
ments or octants. Points in the various compartments are 
distinguished by the algebraic signs of their coordinates analo- 
gously to what is done in plane analytic geometry. Positive 
and negative directions are chosen along each axis, and each 


Fic. Id 


coordinate has the positive or negative sign according as it is 
measured in the positive or negative direction of the corre- 
sponding coordinate axis. 

In Fig. Id, the positive directions along the axes are indi- 
cated by arrow heads. Then the coordinates of P, as drawn, 
are all positive. 
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2. Distance between two points. Let P, and P, be two given 
points, whose coérdinates are (*, ¥1; Z) and (a2, Yo, 2) Tespec- 
tively. Let their projec- 
tions on the «y-plane be 
Q,and C, In Fig. IIe, 


X — XH = OM, — OM, 
= MiMi GCiD: 

Yo — w= M0, — MQ 
= DO,. 

Ze — 2%, = O,P,— CP; 
= HH Po. 


In the upper part of the 
figure we have a rectan- 
gular parallelopiped with 
P, and P, a pair of opposite vertices, and each of the edges 
parallel to a coérdinate axis and equal to the difference be- 
tween the corresponding coédrdinates of P,; and P, Thus 


Fia. IIc 


P,R=%,—-%, PS=y—-yY, P,T=%—%. 
Since P,P,’ = P,E’ + EP, = PE’ + (% —%)?, and 
PE’ = PR’ + RE’ = (a — 2%)? + Y2— 1)’, 
P,Py = (&2 — &)? + (Ye — 91)? + (@ — %1)* 
Letting P,P, =1, we have the important formula 
1 = -V (ag — 2)? + (Y2 — Ys)? + (2 — 21) (1) 


This formula is entirely analogous to the corresponding one 
for two dimensions. 

In general, if we let all the z-coordinates which appear in 
any formula be zero, the resulting formula must hold for two 
dimensions. 


3. Direction cosines. In plane analytic geometry the slope 
of a line, that is the tangent of the angle which the line makes 
with the a-axis arises as the simplest means of determining 
the direction of the line. In solid analytic geometry it is 


SOLID ANALYTIC GEOMETRY 503 


found convenient to use all three angles which a line makes 
with the coordinate axes! in determining its direction in space. 

These angles are known as the direction angles of the line, 
the direction angles with respect to the w-, y-, z-axis being 
usually denoted by a, 8, y respectively. 

In order to fix these angles precisely, we assume one or the 
other direction along the line as the positive direction along it, 
and then say that the direction angles of the line are the angles 
which this positive direction makes with the positive direc- 
tions of the respective coordinate axes. By a proper choice of 
the positive direction along a line, at least two of the direction 
angles can always be made acute. 

The cosines of these angles are easily expressed in terms of 
the coordinates of two points on the line, and are known as 
the direction cosines of the line. Thus in Fig. IIc 


pee each 
PP, i 
DES Y= 9) ) 
Nae Netra nema () 
A:T _(~—*%) 
CA alata eo 


These formulas are deduced on the supposition that the line 
P,P, is directed positively from P, toward P,. The statement 
that, at least two of the direction angles, can always be made 
acute by a proper choice of the positive direction along the 
line is equivalent to saying that, at least two of the direction 
cosines can always be made positive. From (2) we see that 
this is substantiated if the positive direction along the line 
P,P, is taken in such a way that at least two of the differ- 
ences of corresponding coordinates appearing in (2) are posi- 
tive. Here / is taken as positive. 


1Jt is understood that the angle which a line makes with a non-inter- 
secting line in space is the angle which it makes with an intersecting 
line parallel to the other line. 


504 CALCULUS 


The angles a, 8, y are evidently not independent. The 
analytic relation between them is 


cos? « + cos? 8B + cos? y = 1, (3) 
as is obvious on squaring both members of each of equations 
(2) and adding, making use of (1). 

If, in the plane, instead of using a single angle to determine 
the direction of a line, the two angles a and 8 which the line’ 
makes with the axes of w and y respectively are employed 


B=+ 6 — «) according as « is acute or obtuse. 


.. cos B = sina, and cos? « + cos? B =1. 


Remark. —In practice, when two points on a line are known, use is 
made of the fact that the direction cosines of the line are proportional to 
the differences of the corresponding codrdinates ; that is 

COSa: COS B: COSY = Lz — 1: Y2— Yi: Ze — Z%. 

This follows at once from (2). To find the direction cosines, we 
divide each of these differences by the square root of the sum of their 
squares. 

Thus for the line adjoining (6, 8, — 4) and (4, 0, 2) 

cosa: cos 6: cosy =— 2:—38:6=2:3:—6. 
“. COSa=#, cosB=F%, cosy =— §. 
Here the positive direction along the line must be taken from (4, 0, 2) 
toward (6, 3, — 4) if two of the direction cosines are to be positive. 


EXERCISES 
Find the distances between the following points and the 
direction cosines of the angles of the lines joining them. 
1. (0, 0,0) and (2, —2,2). 4. (1, 2, 3) and (3, 0, 5). 
2. (3, 1, 4) and (1, —3, —1). 5. (5, —1, 2) and (6,4, 0). 
3. (4, 2, —1) and (5, —1,1). 6. (2, 3, 0) and (1, 4, 2). 
4. Angle between two lines. If GH and KL (Fig. IId) are 


any two lines in space, whether intersecting or not, the angle 
between them is defined as the angle between two similarly 
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directed and intersecting lines, one of which is parallel to GH 
and the other parallel to KZ. 

Let OP, and OP, be two such lines through the origin. 
Given their direction angles «, B,, y; and 0, Bo, y2 respectively, 
let 9 be the angle between 
the lines. We can find the 
value of cos @ in terms of 
the direction cosines of the 
lines. 

We shall first have to in- 
troduce the notion of the 
projection of a line-segment 
upon another line. We 
shall be dealing here with 
orthogonal projection only. 

The foot of the perpen- 
dicular dropped from a 
point on a line, is defined 
as the projection of the point 
upon the line. In Fig. Ild the lines CH, BF, MD are sup- 
posed to be perpendicular to OP;. (They do not appear to be 
so because the lines do not all lie in the plane of the drawing). 
Then EH, F, D are the projections of C, B, M respectively 
upon OP). 

By the projection of a line-segment upon another line is meant 
the portion of the second line lying between the projections of 
the extremities of the line-segment upon that line. Thus, in 
the figure OF, ED, EF, and OD are the projections of OB, 
CM, CB, and OM respectively upon OP;. If the line-segment 
is directed, its projection will be also. Thus, taking into ac- 
count its direction, the projection of OB upon OP, is OF 
while that of BO is FO. 

Instead of going from O to B along the straight line, we can 
first go from O to M along OM, thence to C along MC, and 
finally to B along CB. Here the line-segments are directed. 
We have seen the projections of these upon OP, are OD, DE, 
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EF respectively, and their sum is OF, the projection of OB 
upon OP. This is illustrative of the general theorem (which 
is not difficult to prove) that the algebraic sum of the projections 
upon a line L of the segments constituting a broken line is equal 
to the projection upon the line L of the line joining the extremities 
of the broken line. 

From its definition, it is easy to see that the projection of a 
line-segment upon a line is equal to the length of the line-segment 
multiplied by the cosine of the angle between the two lines. 

Thus OF =/cos 6, where / is the length of OB. Also, if the 
coordinates of B are (a, 4, 21), 

OD=%,c0s ®, DEH =y,cos B,, HF = 2,008 x. 

Hence using the theorem established above 

1 cos 6 = 2, COS & + Y; COS By + % COS ya, 


or cos 6 = A COS Gy + cos By + 2 COS yo. 


Finally, using (2) we have the important formula 
COS 6 = COS &, COS & + COS B, COS By + COS y; COS yo. (4) 
Frequently, instead of using the direction cosines themselves 
we shall find it convenient to deal with quantities proportional 
to them, such as the differences between the corresponding 
coordinates of two points on a line. If the direction cosines 
of the two lines are proportional to J,:m,:n, and ly: m:n.» 
respectively, it will be left as a simple exercise to show that 
Ila + MyM + NN, / 
(4’) 
VE + m2 + n2?- VE + m3 + 2 
From (4) and (4’) we find the condition that the two lines 
be mutually perpendicular is 


cos 6 = 


COS @ COS &% + COS B; COS By + COS y; COS yo = 0, (5) 
or Ile + MyMz + NN» = 9, (5’) 
since in this case cos 6 = 0. 


What information do (4) and (4’) give when the two lines 
are parallel ? 
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EXERCISES 


Find the cosines of the angles between the various lines in 
the exercises of § 3. Which of these are mutually perpen- 
dicular? Which are parallel ? 


5. Coordinates of any point on line through two given points. 
In Fig. Ile, P, and P, are two points whose codrdinates are 
(1, Yr %) and (2, Yo, %) re- Z 
spectively. 

Let us find (a, y, z), the co- 
ordinates of the point P whose 
distances from P, and P, re- 
spectively are in the ratio of 


—; te. 

n 

LE UO yyy AGT bee, 
PP, n P,P, m+n 


In Fig. Ile, we have the par- 
allelopiped having P,; and P, 
for a pair of opposite vertices 
and its edges all parallel to 
one or another of the codrdinate axes. In addition 


PE is the projection of P,P, upon the plane of P,R and P,S, 
L is the projection of P upon this plane, 

K is the projection of Z upon PR, 

M is the projection of Z upon RE, 

N is the projection of P upon EP». 


Fia. Ile 


Then by similar triangles 


Ee EL Py Pe Se, (6) 
PR PiE P,P, m+n 


Noting that P,K&=x2—2, and P,\R= 2 — x, we have, on 
putting these in (6) and solving for a, 
~~ MX + NH) | 

m+n (7) 


x 
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It will be left as an exercise to show that 


Ye ny ge TN | (7") 


y m+n m+n 


For the coordinates of the middle point (m = n) 


, z Bs 
penciaals y bth, pe. (8) 


a hel 


As in the case of plane analytic geometry, the formulas (7) 
and (7’) determine points on the line external to the line-seg- 


m - ; 
ment P,P, when — is negative. 
n 


6. Equation of a surface; of a curve. A single relation be- 
tween the coordinates of a variable point in space 


F(a, y, 2)=0 (9) 
defines a surface. Suppose (9) solved for one of the variables, 
say 2, giving 2=f (2, 9). (10) 


We may choose w and y arbitrarily. Then z is determined 
either uniquely or as one of a set of values. If at each point 
(w, y) in the wy-plane, we imagine a perpendicular erected, in 
length equal to the value or values of z given by (10), the ag- 
gregate of these extremities of perpendiculars will be the sur- 
face determined by (9) or (10). 

In space, then, a single relation between a, y, z defines a 
surface, in which we have two degrees of freedom (we can 
select two of the coordinates at will) while in the plane, a 
single relation between # and y defines a curve, in which we 
have one degree of freedom (we can select only one of the 
coordinates at will). 

A more symmetrical way of defining a surface analytically 
is to have the coordinates of each point on it given in terms 
of two parameters u and v, thus 


o=f(u, v); y = o(u, Vv), 2= Yu, 0). (11) 
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For example 
v= aCcosucosvy, y=acosusinv, z=asinu (12) 


determines the points on a sphere of radius a with its center 
at the origin; w and v being the latitude and longitude respec- 
tively of the point. To obtain the rectangular equation of the 
surface, w and v must be eliminated between (12), This can 
be done readily in this case by squaring both members of each 
of the equations (12) and adding, thus obtaining 


V’+y+t+ 2a? (13) 

That (13) represents a sphere of radius a with its center at 
the origin is obvious from the fact that its left-hand member 
is the square of the distance of any point (a, y, 2) on the sur- 


face from the origin. 
Two relations 


F(x, y, 2) = 0 and F(x, y, 2) = 90 (14) 
define a curve, which is the intersection of the two surfaces 


defined by each of the relations separately. Solving (14) for 
two of the variables in terms of the third, say 


y=fi(2), 2=f(2); (15) 
we see that one of the variables only can be selected at will, 
the other two being determined in terms of it. 

In this case also a more symmetrical way of defining a curve 
analytically is to have the coordinates of each point on it given 
in terms of a single parameter. 


e=f(u), y= ou), 2=yH(u). (16) 
7. Equation of the first degree. Given the equation 
ax + by +cz+d=0, (17) 


if (a, 41, 2) and (a, Ye, 2) are any two points on the surface 
determined by (17), 


AX, + by; + C2 + ad=0 and AX, a bY + Ce + a=0. (18) 
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Multiplying these, respectively, by n and m, any two numbers, 
and adding, we have 


a(nay + May) + b(ny; + My») + C(Nz + Mz) + d(n + m) =), 
or 


, May Bag A + MY2 cli coll eMC 7 PE) (19) 
m+n m+n mtn 

Recalling (7) and (7’), equation (19) informs us that if the 
two points (2, y, 2) and (a, Ye, %) lie on the surface (17), so 
also does eo. ar baat ES ste LEE RS. as aa for all values of 

m+n m+n m+n 
mand n. That is, every point on the line joining the two 
points is on the surface. But this is the definition of a plane. 
Hence we have proved that an equation of the first degree repre- 
sents a plane. 

In particular « =a, where a is a constant, is the plane par- 
allel to the yz-plane and at a distance a from it; «=0 is the 
ye-plane itself. Similarly y = 0, where b is a constant, is the 
plane parallel to the wz-plane and at a distance b from it; 
y = 0 is the wz-plane itself. And z=c, where c is a constant, 
is the plane parallel to the wy-plane and at a distance c from 
it; 2=0 is the wy-plane itself. 

If (a, %1, %) 18 a fixed point on the plane (17), its coordi- 
nates satisfy the equation (17) ; that is 


aw, + by, + cz, + d=0. 
Subtracting this from (17), we have 
a(a — a) + b(y — y1) + c(2 — 2%) = 0. (20) 
Here (@, y, z) is any point on the plane. Hence (20) may be 
taken as the equation of the plane. In this form of the equa- 
tion, the fact that the plane contains the point (a, y, 2) is 
brought into evidence. 

Moreover a, b, c have a geometrical significance. The differ- 
ences *©— X,Y —Y,, 2 — % are proportional to the direction 
cosines of the line joining (a, y, z) with (a, y,, 2). Equation 
(20) says that this line is perpendicular to a line 1, whose 
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direction cosines are proportional to a, b, c. This line 7 is 
thus perpendicular to every line of the plane, through (2, y,, 2). 
It is said to be a normal to the plane. We thus see that the 
coefficients a, b, ¢ in the equation (17), or (20), of the plane are 
proportional to the direction cosines of a normal to the plane. 
Evidently all normals to a plane are parallel and thus have 
the same direction cosines. Equation (20) is a very useful 
form of the equation of a plane. It can be written at once 
when a point on the plane and the direction cosines of a 
normal to the plane are known. 

Two equations of the first degree 
ae+byteoz+d,=0 and aw+t by +e%+ d,=0 (21) 
represent a straight line, which is the intersection of the two 
planes represented by the equations (21), each taken separately. 

A serviceable form of the equations of a straight line is 
obtained when use is made of the fact that a straight line is 
determined by a point on it and its direction. Let (a, y,, 2) 
be the point on the line and let J, m, n be quantities propor- 
tional to the direction cosines of the line. If (a, y, z) is any 
other point on the line, x — a, y— y, — 2, are proportional 
to its direction cosines. Hence we must have 


5 CaS Ey ae ee (22) 
l m n 
These are the equations of the straight line through the point 
(%1, Y1, %) and having its direction cosines proportional to 
l, m, n. 
Thus, for example, 
3(@—1)+2y—-(724+2)=0 
is the equation of a plane, through (1, 0, — 2), whose normals 
have direction cosines proportional to 3,2, —1. And 
fly eae 
3 Z = 
are the equations of the normal to the plane through the point 
(1, 0, — 2). 
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8. Cylinder. If one of the variables is absent from an 
equation, that variable is undetermined. Thus if we have 


F(a, y) = 0, (23) 


z can take any value. In particular, if we put z=0, this, 
together with (23), determines a curve in the wy-plane. If at 
some point of this curve a perpendicular to the wxy-plane is 
erected, the coordinates of any point on this line will satisfy 
equation (23). Hence the whole line lies on the surface. This 
being true for all the lines perpendicular to the wy-plane and 
passing through some point of the curve in that plane we see 
that (23) determines a cylinder with this curve as directrix and 
with its elements parallel to the z-axis. 
Similarly the equations 


I(y,2)=0 and (2(a,2)—0 


determine cylinders with their elements parallel to the x- and 
y-axes respectively. Thus 

ee 4 4? = 25, C+o= Ue 
represent a right circular cylinder, an elliptic cylinder, and a 
parabolic cylinder with their elements parallel to the z-axis, 
the. #-axis, and the y-axis respectively. 

More generally, if F(a, y,z) can be written as a function of 
two linear functions of the variables a,a, + by + cz + d, and 
aye + boy + Coz + do, F(x, y, 2) = 9 represents a cylinder. For 
making a transformation of coordinates 


X= ae+ dbyy+aqze+d, Y= aw + by + %+ do, Z=2, 


the resulting equation of the surface is of the form ®(X, Y)= 0, 
which involves two of the coordinates only. Even if the new 
cartesian coordinates are not rectangular, the argument em- 
ployed above applies here. 

Also 3a+4z—12=0 is a cylinder with its elements 
parallel to the y-axis and the hne3da+4z—12=0,y=0in 
the wz-plane as directrix, But as a cylinder with a line for a 
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directrix is a plane, it is simpler to consider this as a plane. 

The direction cosines of a normal are proportional to 3, 0, 4. 
If one only of the variables, say z, appears in the equation, 

it has the form F(z)=0. (24) 


This may be supposed solved for z, giving rise to a set of n 
equations, if F’(z) is of the n-th degree, 
=, 2= Cy, o95 2 = Cy. 


Each of these is a plane parallel to the wy-plane. 


9. Cone. If the equation of a surface is homogeneous in the 
variables, we shall show that the surface represented by it is a 
cone with its vertex at the origin. To illustrate, let.us consider 

v+y— sary + 6 a2? —12eyz=0. (25) 

This is homogeneous because each term is of the third 
degree. 

It evidently passes through the origin, because there is no 
constant term. 

If a point P,, whose coordinates are (2, y1, 2) 1s on the sur- 
face a8 + y3 — 3 a2y, + 60,22 — 12 ey,z, = 0. (26) 

Now the coordinates of any other point P on the line joining 
P, with the origin will be of the form (Am, Ay,, X21), where A 
is some constant. Since each term of (25) is of the third 
degree, the result of substituting the coordinates of P in the 
left-hand member of (25) is the left-hand member of (26) 
multiplied by A%. Hence the coordinates of P also satisfy the 
equation (25); that is, P lies on the surface. Since P is any 
point on the line joining P, with the origin, this line lies on 
the surface. The surface is thus made up of lines through 
the origin. 

The argument used in the special case may now be employed 
in the general case. For if 

F(x, y, 2)=0 (27) 
is homogeneous in 2, y, z and of degree n (§ 113) 
F(Aw, Ay, Az) = NF (A, Y, 2). (28) 
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This is an identity, and holds for any choice of the eommon 
factor >». Hence if (a, y, %) is on the surface, then 
(Av, AY1, A%) 1s also. That is, the surface contains every 
point of the line joining (a, y,, %) with the origin. But this 
is the definition of a cone with its vertex at the origin. 

In particular if F(x, y, z) is linear in a, y, z (27) still repre- 
sents a cone with a line for directrix. It is simpler to classify 
it as a plane through the origin. 

Similarly if one of the variables does not appear in (27), the 
surface represented by (27) is both a cone and a cylinder. 
But there is a simpler interpretation in this case. Suppose, 
to fix the idea that x is absent, the equation of the surface 


being Fly, 2)=0. (29) 
The identity (28) now takes the form 
F (Ay, AZ) =A"F(y, 2). (30) 


In particular let A = Le then (30) becomes 
z 
FY,)= v7 (t, 1), 
and the equation of the surface may be put into the form 


r(E 1)=0. 


Solving this for Y we have 


Each of these is a plane throughout the w-axis. This is a 
much simpler description of the surface represented by (29). 


10. Surface of revolution. If in the equation of a surface 
two of the variables, say # and y to fix the idea, appear in 
such a way that F(a, y, z) is actually a function of 2 + y? and 
z, the equation of the surface may be put into the form 


@ (x? + y?, z)=0, (31) 
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Solving for a? + y?, 
a0? y = $1 (2), a? + y = 2 (2), my OPP = >, (2); (32) 
where n is the degree to which a + y? appears in (31). 


The plane z = a, cuts the surface in the circles 


age) | a ae a LET = bn(4) \ 

Z=0 4 z=a one \ Z=a 
These circles have their centers at (0, 0, a), which is on the 
2-AX18. 

This holds for all values of a; that is, any plane perpen- 
dicular to. the z-axis cuts the surface in one or more circles 
with their centers in the z-axis. A little reflection will show 
that the surface may be considered as generated by the revo- 
lution of either the plane curve ®(2?, z)=0, y=0, or the plane 
curve ®(y?, z2)=0, x =0, about the z-axis, and is known as a 
surface of revolution. 

Similarly, if the equation can be put into either of the forms 

O(y+2,2)=0 or &(2?+2, y)=0, (31’) 
the surface is one of revolution about the x-or y-axis, respec- 
tively. 

The introduction of the cylindrical coordinates (p, 6, 2), 
§ 125, reduces (31), the equation of the surface, to the simple 
form ®(p?, z2)=0, involving two variables only, and suggesting 
the equation of the curve generating the surface. Similarly, 
the introduction of each set of cylindrical coordinates (p, 6, x) 
and (p, 6, y) reduces the corresponding equations of (31’) to a 
simpler form, each involving two variables only. 


11. Special surfaces. Given an equation 
EB (eye \=0, (33) 
it is not always easy to classify the surface represented by it. 
In the preceding sections we have learned that 


if F(a, y, 2) is of the first degree, (33) is the equation of a 
plane; 
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if one of the variables does not appear in F(a, y, 2), (383) is 
the equation of a cylinder, whose elements are parallel to the 
corresponding codrdinate axis; 


if one only of the variables appears in F(x, y, 2), (33) is the 
equation of one or more planes all parallel to the correspond- 
ing coordinate plane ; 

if F(a, y, z) is homogeneous in the three variables, (33) is 
the equation of a cone with its vertex at the origin; 


if F(x, y, z) is homogeneous in two of the variables, the third 
one being absent, (33) is the equation of a set of planes through 
the corresponding coordinate axis ; 


if the introduction of the proper cylindrical codrdinates 
reduces the equation to one of the forms 


P(p?, x)= 0, D(p’, y)=0, &(p’, 2) =9, 
the surface is one of revolution about the corresponding co- 
ordinate axis. 


We often learn something of the nature of the surface by 
noting whether it is symmetrical with respect to the origin or 
any of the codrdinate planes or axes, whether it extends indefi- 
nitely in various directions or is restricted, by studying the 
kind of sections made with it by various planes, and such 
other more or less obvious devices as may suggest them- 
selves in any particular case. 

The following special types of surfaces are worth noting: 


Ellipsoid. The surface whose equation is 


Bai (34) 


Vi gq 
TN Si 
AEN x is known as an ellipsoid. 


eZ The plane x = % cuts it in the ellipse 


x ye 4 _ mH 
Fig. Ilf a es az’ 


This ellipse is real provided a3 < a?, that is -a<m<a. 
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Similarly the plane y=y cuts the surface in the ellipse 
ae e =1- > Y¥=% 
which is real provided —b<yw<b. 


a the eens z= % cuts the surface in the ellipse 
- =1— 4, % = %, which is real, provided —c<%<e. 
ae it can be proved that every plane cuts the surface 

in an ellipse. Hence its name. 

The surface les entirely in the rectangular parallelopiped 
whose faces are x =a, x=— a, y=), y=—), 2=6,4=— C0. 

The coordinate planes are planes of symmetry of the sur- 
face, the axes of coordinates are axes of symmetry of the sur- 
face, and the origin is the center of symmetry or simply “the 
center” of the surface. 

If a=b=c, the ellipsoid becomes a sphere. 

If a=b, a=c, or b=c, the surface is an ellipsoid of 
revolution. 

The surface 


TOR Me eal) = 
a? b? v ¢ =a eh) 


is an ellipsoid whose center is the point (h, k, 1). The planes 
x=h, y=k,z=Vlare planes of symmetry, and the lines 


Veal " le=h{’? \y=k 
are axes of symmetry. 


Hyperboloid of one sheet. The surface whose equation is 


Z a2 Eee (36) 


ava is known as an hyperbolotd of one sheet. 


zi 


A = The plane « = a cuts it in the hyperbola 


Fia. Ig This is real for all values of 2. 
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The plane y = y cuts the surface in the hyperbola 


which is real for all values of y%. 


The plane z = z cuts the surface in the ellipse 


which is real for all values of 2p. 


It can be proved that any plane cuts the surface in a real 
ellipse ora real hyperbola. (In the special case when the plane 
is tangent to the surface, the hyperbola of intersection is a pair 
of intersecting lines.) The surface is said to be “ of one sheet ” 
because it is made up of one part; starting at any point of the 
surface any other point of the surface can be reached by moy- 
ing along-the surface. The significance of this will be appre- 
ciated when we come to consider the hyperboloid of two 
sheets. 

The coordinate planes are planes of symmetry for the sur- 
face, the coordinate axes are axes of symmetry, and the origin 
is the center of the surface. 

If a=6, the surface is one of revolution, obtained by re- 


2, 2 
volving the hyperbola aaa 1, y=0 about its conjugate 
axis. The surface 


(a ai (y— = (y—k)? — 0)? (38) 


also is an hyperboloid of one sheet. Where are its center, 
planes and axes of symmetry? 


Hyperboloid of two sheets. The surface whose equation is 
2 2 2 
EE S| (39) 


is known as an hyperboloid of two sheets. 
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The plane x = x cuts it in the ellipse 


Sar Gee CP 

OSC 
This is real if a Saora<—a. That is, there is no part of 
the surface between the planes x =— a and «=a. 


The planes y= y and z= 4% cut the 
surface in real hyperbolas for all values 
of yp and 2p. 

It can be proved that any plane cuts 
the surface in a real hyperbola or in a 
real or imaginary ellipse. The surface is 
made up of two parts, one lying to the left of the plane « =—a 
and the other to the right of the plane x=a. Hence it is 
said to be “ of two sheets.’’ 

The coordinate planes are planes of symmetry, the coordinate 
axes are axes of symmetry, and the origin is the center of the 
surface. 

If b =c, the surface is one of revolution, obtained by revolv- 


Fig. IIh 


2, 2 
ing the hyperbola = - = = 1, y= 0 about its transverse axis. 
oe 


What can be said of the surface 


tien h)s Yeh) @ = )P 
( eo a (40) 
4 Elliptic paraboloid. The surface whose 
equation is 2 af 
a ee eae WF a 202 (41) 
Saal ss, a250 
is known as an elliptic paraboloid. 
The planes x = a and y = y cut it in real 
< parabolas for all values of a and yp. 
Ss The plane z= cuts it in a real ellipse 


if 20. The surface lies entirely above 
Fia. Wi the xy-plane. 
It can be shown that any plane cuts the surface in either a 
parabola or an ellipse. 
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The xz- and yz-planes are planes of symmetry, and the z-axis 
is an axis of symmetry. The surface has no center. 
If a=b, the surface is one of revolution, obtained by re- 


2 
volving the parabola ~ = 2cz, y=0 about its axis. 
a 


What can be said of the surface 


CaM, WM = 2e@-1)? (42) 


Hypberbolic paraboloid. The surface whose equation is 


is known as an hyper- 
bolic paraboloid. 

The planes x= 2% 
and y=y) cut it in 
real parabolas, for all 
values of a and yo; in 
the former case the 
parabolas lie above the «xy-plane, in the latter case they lie 
below that plane. 

The plane z= % cuts the surface in a real hyperbola for 
every value of 2; for % = 0 the hyberbola breaks up into the 


Fic. Ij 


pair of lines “—%=0, 2=0 and “+7 =0, 2=0. 


There are other lines in the surface. Since the equation of 
the surface may be written 


(GPG th )=2% (43) 


each of the planes ee ; =c¢, and at = Co, for c, and ¢, any 
: @ 
constants, cuts the surface in a line. 
It can be shown that any plane cuts the surface in either an 
hyperbola, a parabola, a pair of lines, or a single line. 
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The wz- and yz-planes are planes of symmetry, and the z-axis 
is an axis of symmetry. 

If a=b, the hyperbolas cut out by planes parallel to the 
xy-plane are equilateral. Taking the vertical planes through 
the common asymptotes of these equilateral hyperbolas as 
coordinate planes, the equation of the surface assumes the 


form 
xy =2 wZ. (44) 


What is the nature of the various types of section of this 
surface by planes parallel to each of the codrdinate planes ? 
What can be said of the surfaces 


e— i _ WE = 20(@—), (45) 
and 
(w@—h) (y—h) =2a(z—1)? (46) 


Remark.—If its equation F(a, y, z)=0 is of the second 
degree, the surface is frequently spoken of as a quadric surface. 
The types of quadric surfaces enumerated above are the ellip- 
soid (including the sphere), the hyperboloid of one and two 
sheets, and the elliptic and hyperbolic paraboloids. In addi- 
tion, there are the quadric cylinder and the quadric cone, in 
each of which the directrix is a conic. According as the direc- 
trix is an ellipse, parabola, or hyperbola, the eylinder will be 
said to be elliptic, parabolic, or hyperbolic. These types are 
essentially distinct. But the matter is different in the case 
of cones. Since from the same quadric cone can be obtained 
sections which are ellipses (including circles), parabolas, and 
hyperbolas, depending upon the direction of the cutting plane, 
it is clear that the same quadric cone may have either an 
ellipse, a parabola, or an hyperbola for directrix. All quadric 
cones are not superposable, one upon the other. Some may 
be surfaces of revolution, in which case a section normal to 
the axis of the cone is a circle. Others may have this section 
an ellipse of any eccentricity between 0 and 1. But there is 
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no distinction between an elliptic cone, a parabolic cone, and 
an hyperbolic cone. 

It should be added that if F(a, y, z) is the product of two 
linear factors (a,x + byy + cz + d,) (age + boy + coz + dz), the 
quadric surface consists of the two planes 

aewtbyteoz+d,=0 and aw+t by +e2+ d,=0. 


Elliptic wedge. The surface whose equation is 
az? — ba? + a2y2=0 (47) 
is known as an elliptic wedge. 


The plane & = %, when is dif- 
X ferent from 0, cuts it in the ellipse 
22 ay? a ahs 

Fia. Ik be Da? ee 
whose axes are parallel to the z- and y-axes, respectively. That 
in the direction of the z-axis is of constant length 2b. The 
length of the other is fi. 

If x > a, the major axis of the ellipse is horizontal. 

If x =a, the section is a circle. 

If 0 < a <a, the major axis of the section is vertical. 

If x = 0, the section is the segment of the z-axis from z= — b 
to z= 6b, which may be considered as a limiting case of an 
ellipse. 

The plane z = z cuts the surface in the pair of lines 

(2 —)eP+a%y=0, z= 2%. 

If |%| <b, the lines are real and distinct. 

If % = + b, the lines are coincident and lie in the 2z-plane. 

If |z| > 0, the lines are imaginary. 

The surface les entirely between the planes z=— 06 and 
"Os 

It is symmetrical with respect to the coordinate planes, the 
coordinate axes, and the origin. 

In the figure, a part of half the surface is illustrated. 

The elliptic wedge is a special case of a right conoid. The 
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latter is a surface generated by a straight line which always 
intersects a given line orthogonally and satisfies some other 
condition. In the case of the elliptic wedge this other condi- 
tion is that the generating line should always meet an ellipse 
' which has one of its axes parallel to the given line, but its 
plane does not contain the given line. 
It is not difficult to show that the equations 


L=UCosv, Y=usiny, <= >(v), (48) 


where ¢(v) is any function of v, represent a right conoid. In 
particular, if z = ¢(v) = Vb? — a? tan? v, the right conoid is the 
elliptic wedge (47). For from the first two equations of (48) 


we have tanv=¥%. Putting this in the value of z we have 
ae 
2 = b? — ahi or a2? — ba? + a?y? = 0. 


. . . . . 4 93 
Again, if z=acotv, we have on eliminating u and v, z=“ 


or yz=aw. From (44), this is seen to be an hyperbolic parabo- 
loid. — 
EXERCISES 


Classify the following surfaces by noting the types of sec- 
tions made by various planes with them or by other con- 
siderations. 


1 @?4y4+24+2an+2by+2ce24+d=0. 


2. eef+y42@=1. 11, 2+ y2—2arz=0. 

3. Bo ie awe A 12. yz = 2am. 
4.e—y—P=1. 13. ay + yz+ 20 = 0. 

a ar ae 14, wz + yz=1. 

Bas ene = ° 15. w+yz=0. 

7 ywt2—2az=0. 

8. y+ ay — yz = 0. 16. —(y—1P+2—42=0. 
9. 2 + 4? —2anz=1. 17. af + yb 428 = ab. 

10. 2 + y? —2aez=— 1. 18. e=sin V7? + 2. 


III. CURVE SKETCHING 


The problem of sketching a curve, whose equation is given, 
is facilitated by making use of the following principles : 


1. Symmetry. Two points P and Q are symmetrical with 
respect to a point O if O-is the middle point of the line-seg- 
ment PQ. 

Two points P and Q are symmetrical with respect te a line if 
the latter bisects the line-segment PQ at right angles. Each 
of the points is the reflection of the other, considering the line 
as a reflecting mirror. 

A curve is symmetrical with respect to a point O (or to a line) 
if, corresponding to each point P of the curve, there is another 
one Q upon it which is symmetrical to P with respect to the 
point O (or to the line). 

When a curve is symmetrical with respect to a point O, the 
latter is said to be the center of symmetry of the curve, or 
simply its center. When it is symmetrical with respect to a 
line, the latter is said to be the awis of symmetry of the curve, 
or simply its ais. 

It will be left as an exercise to prove that if a curve is sym- 
metrical with respect to each of two mutually perpendicular 
lines, it is symmetrical with respect to their point of intersec- 
tion. 

Symmetry with respect to the origin, to either codrdinate 
axis, or to the line y=~w is obvious upon inspection of the 
equation of the curve F(a, y) = 0. 

(a) The points (a, 0) and (— a, —b) are symmetrical with 
respect to the origin. Hence, if each of the terms of F(x, y) is 
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of even degree in x and y jointly (a constant term being taken 
as of even degree), or if each of the terms is of odd degree in the 
two variables, the curve is symmetrical with respect to the origin. 

For, if (a, 6) is a point on the curve, F(a, 6) =0. If all the 
terms are of even degree, 


F(—«, —y)=F(a,y). «. F(—a, —b) =0, 
and (— a, — bd) also is a point on the curve. If all the terms 


are of odd degree, F(— #, — y) =— F(a, y), and (— a, — b) 
also is on the curve. Thus the curves a+ y?=a?, ay =4, 


y= x, y=— 1 (i.e. wey —x+y=0) are all symmetrical 


with respect to the origin. 

In general, whether the equation is algebraic or not, the 
curve F(a, y) = 0 is symmetrical with respect to the origin when- 
ever F(— a, —y)=+F(a,y). The following curves y= sin a, 


es BS, y”? = cos & have this property. 


y =tane, y= 


(6) The Bats (a, b) and (— a, b) are symmetrical with re- 
spect to the y-axis. Hence, whenever F'(— x, y) = F(a, y), the 
curve is symmetrical with respect to the y-axis. Thus the curves 

oe 
etd 
symmetrical with respect to this axis. 

(c) Similarly, the curve F(a, y) =0 is symmetrical with re- 
spect to the x-axis, whenever F(a, — y) = F(x, y). As examples 
may be mentioned 2 + 9? = a?, 74 = 2, x = cos y. 

(d) If the equation of the curve is left unaltered when the 
wariables are interchanged, the curve is symmetrical with respect 
to the line y = 2. 

The points (a, 6) and (6, a) are symmetrical with respect to 
this line; if F(a, y) = F'(y, x), the point (8, a) is on the curve 
whenever (a, 6) is. The following curves are of this type: 
e+ y= a2, ay = 4, 2 + y3 — 3 ary =0, (a? + 7)? = 2 way. 

In this connection the following theorem should be noted. 
(Its proof is similar to that of the one just established, and ° 


2 
VtyYowt yor, Yow, y= Nn 2008 Xn fe Cue 
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will be left as an exercise.) The two curves F(a, y) =0 and 
F(y, ©) =0 are symmetrical with respect to the line y=. As 
examples may be mentioned y=2a@ anda=2y; y= 2 and 
e=ys; y=sing and x=siny (or y= sin 2). 

2. Extent of the curve. Since the square of any real num- 
ber is positive, it is often possible to tell by inspection or 
some other means when the curve is restricted to certain parts 
of the plane. 

3. Outstanding points. A good idea of the appearance of a 
curve can often be obtained from the knowledge of certain out- 
standing points upon it. The most important of these are the 
following : 

(a) The points where the curve crosses the axes ; 

(0) the maximum and minimum points (including those with 
vertical tangents) ; 

(c) the flexes (including those with vertical tangents) ; 

(d) the singular points; see item 6 below. 

If the curve extends to infinity, find in which quadrant or 
quadrants it leaves the diagram, and be sure to plot a sufficient 


number of points so that, beyond these, the curve proceeds in 
a known way. 


4. Direction of the curve at these points. It is very helpful 
to know the slope-of the curve at selected points. This in- 
formation is given by the value of y/. 


5. Concavity. From the algebraic sign of y"’ the direction of 
the concavity of the curve at selected points can be determined. 
6. Singular points. If y is defined implicitly as a function 


of x by the equation of the curve, F(a, y)= 0, its derivative is 
given in the form of a fraction 


yf =P), 
W (a, y) 


If both ¢(a, y) and w(a, y) vanish at some point (a, b) on 
the curve, the slope at that point assumes the indeterminate 
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form ° and the point is said to be a singular point of the curve. 


As its name implies, such a point is an unusual ‘one. Its two 
coordinates must satisfy the three equations 
F(a, y)= 9, o(@, y)= 9, o(a, y)= 0. 

This is possible under certain conditions only. 

It will be sufficient to give a brief discussion of the case 
where F(a, y) is a polynomial in x and y of degree n, and the 
origin is the singular point. If any other point (a, b) is a 
singular point, the origin can be transformed to that point by 


the transformation 
V=aA+ta y=yt+d. 


Let the equation of the curve be 
F'(@, Y) = A+ bot + dy + Co? + 2 cay + Qy?+ ++ +kh,y"=0. (1) 
Then yf = — Pot 2 cyt + Zey + hae (2) 
bj +2 eu + 2ey + + 
If the origin is on the curve, a = 0, and the slope of the 


tangent at the origin is 3. The equation of this tangent, 
1 


bye + byy = 0, may be obtained by placing the sum of the terms 
of first degree in (1) equal to zero. 


deemed), dbp ac 0, y=? for « =0, y=0, and the 


origin is a singular point. That is, the origin is a singular 
point when the equation of the curve contains no terms of lower 
degree than the second. Suppose now that the equation of the 
curve has the form 
F(a, y)= cov? + 2 cry + egy? + ++» +h, y" = 0, 
where at least one of the terms of second degree appears. 
The line! y = mw meets the curve in the points whose abscis- 
sas are given by 
(Co + 2 em + cym?)a? +( )a®+ ++ +( )ar=0; 

11f cs =0 and ¢ ~0, use z=ny. If mo =co=0, use me=ny. In 
the latter case, the equation (8) takes the form 2 cymn = 0, whence m = 0 
and n = 0, separately. 
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that is, at least two of the points of intersection of the line, 
for all choices of m, lie at the origin. The origin is said to be 
a double point or node of the curve. 

In particular, as m approaches a value for which 


Co + 2cym + com? = 0, (3) 


the corresponding line y = ma approaches a position in which 
it has three of its intersections with the curve at the origin. 
In this limiting position it is tangent to the curve. 

If the quadratic equation (3) has two real and distinct roots, 
there are two real and distinct tangents to the curve at the 
double point. The latter is said to be a crunode. (See 
Fig. III} in Ex. 3 below.) 

If the roots of (3) are imaginary, the tangents at the double 
point are imaginary, and there are no other real points in its 
immediate vicinity. In this case the double point is known 
as an isolated or conjugate point or an acnode. (See Fig. IIIc 
in Ex. 4 below.) 

If the roots of (8) are equal, the tangents at the double 
point coincide. The double point is known as a cusp or a 
stationary point; for, if the curve is supposed to be generated 
by the motion of a point, at such a point the motion is brought 
to a stop temporarily, and when resumed, is directed oppositely. 
(See Figs. III a and Ile in Exs. 2 and 6, respectively.) 

These are the simplest types of double points. It is not 
practicable to give a complete discussion of this subject here. 

The aggregate of the terms of second degree equated to zero, 


cot? + 2 gry + cy = 0, (4) 


is the equation of the pair of tangents to the curve at the double 
point. Why? The equation of each of the tangents may be 
obtained by equating one or the other of the factors of the left- 
hand member of (4) to zero. 

If in (1), the equation of the curve, there are no terms of 
lower degree than the third, at least three of the points in 
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which the line y = mz cuts the curve are located at the origin 
for all choices of m. The curve has a triple point there; 
and the aggregate of the terms of third degree equated to 
zero is the equation of the tangents to the curve at the triple 
point. 

The discussion can be extended to the study of the existence 
of singular points of higher order of multiplicity at the origin, 
and of the properties of the curve at such a point. 


7. Asymptotes. If the tangent to a curve approaches coin- 
cidence with a definite line as its point of contact with the 
curve moves to infinity, this line is known as an asymptote to 
the curve. The asymptotes of an hyperbola furnish a familiar 
illustration. The parabola has no asymptote, because the en- 
tire tangent to the curve goes to infinity with the point of 
contact. The sine curve, y = sin x, has no asymptote, because 
the tangent to the curve has no limiting position as the point 
of contact goes to infinity. 

The existence of vertical and horizontal asymptotes can, as a 
rule, be determined readily from the equation of the curve, es- 
pecially when the equation can be put in the form y = f(a). 
These arise when y approaches infinity as w approaches a finite 
value, and when y approaches a finite value as x approaches in- 
finity, respectively. Thus in the case of y= ao ,y¥=o for 
x = 0, whence x = 0 is a vertical asymptote; and y approaches 
1 as x approaches « , whence y = 1 is a horizontal asymptote. 

In the case of a vertical asymptote, y and y’ both approach 
infinity as 2 approaches some finite value. In the case of a 
horizontal asymptote, y approaches some finite value, includ- 
ing zero, and y’ approaches zero as # approaches infinity. In 
the case of an oblique asymptote, y approaches infinity and 9’ 
approaches a finite value, different from zero, as a approaches 
infinity. If y approaches infinity with #, and y’ approaches 
either zero or infinity, there is no asymptote. The various 
possibilities may be presented schematically as follows, 
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The values indicated are the limiting values. A finite value 
is represented by a. } 


Typr or ASYMPTOTE 


Vertical 


Horizontal 


Oblique 


None 


Thus at least one of the variables becomes infinite in the 
case of an asymptote. But oo is not a number and is not sub- 
ject to the laws of algebra. Hence it is evident that a com- 
plete discussion of the subject cannot be given without the aid 
of additional analytic apparatus, which it is not advisable to 
introduce here. The following facts will, however, be found 
to suffice in many cases: 

It can be proved that, in general, two equations in # and y 
of the mth and nth degree respectively have mn common solu- 
tions. Geometrically this says that two curves of the mth 
and nth orders respectively intersect in mn points. To find 
these, we may eliminate one of the variables between the two 
equations, obtaining thus an equation in the remaining vari- 
able, which, in general, is of the mnth degree. Having found 
the roots of this, the corresponding values of the other vari- 
able must then be found by using the given equations. While 
this is not always a practical method, theoretically it is a pos- 
sible one. 

If the equation in the one variable, resulting from eliminat- 
ing the other, is of lower degree than mn, the number of inter- 
sections of the curves is less than mn. If its degree is mn — k, 
it is customary to say that the curves have k intersections at in- 
jfinity. Thus two straight lines in general meet in a point. 
But if we take two parallel lines y = mex +b and y= me + D’, 


CURVE SKETCHING 531 


on eliminating y between them, we have for the resulting 
equation in a, b’— b=0, which is of zero degree in a, instead 
of the first degree. To say that “two parallel lines meet at 
infinity” does not imply the usual type of intersection, for 
the distance between two parallel lines is always the same 
throughout their entire extent. It is because this form of 
language is consistent with results obtained after the introduc- 
tion of a new kind of analytic apparatus that it is justified. 
Another possible justification of it is the following: The two 
lines y= mx +b and y = m’x + b’ intersect in the point whose 
b— 0b! 
m — m 
suming that b’ — b + 0, the resulting value of x approaches o. 

Similarly the lne y= ma-+b meets the hyperbola 2? — 7 
= 1 in the points whose abscissas are the roots of 


abscissa is « = — As m’ approaches m as a limit, as- 


(1 — m*)a? — 2 bma — b? —1=0. (5) 


In general there are two such roots, and consequently two 
points of intersection. But when m=1, the resulting equa- 


_we+1 veh) 


Fi SOE 
is the only finite point of intersection. The other is said to 
- be “at infinity.” In particular, if 6=0, the equation in 2 
reduces to —1=0, which is of zero degree in x. Both of the 
points of intersection are said to have “gone to infinity ” 
and the line y= is tangent to the hyperbola there; that is, 
it is an asymptote. 

In general, then, the process for finding an oblique or hori- 
zontal asymptote is the following: Let F(a, y)=0 be the 
equation of the curve, and let it be of degree n in # and y 
jointly. Whenever possible, determine m and 6 so that the 
result of eliminating y between F(a, y)=0 and y= me+b is 
an equation in w of degree n — 2 at most. 

Thus, in the case of the hyperbola x? — y? =1, we saw that 
equation (5) results from eliminating y between the equa- 


tion in w is of the first degree. The point ( 
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tion of the curve and y=me+b. Putting 1— m?=0 and 
2bm=0, we have 

m=+1 and b=0. 
Each of the lines y= x and y = — & is an asymptote. 

Again, in the case of the folium of Descartes, 23+ 3 
= 3 axy (page 71), on eliminating y between this equation and 
y =me« + b, we have 

(m3 + 1)2* + 3(bm? — am) + 3(b?m — ab)x + 63 = 0. 
Putting m?+1=0 and bm? —am=0, we have 
m=—1 and b=—a. 
The line x + y+ a=0 is an asymptote. 
In the case of the parabola y? = 4 az, the result of eliminat- 
ing y between this equation and y = mz + b is 
mx + (2bm—a)x+b?>=0. 
It is not possible to find values of m and 6 so as to satisfy 
m=0 and 2bm—a=0 
simultaneously. There is no asymptote. 

The method just given does not apply to vertical asymp- 
totes, for the equation of a vertical line is of the form «=a. 
To find a vertical asymptote, we eliminate x between F(a, y) 
= 0 and =a, and so determine a, when possible, that the 
resulting equation in y, F(a, y) = 0, is at most of degree n —2. 
Evidently, if F(x, y) contains a term in y”, there can be no 
vertical asymptote, for the coefficient of y" in F(a, y) will not 
contain a, and hence cannot be made equal to zero. 

The curve xy?— y= a+ x? +1 has a vertical asymptote; 
for putting «=a in the equation of the curve, 

(a—1)y’=a3+a?+1. 

For a=1, =a has all its intersections with the curve at 
infinity. The line is an asymptote. 

It will be left as an exercise to show also that y =a”+1 and 
y=— x —1 are asymptotes. 
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Remark. Every line y = ma + b or & = a which meets a curve in two 
or more points at infinity is not necessarily an asymptote, just as a line 
which has two or more of its intersections with a curve at a given point 
need not be tangent to the curve at that point. If the curve has a double 
point, for example, every line through that point not a tangent there will 
have two of its intersections with the curve located there. Soa curve may 
have singular points at infinity. In general we may say, in order that 
y= mex + b (or £= a) may be an asymptote, there must be one or more 
special values of b (or of a) for which the line has more points of inter- 
section at infinity with the curve than for a general value of b (or of a). 

Thus y =a + b has one finite and one infinite point of intersection with 
a2 — y2 = 1, for all values of b except for b=0. In the latter case both 
points of intersection are at infinity, and y = a is an asymptote. 

Again c = a has one finite and two infinite points of intersection with 
y = x, for all values of a. There is no vertical asymptote for this curve. 
As a matter of fact, it is not difficult to show that this curve has no asymp- 
totes of any sort. 


Some of the principles enumerated above were employed in 
sketching the curves appearing in §§ 18,19, 21. Additional 
applications will be made in the following illustrative exer- 
cises. We shall be interested only in real points of the curves. 


Ex. 1. y=ae+3be+3cx+d. 

This curve is known as a cubic parabola. For large values 
of x, the term of highest degree, aw*, determines the sign of y. 
Supposing the curve to be generated by a point moving along 
it from left to right, the curve enters the diagram by the third 
quadrant and leaves it by the first, when a is positive; when 
a is negative the curve enters by the second quadrant and 
leaves by the fourth. 

From y' = 3(aa* + 2 bx + c) we see that 

if the roots of az + 2 ba + c= 0 are real and distinct, the 
curve has a maximum and a minimum point; why? 

if the roots of aa + 2 be + c=0 are real and equal, or if 
they are imaginary, there are no real maximum and 
minimum points; why? 

From y" = 6(ae + 6) it follows that there is always one real 
flex, which has a horizontal tangent if ax? + 2b%+¢=0 has 
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equal roots. On transforming the origin to the flex, it is 
readily seen, from the resulting form of the equation, that 
every cubic parabola is symmetrical with respect to its flex. 

By determining the points where the curve meets the axes, 
the flex, the maximum and minimum points, if there are any, 
and several additional points, along with the slopes of the 
tangents at these points, the curve is readily sketched. 

The three types of cubic parabola are illustrated by Figs. 11, 
7, 13 (pages 52, 47, 53), respectively. 


J Ties We y? = 2 x, 


This curve is known as a semi-cubical parabola. The name 
is suggested by the form of the equation when solved for y, 


thus Peay % 


The curve may be looked upon as consisting of two branches, 
one for each of the two signs. The two branches are sym- 
metrical with respect to the a-axis; one lies entirely in the 
first quadrant, and the other in the fourth, since y is imaginary 
for negative values of x From 


,_ dat 
=1°5, 


it is evident that the branch in the first quadrant has a posi- 

tive slope at all points, except at the origin, where the slope is 
zero; similarly the branch in the fourth quadrant 
has a negative slope at all points, except at the 
origin, where the slope is zero also. The two 

- branches terminating in the origin with a common 
tangent form a cusp there. 

This fact can also be obtained from the first 
form of the equation. Since there are no terms of 
degree. lower than the second, we know there must 
be a double point at the origin. The equation of 

the tangents there is y2=0. Since the two tangents coincide, 
we have a cusp. 


y 


Fie. IIIa 
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To sketch the curve, we note from the form of y” that there 
are no flexes. Hence the additional points (4, + 4), (1, + V2), 
(2, + 4), with the corresponding slopes + 3, + ee +3 at 
these points, are sufficient to give a good idea of the curve. See 
Fig. IIIa. 


Ez. 3. y= «(ae — 4). 

Moving the origin to the point (4, 0), the equation takes the 
form y=(a,+4)ej=a}+4aj,. The new origin is a double 
point, and the equation of the tangents to the curve at this 
point is y¥2=4aj. Theslopes of these lines are + 2 respec- 
tively. The curve is symmetrical with respect to the 2-axis. 
To sketch it, solve for y. 


y=+Va(a— 4). 


No part of the curve lies to the left of the y-axis. There are 
two branches of the curve, symmetrical with respect to the 
g-axis. Each branch meets this axis in the points (0, 0) and 
(4, 0). Both branches have an infinite slope at (0, 0), while at 
(4, 0) their respective slopes are 2 and 
— 2,as may be seen from 


y =+tVat Un 


and as was noted above. 

Corresponding to x = 4, the branch using 
the + sign has a minimum and the other 
has a maximum. 

It will be left as an exercise to show that the curve has no 
real flexes. 

If, in addition to the points and corresponding slopes al- 
ready mentioned, we note that the curve passes through the 
points (6, + 4.9) with the corresponding slopes + 2.7, the 
curve is readily seen to be as indicated in Fig. IIIb. It is a 
cubic with a crunode. 


Fic. IIIb 
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Ex. 4, y? = x(x — 4). 
Writing the equation in the form 
4e2+4+y—e2=0, 

we see that the origin is a double point, and the equation of 
the tangent lines there is 4a?+ y2=0. The tangents are im- 
aginary. From the equation of the curve it is 
obvious that, excepting the origin, there are no 
real points of the curve to the left of the line 
*x=4. The origin is an isolated or conjugate 
point or acnode. 

The curve is symmetrical with respect to the 
x-axis. 

It will be left as an exercise to show that there 
are no real maximum and minimum points, that 
the points (48, + 82/3) are flexes, with slopes 
+ 2/3 respectively, and that the curve is as indi- 
cated in Fig. IIIc. It is a cubic with an acnode. 

Ex. 5. y? = a(x? — 1). 

The curve is symmetrical with respect to the waxis. There 
are no real points on it to the left of the line « =—1, or be- 
tween the lines v= Oanda=1. It will be left as an exercise 
to show that there is a maximum and a minimum point corre- 
sponding to *=—4V3, and two flexes 
corresponding to «=1.47, and that the 
curve looks as indicated in Fig. IIId. It 
is a cubic with an oval. 

The cubics treated in Exs. 2-5 can be 
grouped under the general form 

y? = A(x — a)(a% — b)(@ — ¢). 
If a=b=c, the curve is a semi-cubical Fic. Ul d 
parabola with its cusp at (a, 0); 
if a<b=c, the curve is a cubic with a crunode at (6, 0); 
if a= b<c, the curve is a cubic with an acnode at (a, 0); 
if a<b<c, the curve is a cubic with an oval extending 
from (a, 0) to (6, 0). 
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It will be left as an exercise to show that the curve is sym- 


metrical with respect to the x-axis ; 
it has a cusp at the origin ; 


it lies between the lines x = 0 and a= 24; 
it has no real maximum or minimum points or flexes ; 
it has the line « = 2 a as a vertical asymptote ; 


a sketch of it appears in Fig. IIL e. 


The curve is known as the cissoid of Diocles. It was em- 
ployed in an attempt at solving the classic problem of the 
“duplication of the cube,” where it is required to construct, 


by means of ruler and compass only, the 
edge of a cube whose content is twice 
that of a given cube. A simple definition 
of the curve, by means of which points 
on it can be constructed readily, is the 
following: 

Starting with a circle, draw the diameter 
OA and the tangent at A. See Fig. IIle. 
Any other line through O meets the circle 
in a second point, say Q, and the tangent 
in some point, T. If the length OP, equal 
to QT, is taken as a radius vector along the 
line from O as an origin, P is a point on 
the cissoid. 


Val 
< 


Fie. Ile 


As an exercise, find the equation of the curve from this 


definition. 


8 a 


Ex. es y a er ae 


It will be left as an exercise to show that 
the curve is symmetrical with respect to the y-axis; 
it lies entirely above the a-axis and has the latter as a 


horizontal asymptote ; 
the point (0, 2 a) is a maximum ; 
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‘ Pe, (0, 9! 
th t gees aN eo fe) at ; 
e points U: va! 9 ) are flexes ; 


a sketch of the curve appears in Fig. IIT /- 


The curve is known as the witch of Agnesi. It has been 
known for a long time. But its name is associated with 
that of the Italian mathe- 
matician Maria Gaetena 
Agnesi (1718-1799), who 
suggested the following 
method of constructing 
points on it: 

Starting with a circle, 
draw the diameter OA and the tangent at A. See Fig. UIs 
Any other line through O meets the circle in a second point, 
say Q, and the tangent in some point, 7. The intersection of 
the horizontal line QP with the vertical line TP is a point on 
the curve. As an exercise, find the equation of the curve from 
this definition. 


Ex. 8. («+ yy? =x. 

The origin is a cusp, and the tangent at the cusp has the 
equation x + y= 0. 

The curve is not symmetrical with respect to the origin or 
either axis. 


There are no real points for negative values of x Solving 
for y, 


Fic. Il f 


y=+ xt — ao, 


1 afi 
. y! =+ $a3 —1, and y! = + $a2. 


The branch of the curve obtained by using the + sign has a 
minimum at (4, — ;4). It has no flexes. The other branch 
has no maximum or minimum points or flexes. Neither branch 
has an asymptote. 

A method for sketching the curve rapidly is the following, 
which can be employed whenever the ordinate of the given 
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curve is known as the algebraic sum of the 


ordinates of two easily sketched curves. 

Sketch the semi-cubical parabola y = + at 
and the line y=— wa. By taking the alge- 
braic sum of the ordinate of each branch 
of the semi-cubical parabola and that of 
the line for a selected value of a, the ordi- 
nate of a branch of the required curve for 
that value of w is obtained. The curve in 
Fig. III g was constructed in this way. 
While the sketch may not be as accurate as 
when the curve is drawn directly, it gives 
a good idea of how the curve looks. 


EXERCISES 
Discuss and sketch the following curves: 


1. y= a2", where vn is an integer. 
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Consider separately the cases when (a) n is even or odd; 
(6) n is positive or negative; (c) a is positive or negative. 


Assign numerical values and sketch. 


2. y=e—4a+5. 15. 4y? = (a? + 1)?(4 — 2?)3. 
3. P=w—4e+5. 16. y= 3a? — af, 
4. y=3e— Tye ey 
5. y= 3.2? — af. toa 
6, y=3e— 622+2a. 18. y= 
7 pH=3e—6e4 2-4. 
8 8y=24+92. Payee , 
y ate 19. 7 ear 
9. 9yr = a+ 9a. 
10. 9y=at— 42%. 20. y= 


11. 9yF = at — 42%. 


12. 9 =4 03 — at, Me Le ee 


13. yt = 423 — at 
14. 10y=2°— 1023 + 40. 


22. Y=— 
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23. et— avy +y=0. 30. y =e cosa. 
24. xy + xy? = a3, 31. y=sinx + cosa. 
25. wy? = a(a? + y?). 32. y= 2sina — cosa. 
26. y=log-2. ; 
y 8 33. y=2sinx+ cos 2. 

Mio Woe 

34. y= seca — tana. 
28. y=e™*. : 
29. y = em", 35. y = sin v. 


x 


IV. TABLE OF INTEGRALS 


I, Exewenrary Prrncreres 
“|; a f(#) dx =a (f(x) de. 
» S[A@) + A@)+f@)+ + Jae. 

= [fila) da (fla) det [y(@) de + 


fudo = wo — y du. 


= 


w 


se 


II. Ratronat ALGEBRAIC FUNCTIONS 


A. Involving a+ bx 


Sora =, Pee 


> 


da _ log a. 
wv 


a a (G-hbe)"™ ¢ *. 
. f+ be) dx Pare m#z—1. 


dx fll 
7 =-] ba). 
‘ see es a 


= 


for) 


Ko 


fre + bx)" de = aa um(u—a)" du, where u=a-+ ba. 


boil es | (w—a)" t 
‘ (a + bx)™ a at un da, where os OY + ba. 
Particular cases of this are 10-16. 
541 
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10 dae =— Relea . 
"J (a+ bay b(a + ba) 
Ti ay (ee 2 


(at+bu® 2b(a+ bn) 


12. (a= ute + bx)— a log (a + bx) ]. 


13 a da = 
"J (a+ ba)? = av ba 

14 a dx = Lome Rs a ' 
"J (a+bz)s Bb a+tbse 2(a+ bx)? 


2 " 1 
15. f a? dee = Fla + bx)? —2a(a + bx) + a? log (a + ba)]. 


at be 
2 lx a2 
16. (2 bx)— 2a] be) — 
(a + bays =| + bx)— 2 alog (a + bax) a esl 
oe f 2 eee sal a dv, where 
x(a de ba)” qmtn-l, 


a+ bx = ww. 


Particular cases of this are 18-21. 


18 f da 1, hy 
: —__—— == log ——_.- 
x(a+bx) a a+ ba 


dx al 1 hy 
19: = =o 
\Pes: a(a+ ee °8 a+ be 
dx 1 b a+ ba 
20. | ————_ = — — + — log —“—_.. 
i x? (a + bar) oie °8 Ay ; * 


a. f- da __ _a+2be 42d) a+ be 
x? (a-+ bx)? aa(a+bx) ai 


B. Involving a +42, a? — x, b+ car 


22. f dx _ linn, 
e+e a a 


23. 


24. 


25. 


27. 


28. 


29. 


30. 


31. 


3 


33. 


34. JS 
x 


2. fa 
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da 1 


am + log® +4 or I tanh” 
Jee Qa “) a—@ Pe Gye <i ae a 


or 


1 coth-~. 
a 


ada 1 


=— ] 
= 2a oe 


i 


x 
(OL == Cobian 
a 


a+ 1 


a 


ES or log = or —ltanb” 
eta 2a ata a a 


dat fe eS: 
Fae =e tan wale, £9 >0, 0>0. 
dic sed ‘ NO eee ae. Be 
Dee 2/= he. Vb ay 6 
= tanh2/—", if b >0, ¢ < 0. 
N/maOC b 
ET et eas + 2B fe : 
pimeee 2 mb(b + ca)” 2 mb Te 
Ae 
b 2 
b+ cx? = 5 ps CEL ce): 
x dx = —1 : 
(6 + cu)? 2em s + ca?) 
x? da =f-° 
b+ cx es 
a? dat —x£ 


(b + ca2)m* mo 


Ip 


mc(b + cx?)™ : 2 alle + cam 


daz 1 1 a? 
SO i og ——— is) 
(6+ ca) 2b b+ ca? 
dnt Sng ae (oe 
2(b + cx?) bx bd) b+ cx? 
pate Creel (al Oks 856 (re BOER oe 
2(b + ca®)™tt BL 2?(b + cx?)™ = (b + cx?)mt 
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dx k x+tk 5 ee ee 
35. =-——|] lo ——_* ~__4-+/3 tan Nella el 
b+ ew so aa as kv } 

1 

where k = ae 


x da 1 WV 0? — Kear + i? Rn ea 
36. => — ] 8 ta: 1 Sno een 
bons Seki” «ae yeaa ie bv } 


37. See e _ eda 
(0+ can)? bb (b+ canye oJ (b+ can)pH 
ede 
(b+ can) pth 
je Lied _ _b(m—n+1) LSP ae 
~ e(m —n—np+1)(b+ cx)” c(m—n—np+ 1)J (b+ can) 


es; ge —Rawtt yf am dae 
bnp (b + cx”)? bnp (b + cur)? 


38. 


da 1 an 
39. == || . 
i (b+ cx") bn es b+ car” 


da 
40. — 
Ne a con) ett 


oer 1 — etm De p da 
(m= 1)ba(b + ca)? (im — 1)b J ab + car)PH 
- 1 m+np—1 dx ; 

a bnpa”(b + ca)? bnp x” (b + can)? 


41. fore + cx") Pda 
= ONO + can) bm —n+1) for + ca")? day 
c(np+m+n+1) c(np+m+n+1) 


m+] n\p+l 
ae + caret bn(p +1 fen + cary, 


rmp+m+n+1 m+m+n+i1 
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C. Involving X = « + Bu + ya. 


Completing the square by adding a and then subtracting 
this quantity, X may be written 


Breed 


Letting b= a — fa C= y, y= ees X may be replaced 
y 


by b+ cy. 


Formulas of B can then be used. 


D. Rational fractions. 


A rational fraction, different from any of those given above, 
should be expressed as a sum of simpler ones, by the methods 
of § 53. 


Ill. Irrarionat AxueEBRAic Funcrions 


A. Involving Va + ba. 
42. fva + bada = ~v@ + bx)’. 


43. feva + bade 2% =o ba) V(a at ba)? | 


15 6? 
ae fevath ioe 2(8 a? — 12 abx eee + bx)3 


45. forva+ bode 
= yy, 
b(2 m + 3) 
da _2Va+be« 

Vaton bl 

if Ls eae Va + bx —Va 

aVa + ba Va Va+be+vVa 


[eve + ba) — ma {2a + ba da. 


46. 


47. nit a. 
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48. f——- 2 tant 4/4 be, ig 0: 


aVa+tba V—a —a 
qo f dx __ Va+be_ d G2” x 
2/a+ ba ax 2a xV/a+ be 
50 jf — 
arta + be 
Va + be (2n —1)b da 
=— — a 0. 
naa" 2na xa + ba’ ie 
dx 2(2 a — ba) 
51. [f= -- =) vaFin 
Va + ba 3b? 
” dar 2(8 a? — 4 abe + 3 bx?) 
52. a = Va + ba. 
Va + bx 15 6° 
53 f=. 
Va+ ba 
_2a"Va+be 2ma ae 


= ee, 
(2m+1)b (2m +1)b Va+ ba Z 


54, Sas = wate + of —2_ 
x 


eVa + ie 
grt 
Seal | Vee be, On — 9b pa Re oe Py) 
na an 2 age 


56. fre Va + ba) da 


=A" a v) y"* dy, where a+ bx = y". 


b 


B. Involving Vx? + a, Va? — 2x2. 


These are special forms of the more general integral given 
in section C, page 549, 
In the forms indicated by an *, the logarithm may be re- 


TABLE OF INTEGRALS 547 


placed by the corresponding inverse hyperbolic function. The 
corresponding forms are: 


log(@ + Va? + a?) and sinh”, log(@ + -Va? — a?) and cosh? ; 


log Ga and sinh" ; log (etve—*) and cosh-}“. 
x 


@ 
67. {vez @ dxe=LavVa? +a? + 1a? log (@+V2? + a).* 


mayen 
58. [VGq@ de = pave + ba? sin we 


59. f= + EEO) 
Ve + a 


x 
dx oe 

60. eS Sime ee 
\ / a2 = Qe? a 


61. fave + @Pde= tv (@? + a’). 

62. feve—# a? da = — 1/(a? — 2)3. 

63. (2 -vere 64. SN Sy ee 
avi 


eta Var — 
il (Jae eee 
65. SF = ret? = ico 1—. 
aVe—a 4 a @ a 


2 * 
ay f da = — Fog (2+ = 
ava? + x a x 


67. |e = Va — a — a cos ®. 
© x 
ae Aiea aa at\ * 
68. SEE 2 as VEER — a log ( 2+ VERB), 
a © 


69. feve + a da 


=iV@rey + a8 Cava Qt == “log (x +2? 3 a?).* 
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70. she, — « dx 
sy @any — #)3 4 Bve — 2+? sin) on 
a 


71 f da _ Ve +a? 
ear D aa 
19, (a eee 
 S y/qh — a2 ara 
2. —— ———— 
es == OE _ = jovi ea tha log (@+VeP Ea 
ee =a 
x dex 1 2 ab a in 
74, =— tava? — +1? sin. 
Var — x a 
\/ 2 2 
15. a ae maces aL —=— + log (a +-V2? + a?).* 
Dee = 
76 jee a vw ge 
ny a 


Ti: f V (a? + a?)3 da 
=tav(o? + a)? + fa%eVa? + @ + 3 atlog(a+V2? + a?).* 


78. fv@ — x3 dx 
= lav (a — a) + 30% Va? — 2 + 2at sin. 
79. J—_ = oe . 
V (x? + a3 OA / 42 + a? 
ae — Ak REE 
V (a? — 2%)8 aVaz — 2 


xdax 
81. <= asa tl a +2? + a?).* 
S Za + as aa B( ) 


82. f= a ine 
Va a Va— a a 
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83. [V@ Eada 
= eV (a? + a2)", na? (PS 
Se et) Oe, 


n+1 
84. {v@ aa a)" dz 


_ av (a? — 2°)" a? — x)” 4 af Ve-9 — a)" dan, 
n a il n ae 


85. fov@z a2)" day = V (a? + a?) 


n+2 


86. feV(@— a de =— VE 
n+ 2 


C. Involving Va + ba + ca. 


i 


Let X=a+ba+ca?, D=4ac— bd, =o 50 


l= an? — bmn + cm?. 
de 1 ==  2ertd\ : 
87. =e CS OPS creat: ifc>0. 
VX Ve 2Ve 
88. de 1 sin7 (a ifc< 0. 
NO 


89. f dx _4cm +26. 
oon Dx 


oo 


oo _ Ace + 2b)VxX +2ha—) ; 
a5 @n—DDx 2n— 1 X™1VX 
91. fvXae= Zow + b)VX 1 aa 
; 4¢ 2hJ VX 
CV RB de = CEO VE An +k Xda 
92. XVXde Letom on ues 
93. wde VX b 
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94 f x dx wes Ve ne dae A 
XeV/X  (2n—1)cKX* 2) ynV/X 
95. S eV ax=2VX_ 2b (VX ae. 
3¢ 
= Xr/X a = 
OG ae NE ee a eee ; 
fe VX dx CFSE OE XV X da, 
el = Ad ea ie 
J aV/X Va & 2Va. 


oa, (8S tae oe if a<0. 
eV X Va av — D 
99. dx __2VX ifa=0. 
av X ba 
da 
100. Saat = 
cape 


ee AB LEE 
"Cx= ae cane a 2a) XJ 


101. sf eS xe teas af. ees 
~@ 


yx av xX 
102. i 
av 
103. 


(Sa x Zem — bn ( dx_ 
XxX c 2c 5:a 


dx 
104. ——————— 
[pee 
Jie Gaeee bn — 2cm 


CL alt 
yi m + nex 2vi pi S 
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da 
105. —__ 
ie + nz)/X 
=—L_ sin & Sci UBL E ‘} if1<0. 
Vl n(m + nav)V —J 


2nVX 


a 
nye the + na) Vea (bn —2cm)(m + na)’ 


ji lid oe 0. 


107. f (m+ ne) VXdw ="xvx-im = tem (-/X den 
v4 0 


10g, (VXde_ VX, bn—2em +f 
M+ne Nn 2n? a ena 
109, (Xe wr XV X_ (2n+2m—1)b Car Krde 
V(x  -2n+m)ec 2c(2n +m) VX 
_ (m—l|)ja fo 
Cntmed VX 
as f anda _1 jes ends af ae oe ae da 
XeVX od Xri/X Xen X DEN O6 
um XX (m = Daas X° 
_ @n+2m— 3)b dx 
2 a(m = 1) we" 1KXr/X 
— Rees da ; 
(m—1)a SF gm2KXn/X 
Ane f Xda X3VX , (2n—1)b (X= de 
an/ X (mv —Ajam™ 2m —1) SF gn-ty/y 


+ Eras Xda | 
— 1 gm 2y/X 
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D. Miscellaneous Irrational Expressions. 


113. [ Viae=#de= (a —a)V2 ax — a? + 4a? sin 


= 2 sin7! Vz 


—— 


4 


114. { = vers)” = cos 
V2 ax — 2 a 


15. f \" Fede =V(a+ 0+) 
+ (a —b) log (Va+2%2+Vb +2). 
a Nee 


117. fyi + ae =—V(a+2)(b— 2) 


— b “4/ . 
(a + b) sin ae 


dx =~/(a —)(b + x) + (a +B) sinh? = 


ae eS 
118. la = — V1 —2?+4+ sin1 
SN; ot V1 — a? + — ‘ai 


x—a 


a ue 
119, —_— sin eee 


IV. TRANSCENDENTAL FUNCTIONS 


In this section, n is a positive integer, p and q are positive or 
negative integers, and r and s are any numbers. 


120. fsinade =— cose. 
PAL (fointede = 4 4(@ — sin & cos 2). 


122. _f sin eae = fi (1 — cos? a)" sin x da. 
Expand (1 — cos?a#)" and use formula 135. 


: y2n-1 ‘es 
123. _fsinta dx = — Sy zea 2n—1 sin2"-2 y da, 
2n 2n 
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124. da = fesoradr. Use formula 172. 


sin @ 
125 de _ —cosx , 2n—1 da. 
j sin%tly 2nsin"e 2n sin2”-1 y 
dx , 
126. = | cse*adxz. Use formula 175. 


sin?" % 
127.. | cosadx=sina. 128. feos? x da =4(% + sin x cos 2). 
—————s ; 
129. f cos2"tt ge dz = f (1 — sin?a)"cosvdx. Expand, and 


use formula 134. 


cos?*-1 easing , 2n—1 


130. f cos?" adx = + cos?"-2 w da. 
2n 2n : 
da 
131. —— = | secvda. Use formula 168. 
COs & 
132 f dy _—s- gin & 2n—1 dx. 
“ J costa 2n cosa Qn cos?*1 y 
dx 
133. = | sec?*adxz. Use formula 171. 
cos?” x 
sr tl 
134, foe cos ada = Re a 
r+ 
135 fsine cos’ da = — ceed r“z—1 
: 44° ‘ 
136. fsivte cost ada = 2 — sin 4a 
8 32 
187. fo"= = log tan. 
sin & cos x 
dx 
138. | ————— = log(secx + tan x)— cscw. 
sin? % COS & 


139. Saou = log (esc x — cot x) + sec a. 
sin & Cos? % 
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The following four reduction formulas hold for p and g any 
positive or negative integers, excepting as noted : 


140. f sin” x cos! a da 


_ sin? aecostiag ,gq—1 


sin? x cost™2 wda, ifp+q+#09. 
pt+q pt+q : 


141. fosin’ x cos? xdx 
__ sin? tecostia, p—1 


: sin?? x cost ada, ifp+q +0. 
pt+4q pt+q 


142. sin” x cos! «da 


_ sinttacostta  p+gq+2 


= sin?t? » cost x da, if Sik, 
p+i p+1 eg 


143. sin? @ cos? x dx 


__sinrtaecos4a  p+gq+2 
Gear | Ca 


sin? x cost? x dx, if g*—1. 


In the following three formulas r and s are any numbers, 
provided +s+#0andr—s +0. 
sin(r+s)@ _, sin(r— 8)a_ 
2(r + 8) 2(1% — s) 
cos(r + s)x_ cos(r — s)a_ 
2(r + 8) 2(r — 8) 
sin (7 +s)" , sin(r— s)a_ 
2(r + s) 2(r — 8) 


144. fein re sin sz dx = — 


145. fein re cos suda = — 


146. feos re Cos sxda = 


x 

tan= +b 

dx 2 Bs 4 ae 
—= tan~t —__— 
a+6sing /@—®§ Va — b 
or 1 gin 0+ 4 sin w 
Vae—b a+ bsin x 


147. 


ld > 02: 
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atan~ +b —Ve?— @ 
148. f ae : z 
a+bsine Ve — a 


log 


atan5 +b + Vb? — a? 


AL a+obsin 2 
or log > 
VR — a b+asina + Vb? — a? cos x 
if a? < 0 
149. Sp = ton = _\=tan 2 — seca. 
1+ sinz “2\2 
150. i ~ ro cot (3 _— ss tan % + sec x. 
151. f LE ie iy oe n7 aa) ° tang 
a+tbcosx /@—% = 2 
are a pin if a2 Ss 62. 


Ve — b a+ bcos 2’ 


Vb atan>+Vb+a 


152. f ee ee 
a+bcosx 4/32 @ 
ae 1 log 0+ @ cos w + -v OF — a? sin # 

Vb? — a? a+bcosx 
a tanh-1 (eens if 2 > a2 


or ——_—— 
Vi? — 2 b+ acosx 


153. Seer tan a ese x — cots. 
1+ cos 2 


154. f-s =— cot” =~ ese x — cota. 
1 cosa 2 


Vb —atan>—vb+a 


dx 7 
155. Pee icine d = Ngley t 2 \6 
‘eae /2 ne an (5 +5) 


156. Hr EE es ie one). 
acortae+ bl? sinta ab a 
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157. {VI = cos # dx =— 2-V2 cos 5 
158. {V1 + cosade = 2V2 sing. 
159. fitan x dx = — log cos x = log sec &. 
160. fia x dx = { (seo? * —1)de=tanx—~«. 


161. (fitan x dx = { (see? x — 1)" tan a dx. 
| Expand, and use formula 176. 


162. (fitan® ede 


sotanTi a tan?’ * a, tans ee 
2n—1 2n-—-3 2n-5 


++ +(—1)"* (tan # — 2). 


163. lease = ae log (a cos + b sin 2) + ax]. 


164. foot x dx = log sin 2. 
165. foot? x da = f (ose’ * —1)dx =— cotx—2. 


166. feotens x de = { (se y — 1)" cot x da. 
Expand, and use formula 177. 


167. cot x2" da 


___ CONS scot a 
2n—-1 2n—3 


168. sec x daz = log tan (5 + *) = log (sec & + tan 2). 


++ +(—1)* (cotx+ 2). 


169. sec? v da = tan %, 
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170. f see 2"4y da = mS Use formula 132. 
cos2"t1 x 


171. { secm x dat = f (tan? x + 1)" sec? x da. 


Expand, and use formula 178. 


172. {| cscxdx = log tan 5 = log (ese a — cot x). 


173. fos eda = — cot 2. 


174. foesott ode = : da . Use formula 125. 
sin2"t1 ue 


175. | csc” adr = J (cot® x +1)" esc? x dx. 


Expand, and use formula 179. 


176. (sec x tana dx = °° a ne Pse OU 
iW fe fesera cot « da = — ee ey if r+ 9. 
stl 
178. fran x sec? x da ee os if s#—1. 
s+1 
st] 
179. foot ese? w& da = — eon a it QS Al, 
s+1 
axe bz 
180. ferde==. 181. (for de= as oe; 
a b log a 


182. flog «dar = « log « — a. 
183. free. xdx=-2xlog,«— x loge. 


: PR 1 
184. fe sin ax dz =— sin ax — —@ cos ax. 
a a 


; 1 n 
185. fe sin av dv = — —2”" cos aa + — § a! cos aw da. 
a a 
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tL ‘lela. 
186. x cos ax dw =—cos ax + =a sin ag. 
ar a 
1 . n es) a 
187. a” cos ax da = —x" sin aw — — | x" sin ax da. 
a a 


188. fz2 =— x cot x + log sin a. 
sin? a 


189. {22 = xtan x + log cos a. 


cos? a 
eae — 1) 
190. fe e* dx = : 
a2 
Woh Ge GA) 
191. fr et dy = —= { a! eo da. 
a a 


da il 
192. = =| be’) ]. 
t + be* ar [re — 08 (eee 


193. {—S= = —! tan- ex /2 A 
ae’ + be"*= —_»y/qh b 


e**(a sin bx — b cos bat) | 
a + B 

e*7(6 sin ba + @ cos bx) - 
az + b2 


196. fe log 2 de = a log 2 LS 
n+1 (n+1) 


97. dog x)” dx = x(log a)" = fog eye da. 


198. a; (log #)" da _ (log MR ae 2 sy 
x r+1 


199. f us = log (log 2). 


x log x 


194. ie sin ba dx = 


195. fe cos badx = 


200. font ede =a sing ++V/1 — x 


201. feos x de = 2 cos+ ¢ — V1 — 72, 
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202. fens dx =x tans — log V1 + 2. 
203. foot eda =x cot a» + log V1 + a 


204. free x dx = x sec x — log (a + Va? — 1) 
= # sec! # — cosh g. 
205. fest a dx =a esc a + log (a +Va? — iL) 


= esc! a+ cosh a. 


7 *t 
I 


i 


> yf 


INDEX 


Acceleration, 80 Cauchy’s formula, 456 
angular, 84 Center of curvature, 237 
Acnode, 528 of gravity, 423, 424, 430 
Agnesi, 538 of mass, 423 
Algebraic function, 36 of symmetry, 524 
Algebraic number, 131 Centroid, 423 
Amplitude of vibration, 246 Change of variable, in definite in- 
Angle between two lines, 504 tegral, 186 
Angle of fire, 115 in derivative, 39 
Angular acceleration, 84 in integral, 99 
Angular velocity, 84 Chemical applications, 263 
Anti-derivative, 88 Circular functions, 491 
Approximate error, 94, 341 Cissoid, 537 
Approximate value of function, 459 | Coefficient of linear expansion as 
Approximate value of increment, a derivative, 86 
94,340 ~ Common system of logarithms, 133 
Archimedes, spiral of, 220 Concavity, 64 
Area of curve, 104, 283, 286, 397 | Cone, equation of, 513 
as double integral, 392 Conjugate point on a curve, 528 
Area under a curve, 104 Conoid, right, 522 
Area of surface, 298, 403 Constant, 1 
Argument, 1 of integration, 97 
Arithmetic mean, 317 Continuous function, 9, 331 
Astroid, 227 Convergent series, 463 
Asymptote, 529 Convex curve, 397 
horizontal, 529, 530 Convex surface, 409 
vertical, 529, 530 Coérdinate axes, 501 
Attraction, 448 Coordinate planes, 501 
Axis of symmetry, 524 Critical value of variable, 47 
Crunode, 528 
Bennett, 456 Cubic parabola, 533 
Boyle’s law, 95 Current of electricity as a deriva- 
Briggs system, 133 tive, 86 
Curvature, 234 
Cable, parabolic, 262 average, 234 
Cardioid, 219, 226 center of, 237 
Catenary, 262 radius of, 237 
Cauchy, 455 Curvilinear motion, 76 
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Cusp, 528 
Cycloid, 221 
vertex of, 223 
Cylinder, equation of, 512 
elliptic, hyperbolic, parabolic, 
521 
Cylindrical coérdinates, 400, 415 


Definite integral, 107 
as limit of a sum, 272 
limits of, 107, 274 
partial, 389 
properties of, 276 
simple, 390 
value of, 275 
Density, 418 
Dependent variable, 1 
Derivative, 12 
directional, 355 
higher, 38, 331 
intermediate partial, 346 
logarithmic, 134 
normal, 358 
of area under a curve, 105 
of exponential function, 135 
of hyperbolic functions, 494 
of implicit function, 41, 42, 351 
of inverse hyperbolic functions, 
498 
of inverse trigonometric func- 
tions, 123 
of logarithm, 133 
of polynomial, 23 
of product, 30 
of quotient, 32 
of sin x, 119 
of trigonometric functions, 121 
partial, 328, 331 
total, 347 
Derivatives of a function of several 
variables, types of, 343 
Descartes, folium of, 71, 532 
Differential, 89, 485, 487 
exact, 369 
intermediate, 348 
of arc, 229, 233, 289, 290 


INDEX 


of area of circle, 399 

of area of curve, 287, 399 

of area of surface, 298 

of higher order, 485 

of volume, 292, 304 

of volume of sphere, 418 

of work, 309 

partial, 336 

total, 335 
Differential equation, 110 
Differential notation, 93, 487 
Differentiation, 23, 92 

under the sign of integration, 488 
Direction cosines, 502 
Directional derivative, 355 
Divergent series, 463 
Discontinuity, 11 

removable, 11 
Discontinuous function, 10 
Distance between two points, 502 
Double integral, 389 

as the limit of a sum, 394 

value of, 395 
Double point of a curve, 528 
Duhamel’s theorem, 275 


e, definition of, 131 
Element of are, 289, 290 
of area of curve, 287, 394, 399 
of area of surface, 298 
of mass, 419 
of volume, 292, 304, 397, 400, 
411, 416, 417 
of work, 309 
Electrical application, 265 
Ellipsoid, 516 
Elliptic cylinder, 521 
Elliptic paraboloid, 519 
Elliptic wedge, 522 
Envelope of family of curves, 372, 
377, 381 
Envelope of family of surfaces, 386 
Epicycloid, 224 
Epitrochoid, 228 
Equation of plane, 510 
of surface, 508 


INDEX 


Equations of curve in space, 508 
of straight line, 511 

Equiangular spiral, 221 

Error, approximate, 94, 341 
relative, 94, 340 

Euler, 468 

Euler’s formula, 468 

Euler’s theorem, 368 

Even function, 278 

Evolute, 383 

Exact differential, 369 

Explicit function, 41 

Exponential, 135 
taking the, 256 

Extended mean value theorem, 455 


Finite increments, theorem for, 455 
Flex, 47, 64 
Flexible wire, 260 
Folium of Descartes, 71, 532 
Fraction, rational, 25 
Function, 1 
algebraic, 36 
circular, 491 
continuous, 9, 331 
differentiating a, 23, 92 
discontinuous, 10 
even, 278 
explicit, 41 
exponential, 135 
graph of, 4 
homogeneous, 366 
hyperbolic, 491 
implicit, 41, 42, 351 
integrating a, 89 
inverse, 28 
inverse hyperbolic, 497 
inverse trigonometric, 123 
many-valued, 124, 327 
odd, 278 
of a function, 26 
of several variables, 327 
rational, 25 
rational entire, 25 
single-valued, 123, 327 
Functional notation, 3 
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Fundamental theorem of the in- 
tegral calculus, 272 


Geometric progression, 463 
Graph of a function, 4 
Growth function, 264 
Gudermann, 496 
Gudermannian, 496 
Gyration, radius of, 435 


Harmonic motion, simple, 243 
Hermite, 131 
Homogeneous body, 418 
Homogeneous function, 366 
Euler’s theorem for, 368 
Hooke’s law, 309, 313 
Hyperbolic cylinder, 521 
Hyperbolic function, 491 
inverse, 497 
Hyperbolic paraboloid, 520 
Hyperbolic spiral, 221 
Hyperboloid of one sheet, 517 
of two sheets, 518 
Hypocyeloid, 224 
of four cusps, 227 
Hypotrochoid, 228 


Implicit function, 41, 42, 351 
Improper integral, 279 
Increment, 12 

approximate value of, 94, 340 

principal part of, 90, 340, 486 
Indefinite integral, 106 
Indeterminate forms, 469 
Independent variable, 1, 327 

limit of, 6 
Induced electromotive force as a 

derivative, 86 

Inertia, moment of, 435 
Infinite, 484 

order of, 484 

standard or primary, 485 
Infinite series, 462 

convergent, 463 

divergent, 463 

remainder of, 463 

sum of, 463 
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Infinitesimal, 8, 484 

order of, 90, 484 

standard or primary, 484 
Infinity, as a limit, 9 

points of intersection at, 530 
Inflection, point of, 47, 64 
Initial condition, 245 
Instantaneous velocity, 21 
Integral, 88 

definite, see Definite integral 

double, 389 

improper, 279 

indefinite, 106 

triple, 408 
Integral table, 210, 541ff 
Integrand, 152 
Integraph, 212 
Integration, 89 

by parts, 159 

constant of, 96 
Intermediate partial derivative, 346 

differential, 348 
Inverse functions, 28 
Inverse hyperbolic function, 497 
Inverse trigonometric function, 123 
Isolated point on a curve, 528 


Lagrange, 457 
Leibnitz’s theorem, 139 
Lemniscate, 217 
Length of arc, 231, 234, 289 
Lindemann, 131 
Limit, from the left, 7 

from the right, 7 

infinity as a, 9 

of a sum, 267 

of the function, 7 

of the variable, 6 
Limits of definite integral, 107, 274 
Liquid pressure, 314 
Logarithm, 129 
Logarithmic derivative, 134 
Logarithmic spiral, 220 


Maclaurin, 459 
Maclaurin’s theorem, 459 


INDEX 


Many-valued function, 123, 327 | 

Mass, 418 

Maximum, 46, 360 

Mean, theorem of the (for in- 

tegration), 278 

Mean density, 418 

Mean ordinate, 318 

Mean value, 317 

Mean value theorem, 454, 482 
extended, 455 

Mean velocity, 20 

Minimum, 46, 360 

Modulus of elasticity as a deriva- 

tive, 86 

Moment, polar, 439 

Moment of a body, 421 

Moment of inertia, 435, 438, 439 

Motion of an attracted body, 78, 

> 109, 112, 252, 255 

Motion, subject to resisting force, 

255, 259 


Naperian or natural system of 
logarithms, 133 

Node of a curve, 528 

Normal derivative, 358 

Normal to a curve, equation of, 19 
length of, 67 
polar, 216 

Normal to a plane, 511 
direction cosines of, 511 

Normal to a surface, 353 
direction cosines of, 354 
equations of, 354 


Odd function, 278 
Operations with Taylor’s series, 478 
Osculating circle, 240 


Pappus’ theorems, 428 
Parabolic cable, 262 
Parabolic cylinder, 521 
Paraboloid, elliptic, 519 
hyperbolic, 520 
Parameter, 70, 372 
Parametric equations, 70 


INDEX 


Partial definite integral, 389 

Partial derivative, 328, 331, 344 

Partial differential, 336 

Pearl, 265 

Pendulum, simple, 250 

Period of simple harmonic motion, 
°245 

Phase of simple harmonic motion, 
247 

Planimeter, 212 

Polar moment, 439 

Polar normal, 216 

Polar subnormal, 216 

Polar subtangent, 216 

Polar tangent, 216 

Polynomial, 25, 366 

Pressure of a liquid, 314 

Principal part of increment, 90, 
340, 486 

Projectile, 78, 109, 112 

Projection of a point, 505 

of a line-segment, 505 


Quadric surface, 521 


Radius of curvature, 237 
of gyration, 435 
Range of projectile, 78, 115, 116 
Rate of change, 73 
Rational function, 25 
integration of, 164 
Reciprocal substitution, 178 
Rectangular codrdinates in space, 
500 
Rectilinear motion, 20 
Reduction formula, 175, 195 
Reed, 265 
Remainder of infinite series, 463 
Remainder of Taylor’s series, 457 
Cauchy’s form of, 458 
Lagrange’s form of, 457 
Removable discontinuity, 11 
Repeated roots of an equation, 
169 
Resisting force, motion subject to, 
255 
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Rolle, 453 
Rolle’s theorem, 453 


Semi-cubicai parabola, 534 
Separation of variables, 248 
Series, infinite, 462 

Maclaurin’s, 465 

Taylor’s, 462 
Simple root of an equation, 169 
Simple harmonic motion, 243 
Simple pendulum, 250 
Simpson’s rules, 212 
Single-valued function, 123, 327 
Singular point of a curve, 527 
Slope of a curve, 18, 41 
Solid of revolution, 292 

volume of, 292 
Space polar coédrdinates, 416 
Specific heat as a derivative, 86 
Speed, 77 
Spherical coérdinates, 416 
Spiral of Archimedes, 220 
Spiral, equiangular or logarithmic, 

220 

hyperbolic, 221 - 
Standard integral forms, 157 
Stationary point on a curve, 528 
Subnormal, 68 

polar, 216 
Subtangent, 67 

polar, 216 
Surface, area of, 403 
Surface of revolution, 292 

area of, 298 

equation of, 514 
Symmetry with respect to point, 

524 
with respect to line, 524 


Table of integrals, 210, 541ff. 
Tangent to curve, equation of, 19 
distance from origin, 68 
length of, 66 
polar, 216 
Tangent plane, 353 
equation of, 354 
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Taylor, 459 Variable, dependent, 1 
Taylor’s series, 462 critical value of, 47 
Taylor’s theorem, 456, 482 independent, 1 
Theorem of the mean' for integra-| Vector quantity, 77 
tion, 278 Velocity, 20, 73, 76 
Torus, 294 angular, 84 
Total derivative, 347 Volume, as a triple integral, 409 
Total differential, 335 in cylindrical coérdinates, 415 
Transcendental number, 131 in space polar coérdinates, 416 
Triple integral, 408 of solid of revolution, 292 
as the limit of a sum, 413 of solid with section of known 
Triple point on a curve, 529 area, 303 


under a surface, 396, 400 
Ultimate points of intersection, 382 
Uniform circular motion, 248 Wallis’ formulas, 198 
Uniform velocity, 22 Wedge, elliptic, 522 
Witch of Agnesi, 538 
Van der Waal’s law, 313 Work, 307 
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